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Chapter 1
Strict Stationarity and Ergodicity

We start with some theory that serves to bridge the theory of independent and dependent pro-
cesses. When working with dependent data, we want to impose some restrictions on the form of
the dependence among the obervations so that the essential properties of iid data are preserved.
We can approach this in a twofold manner: by searching for conditions that ensure that the time
series in question mimicks, respectively, the “independence” and “identical distribution” parts
of iid data. The generalization of identical distribution to time series data is strict stationar-
ity, which requires that any finite-dimensional distribution is time-invariant. The corresponding
generalization of independence is the notion of ergodicity, which crucially allows a form of the
law of large numbers to hold for time series. We investigate these properties under the unifying

framework of measure-preserving transformations, following Bilingsley.

1.1 Masure-Preserving Transformations and Ergodicity

Here, we define measure-preserving transformations and the concept of ergodicity. We present
all technical details first, before studying examples of measure-preserving transformations and

ergodic processes in the next section.

1.1.1 Measure-Preserving Transformations

Let (E,&,p1) be a probability space. Let T': E— E be a measurable map, that is, a function
that is measurable relative to £ and £. For any n € Ny, we define the convolution T as the

composition

T'=To---0T.
—_—
n
Since measurability is preserved across compositions, 7™ is also measurable. We let T—"(A)
denote the inverse image of the set A € £ under 77, and define T =7, where Z: E — E is the
identity mapping defined as Z(x) = x for any x € E.



Heuristically, any measurable map T' can be interpreted as the law of motion of a dynamic
system. Let x € E be the initial value of the system. Then, the path of a dynamic system with
law of motion given by T started at x is defined as {T"x},¢cn. If the initial value x is drawn
from the distribution p, then the sequence {poT ™"}, cn is the sequence of distributions of the
dynamic system, where poT'~" is the distribution of the process at time n.

A measure-preserving transformation is a measurable function 7' : E — E such that poT~! =
pon (E,&). In other words, the distribution of the £-measurable function (or random variable
defined on the sample space F) f: E — R is the same as its transformation foT : E — R. Note
that, by implication,

/Efduzéfd(uoT_l)Z/E(foT)du

for any non-negative or u-integrable £-measurable function f. By implication, poT ™" = pu, so
that, given a dynamic system with sequence of distributions {07 "}, ¢, the distribution of
the system at time n is exactly the probability measure p. In this sense, the dynamic system
generated with the law of motion given as T produces an identically distributed time series; we

will come back to this later.

1.1.2 Ergodicity

Now let T': E — FE be an arbitrary measurable function. We say that the set A € £ is invariant
under T if T71(A) = A, and say that it is non-trivial if u(A) € (0,1). T is said to be ergodic if
there are no non-trivial invariant sets, that is, if for any A € £ such that T77!(A4) = A we have
u(A) € {0,1}.

It is difficult to grasp, from the definition alone, what exactly ergodicity implies. As such, we
state a lemma that elucidates the meaning of ergodicity for measure-preserving transformations.
An important object that is involved in the lemma is that of the symmetric difference. For any

A, B € &, we define the symmetric difference of A and B as
AAB = (A\B)U(B\A).

The difference between the measures of A and B under p can then be seen to be bounded above

by the measure of the symmetric difference AAB under y:
[1(A) —p(B)| = |W(A\ B) + p(AN B) — u(B\ A) — u(AN B)
= [m(A\ B) — u(B\ A)]
< u(A\B)+u(B\ A) = u(AAB).

We now show that any set A € £ be approximated arbitrarily precisely by a set contained in an

algebra that generates £.



Lemma (Symmetric Difference Approximation Theorem)
Let (E,&,u) be a probability space and & an algebra on E. For any A € £ and € > 0, there
exists a B € & such that

w(AAB) <e.

Proof) Define the collection
M={Ac&|Ve>03B€&, u(AAB)<e}.

Note that & C M, since AAA={. M is a o-algebra on E:
i) E € M because E € &.
ii) For any A € M and e > 0, there exists a B € & such that u(AAB) < e. Since

AAB = (ANB°)U(A°NB) = A°AB°,

it follows that u(A°AB€) <e. B¢ € & because algebras are closed under comple-
ments. This holds for any € > 0, so A° € M.

iii) Choose any sequence {Ajy}nen, contained in M with union A, and let € > 0. By

sequential continuity,

= pu(A),

n
i [U A
i=1
so there exists some N € N, such that

<

1o

[ (34

=1

for any n > N.

For any B € &, since

—

p(ANBS) —p [(0 A@'> ﬁBC] =p _(AQBC)\ ((

o)

)

and




it follows that

or equivalently,

1(AAB) —

for any n > N.
Now choose Bj,---, By such that

€

HADB) < 5+

for each 1 <i < N. Then,

(U2 (U] <o (Yoarm) o (Yoo o)

N N
Z (Ai\ Bi) +u( i\Ai)>:Z (AiAB;) <

t\:)\m

Therefore, defining B = Ufil B; € &,

(0 as

=1

1(AAB) < |u(AAB)

()7

<f4f
— — E€E.
5

|

Such a B € & exists for any € >0, so A € M.

It follows that M contains the g-algebra generated by &, which is exactly €. In other
words, for any A € £ and € > 0, there exists some B € &y such that

[1(A) = p(B)| < u(AAB) < ¢

Q.E.D.



Lemma (Characterization of Ergodic Measure-Preserving Transformations)
Let (E,&, 1) be a probability space and T': E — E a measure-preserving map. Suppose that &

is an algebra on E. If

lim ju (ANT"(B)) = u(A)u(B)

for any A, B € &, then T is ergodic.

Proof) Fix B € &, and choose any A € £. Fix € > 0 and define

5:6(1+;M<3))_1.

The approximation theorem above shows us that there exists some C € &y such that
n(AAC) < %. We can immediately see that

[1(A) = pu(C)] < n(AAC) <

N S

For any n € Ny,
(ANT™(B))A(CNT™(B))=[(A\C)NT " (B)]U[(C\A)NT~"(B)] C AAC,
so that
W(ANT ™ (B) ~ w(CNT"(B)] < u(ANT(B)ACAT"(B)) < m(AAC) <
for any n € N,. Since C € &y, by assumption there exists some N € N, such that
0 (CAT(B)) ~ u(O(B)| < 3

for any n > N. Therefore,

|1 (ANT™"(B)) — (A)u(B)|
<[pANT™(B)) = w(CNT(B))|+|u(A) = w(C)|u(B)+ | (CNT™(B)) — n(C)u(B)]

) ) 1

for any n > N. Such an N € N exists for any € > 0, so it follows that

lim 11 (ANT"(B)) = u(A)u(B).

n—oo



Now fix A € £. We know that
lim 1 (ANT"(B)) = u(A)u(B)

n—0o0

for any B € &. We want to show that this holds for any B € £ as well.

To this end, we once again choose any B € £ and € > 0, and this time define

1 —1
5:e<L+yAAO |
Note from the approximation theorem that there exists some C € &y such that
0

Then,

and
H(ANT"(B)) - f(ANT"(C))| £ u [(ANT (B AANT"(C))]
< u[T™(B)AT™(C)] = u [T~ (BAC)]
0
where the final equality follows from the fact that T" is measure-preserving. Since

lim 1 (ANT"(C)) = u(A)u(C).

n—oo

there exists some N € Ny such that

B (ANT(C)) ~ p(A)u(O)] < &

for any n > N. Putting these results together,
1 (ANT™"(B)) — (A)u(B)|

<|u(ANT™"(B)) - (ANT(C))|+]1(B) — w(C)| il A) + 1 (AN T (C)) — pu( A)u(C)|

55 I
<+ uld)+5 =5 (14 () =

for any n > N. Such an N € N, exists for any € > 0, so it follows that

lim p(ANT"(B)) = p(A)u(B).

n—oo

10



We have shown that

lim 1 (ANT"(B)) = u(A)u(B)

n—0o0

holds for any A, B € £. Now let B € £ be a T-invariant set. Then, because T~ "(B) = B

for any n € Ny, we have
p(B°NT(B)) =0
for any n € N4, so that

0= lim (B NT"(B)) = u(B)u(B) = (1 - pu(B))u(B).

It follows that pu(B) € {0,1}, so that T is ergodic.

Q.E.D.

Let T be a measure-preserving transformation. Once again, consider the sequence {poT™"},cn
of measures where poT ™" = p is the distribution of some dynamic system at time n. What
the above lemma shows us is that a sufficient condition for T', and by extension this dynamic
system, to be ergodic is for the joint probability of the dynamic system being contained in the
measurable rectangle A x B at times that are sufficiently far apart to be equal to the product
of the probabilities of being contained in A and B, respectively. In other words, the dynamic
process with distributions {poT ™"}, cn is ergodic if it acts like an independent process for time
periods that are sufficiently far apart. As such, ergodicity is a property of dynamic systems
that ensures that the process is only weakly dependent, that is, the process acts as if it is an

independent process for time periods that are far apart.

11



Sometimes we want to show that a measurable map T : E — FE is ergodic, even when it is
not necessarily measure preserving. To this end, we furnish an additional lemma.

Recall from the measure theory text that a monotone class on E is a collection of subsets of
FE that are closed under increasing and decreasing limits: formally, M is a monotone class on F
if

o For any {A,},en, C M such that A, C A, for any ne Ny, U, 4, € M
o For any {A,},en, C M such that A,y C A, for any ne€ Ny, N, A, € M.

Recall further that an algebra on F is a collection of subsets of F that contains F and is closed
under complements and finite unions. The monotone class theorem states that the o-algebra
generated by an algebra & on E is the smallest monotone class containing &; by implication,
if some algebra & on E is contained in a monotone class M, then so is the o-algebra generated
by &.

Lemma Let (E,&, 1) be a probability space and T': E — E a measurable function. Suppose
that &y is an algebra on F that generates £, and let P be a collection of measurable subsets of
E such that every set in & is a finite or countable disjoint union of sets in F.

Suppose that there exists a ¢ > 0 such that, for any A € F, there exists a natural number

n4 € Ny such that
w(ANT"4(B)) = ¢ p(A)u(B).
Then, for any T-invariant set A € £ we have u(A) € {0,1}.
Proof) Fix A € P. By assumption, there exists some ny € Ny such that
WANT"4(B)) = ¢ p(A)u(B)

for any B € P. For any B € &, since B is the finite or countable union of disjoint sets

in P, the finite and countable additivity of p implies that
W(ANT™"4(B)) 2 c- ju(A)u(B).
Define the collection M as follows:
M={BCE|u(ANT"A(B)) > c- u(A)u(B)}.

Let {B) }nen, be a sequence in M such that B,, C B,y for any n € N,. Then,

ANT " (By) /N J(ANT™™4(By)) = ANT ™4 (UBn)

12



and B, /U, Bn, so that, by sequential continuity,

I

anr (s )| = frtan o)

ntooo

ntooo

2 lim (c-p(A)p(Bn)) = c- p(A)p (UBn> :

Therefore, |J,, By, € M, and we can show in a similar manner that M is closed under
decreasing limits. By implication, M is a monotone class on F containing the algebra

Eo—; by the monotone class theorem, M contains &£, so that
W(ANT™"4(B)) > c- ju(A)u(B)

for any B € €.

Now choose any T-invariant set B € £. Becauase T "(B) = B for any n € Ny by

definition, we have
W(ANB) > ¢ p(A)u(B).

Note that this in turn holds for any A € P. For any A € &, because A is the finite or
countable union of disjoint sets in P, the finite and countably additivity of g implies

that the above property holds for any A as well.
Define

M={A€E|p(ANB) > c-p(A)u(B)}.

Let {A; }nen, be asequence in M such that A, C A, 1. Then, by sequential continuity,
n

It follows that M is closed under increasing limits, and a similar line of reasoning shows

= 3,0 4n 0 5]

> c( lim 1(An)) p(B) = - p(A)u(B).

n—o0

us that M is also closed under decreasing limits and therefore a monotone class of sets.
Since the algebra & is contained in M, by the monotone class theorem M also contains
the o-algebra &, so that

1(ANB) = c- p(A)u(B).

for any A€ €.

13



Choose A = B€. Then,
0= u(B°N\B) > ¢ u(B)u(B),

which implies that pu(B¢)u(B) = (1 —u(B))u(B) = 0. By implication, u(B) € {0,1}.

Q.E.D.

14



1.1.3 The Ergodic Theorem

Since the strong law of large numbers holds for iid data, we would expect something similar to
hold for dynamic systems whose law of motion is measure-preserving and ergodic, which means
heuristically that the system is identically distributed and (somewhat) independent. This is the
content of the ergodic theorem.

To prove the ergodic theorem, we first define some requisite notations. Let T' be a measure-
preserving map on the probability space (F,E,u). For any £-measurable and p-integrable or

non-negative real valued function f, we define

fH+foT+---+foTk 1 forany k>1
0 if k=0

Note that each Si(f,T) is a p-integrable function. We also define

Mn(f,T) = max Syf, Moo(f,T)= sup Mpf= sup Sif;
0<k<n neN, keN,

note that each M, (f,T) is E-measurable for n € Ny U{+oo}. The following is a preliminary

result:

Lemma Let (E,&,u) be a probability space, and a T' a measure-preserving transformation.

Let f be an £-measurable and p-integrable real valued function. Then,

/ fdu=>0,
Ey

where

Ef={w e B|[Mux(f.T))(z) > 0} € €.

In particular, if A € £ is T-invariant, then

/ fdu > 0.
AﬂEf

Proof) Define the sequence {Ef ,}nen, of £-measurable sets as
Ern=A{z € E[[M,(f,T)|(x) > 0}.

Then, because Moo(f,T) = sup,en, Mn(f,T) and M, (f,T) < Mp1(f,T), it follows
that Ey =, Efn and Ef, C Efpqq for any n € Ny Since f-Ig,, / f-Ig, pointwise,

15



‘fIEfyn‘ <|f] for any n € N4, and |f| is a p-integrable non-negative function, if

/ fdu>0
Efn

for any n € Ny, the dominated convergence theorem implies that |’ By fdu>0.

Thus, we will be done if we can show that fEM fdu >0 for any n € N4. To this end,
fix n € Ny and note that, for any x € Ey ,,

(M, (£.T))(@) = max [S(/.T)] (@) > 0.
so that

(M, (£T))(x) = max [S(T)](x).

It follows that M, (f,T)-Ig,, is a non-negative &-measurable function.

By definition, for any 1 < k <n,

k—1 k—1
Sk(f,T) =Y (foT)=f+) (foT")
=0 i=1

k—2
=f+ (Z(foT’)) oT =f+Sk_1(f,T)oT

=0

<f+ < sup Sm(f7T)> ol'= f+ My(f,T)oT,

0<m<n

so that

[My(f,T))(x) = 121£En[5k(f’ T)(x) < f(z) + [Mn(f,T) o T)(2)

for any x € Eyp,.

It follows that

| mdps [ gdps [ QLT oT)dp
Efmn Efn Efn
- / Fdp+ / Mo (f.T)d(uoT™Y)
Ef,n Efyn

= [ faus [ a1y
Efn E¢n

where we used the formula for the integral of non-negative functions with respect to
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pushforward measures and the measure-preserving nature of T'. It follows that

0< Jdu,
Efpn

which is exactly what we wanted to show.

It remains to prove the statement concerning the T-invariant set. Let A € £ be T-

invariant. For any n € Ny, if z € A, then

[(foT™) 1 a](z) = f(T"(2)) = (flaoT")(x)

because the T-invariance of A implies that z € A=T""(A) and therefore T"(z) € A.
On the other hand, if = ¢ A, then T"(x) ¢ A, so

[(foT™)Lal(x) =0 = (flaoT")(x).

In any case, (foT™)I4 = (fI4)oT" on E for any n € N.. By implication,

k-1 k-1
Sk(f TV A=Y (foTIa= (fla)oT" =Si(f1a,T)
i=0 =0

for any k € N1 and therefore
Moo (f,T) 1 = sup [Si(f,T)La] = sup Sp(f1a,T) = Moo (f I, T).
keN keN
It follows that
BinA={z € B| Mu(f,T)Al(@) > 0} = {x € B| [Mu(fLa.T))(2) > 0} = Epy,.

Since the p-integrability of f implies the integrability of fI4, the preceding result now

shows us that

o< [ gdu= [ fdn
EfIA AﬂEf

Q.E.D.

Lemma Let (E,&, 1) be a probability space, and a T' a measure-preserving transformation.
Let f be an £-measurable and p-integrable real valued function. For any A € R and T-invariant
Acg,

A-p(ANFy) S/ fdu,
ANFy
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where

n

F\= {:c €E| sup lZ(foTk*l)(m) > )\} €.

neEN4 n k=1

Proof) Define the function g: E — R as g(z) = f(z) — A for any x € E. The E-measurability
and p-integrability of f implies that of g, so that, by the preceding result,

for any T-invariant A € £, where we define

Eg={xz e E|[Mx(g,T)](x) > 0}.

Note that
k—1 ) k—1 )
Sk(g.T) = (goT") =Y (foT")—kA=Si(f,T)—kA
1=0 1=0

for any k£ € N, . Using this fact, we can show that £, = F).

First,choose any [Moo(g,T)](z) > 0. Then, since we saw above that

(Moo (g, T)](x) = Jup [Sk(g,T)](z),

there exists some k£ € N, such that
[Moo (g, T)](z) > [Sk(g, T))(x) = [Sk(f,T)](x) — kA > 0.

‘We now have

T
L

1 m—1

sup — » f(T'(x)) =

meN; M 5

F(TH () > A,

| =
-.
Il
o

and this shows us that £, C F).

To show the reverse inclusion, suppose that x € F), so that

sup — > f(T'(x)) > \.
keEN4 k ;
It follows that there exists some k € Ny such that

1 k-1

2> f(T'(x) > A,

=0

18



or equivalently, [Sk(g,T")](x) > 0. As such,

[Moo(gvT)]('r)Zilé%[sm(gaT)]( ) = [Sk(g,T)](x) > 0.

This proves that Ky = F}.

Now, we can see that
0< [ gdu= [ fdp-xep(AnE) = [ fdu-r-u(AnFy).
ANE, ANE, ANF)y
Rearranging terms yields

Ap(ANFy) < / fdp.
ANFy

Q.E.D.

Now we are ready to prove the ergodic theorem. We define a T-invariant function f as a mea-
surable real valued function such that f(7'(x)) = f(z) for any x € E. Its statement and proof

are given below.

Theorem (The Ergodic Theorem)
Let (E,&, 1) be a probability space, and a T' a measure-preserving transformation. Let f be a

E-measurable and p-integrable real valued function. Then,

1 & .
—ZfoTkla—i

Z)

p-almost everywhere for some measurable T-invariant and p-integrable real valued function f

such that
/ fdp= / fdu.
E E

If, in addition, T is ergodic, then

:/ fdu for p-ae. x € F.
E

Proof) Define the sequence of £-measurable p-integrable functions {gy }nen, as

1

2”:“
=S A(T

3
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for any n € Ny and x € E. We first show that {g,}ncn, converges p-a.e. to some &-
measurable function taking values in the extended real line. Then, we show that this
function is u-integrable, so that, by the finiteness property for non-negative functions,
there exists a real-valued measurable function to which {g,}nen, converges almost

surely.

Existence of a Measurable Limiting Function

For any rational r,q € Q such that r < ¢, define
A, ={z € E|liminf g,(z) <r < ¢ < limsupgy(z)}.
n—00 n—00

We first show that A, , is a T-invariant measurable set. To see this, note that

an(T() = =3 (T (2))

k=1

n+1
:"“( ; zﬂT’f—l(:c)))—;f(x)

n n—i—lkz1

= Tgnﬂ(l") - %f(x)

for any x € E. Since L — 1 and 1 f(2) — 0 as n — oo, it follows that {g,(T'(2))}nen,

n

has the exact same set of subsequential limits as {g,(x)}nen, , and therefore that

liminf g, (z) = liminf g, (T'(x))

n—oo n—oo

limsup g, (z) = limsup g,,(T'(x)).

n—o0 n—0o0

Now choose any = € T~1(A, ), so that T(x) € A, ,. By implication,

liminf g, (z) = linrr_1>iol<1>fgn(T(a:)) <r<q<limsupg,(T(z))=limsupg,(x),

n—oo n—o00 n—00

so that x € A, , as well; this shows us that T_l(Aw) CA,.

Conversely, let € A, 4. Then,

liminf g, (7(z)) = liminf g, () < r < ¢ < limsup g, (z) = limsup g, (T (z)),

n—00 n—00 n—oo n—oo

so that T'(z) € A, , and thus x € T1(A4, ,); we have established that T—1(A, ) = A, ,

and therefore that A, , is T-invariant.
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By the result of preceding lemma, we can see that

X p(A, o NFYT </ du,
w(ArgNFY) < Awnij L

where

Fr={z€E| sup gn(z)>A}.
neN4

Similarly, applying the result to the p-integrable and measurable function — f, we have

)"M(Ar,qmF)\_)S_/ _fd/%
Ap,gNFy

where

Fy ={z € E|— sup gn(x) > A}
TIEN+

Now we can see that, if A = ¢, then
A CFY.
For any x € A, 4, since

q <limsupgy,(x) = inf supgx(x) <supgi(x)
n—00 neENy g>n k>1
implies that « € F". Similarly, if A = —r, then
Ay CFy
since, for any x € A, g,
> l. 1 f = 1 f > i f
r > liminf g, (2) Sup ,;gngk(x) > églgk(x)

implies

sup [—gr(z)] > —r
k€N+

and x € F,.. Therefore, A, ,NF = A, ;NF_, = A,  and

¢ulAng) < [ fdn<ron(any)
9

Since r < g, it follows that p(A,4) = 0.
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Finally,

{37 SN linn_1>ioréfgn(a:) < ligolépgn(x)} = U Ag,
rq€Q, r<q
so that
I {{év € E [liminf g, (z) < ligogpgn(m)}} =0.
Defining

E, = {ac el linrgigfgn(x) = liﬁotipgn(x)},

the sequence {gn}nen, converges pointwise to some point in [—o00,400] on the p-a.e.

set 1. Define f: E — [—o00,+00] as
Fl@) =timint g, (2)

for any z € E. We can now see that, for any x € F1,

F(a) = tim go(2) = lim_g,(T(2)) = F(T(a)).

n—o0

so that f is a T-invariant function taking values in the extended real line.

Existence of Real-valued Limit Function

We now show that there exists a p-integrable real-valued measurable function f :E—R

such that f = f p-a.e. While doing so, we also show that

/Efdu=/Efdu-

We first show that

| o ydu= [ san

for any k € N. For any k € N, since poT % = p, it follows that f is o T *-integrable;

therefore, by the formula for the integral with respect to pushforward measures,

fdu= | fd(poT™*)= [ (foT")du.
Jpfn=], A
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By implication, for any n € N,

/Egnduzié/}i(foTk_l)dMZ/Efdu.

This shows us that {g,}nen, is a sequence of functions with the same mean.

Similarly,

1 k-1
/E\gn\duﬁnl;/EQfloT ) dp

= [ \fldn,

where we once again used the formula for the integral with respect to pushforward

measures. Since
|f] = timinf lgn.
it now follows from Fatou’s lemma that
Fldu < limi <
[ Flan < timint [ jguldp < [ |71ds < +oc.
Therefore, by the finiteness property for non-negative functions,
u{{:):GE[f(m)GR}} =1.
Defining
Ey={z € E| f(x) eR}
and Eg = F1NE,, define f: E — R as

Fa) = (]:(x) if x € Ey

otherwise .
it follows that f = f p-a.c. since u(Ep) =1 and therefore that
gn, =g f .
Specifically,
lim go(2) = f(x)

for any z € Ej.
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Finally, for any x € Fy,

f(T(2)) = lim ga(T(2)) = lim ga(z) = f(x),

n—oo n—o0

while if z ¢ Ey, then

This shows us that f is a T-invariant function.

Uniform Integrability of {g,},

We now show that {g, }nen, is uniformly integrable with respect to p in the sense that

lim sup /E|gn|l{|gn‘>b}du:().

b*)OOTZENﬁ»

First, note that, for any A > 0,

Gr={z € E| sup |gn(x)| > A}

neN4

={z € E| sup gp(z) > A}U{xr € E| inf g,(x) < —-A}
neEN, neEN4

={z € E| sup gn(z) > AN}U{z € E|— sup gn(z) > A}.

n€+ TL€+

+ _
FA F)\

From the preceding lemma, since FE is itself a T-invariant set, we have
AplF) < [ fdp< [ 1fldp
F E
and
= [ tdus [ Ifidp
F; E
Therefore,

A 1(G) <A (B +u(FD] <2 [ 17dn

where we used finite subadditivity to justify the first inequality.
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Now choose any € > 0. Since f is a p-integrable function,

hm/|f|f{|f|>)\}dﬂ 0,

so that there exists some A > 0 such that

/E LI paydp <ee.

For any b > 0 and n € N, we can see that

/lgn!f{\gn|>b}dﬂ< Z/ |[floT"™ I{|gn\>b}dﬂ

<- Z/ (IfleT")d

because {|gn| > b} C Gy for any n € N,. For any k € N4,
/ (|fyoT’H)du:/ (IfleT" ) Ig - du+/ (IfleT* 1)1 e dp
G, ) sN{|fleTF~1>A} 5 GpN{|floTk—1<A}
k—1
< [E (117 g150y) o T dpat A+ ()

= /E\f\f{|f\>x}dﬂ+>\'M(Gb),

where we used the formula for the integral with respect to pushforward measures to

justify the last equality. As such,

/ 1901 {1g >0y a1 < < U [fI g psaydp+ A 1(Gy)
:/E\f|f{|f|>x}dﬂ+>\'ﬂ(Gb)-
Since [ | f|I{fj>xpdie < € by our choice of A and u(Gy) < % [ | fldp,

22
Wl T d = du.
/E\g (g >0 dp < €+ 2 /E!fl v

This holds for any n € N4, so

2\
su |1 d §6+*/ dp,
ne}\%/E\g (g >y A1 . E\fl I

25



and taking b — oo on both sides yields

lim sup < sup /é |gn]I{gn|>b}du> <e.

b—oo TLEN+

Finally, this holds for any € > 0, so

lim | su / |l du | =0,
b0 (nez\lf)+ E|g Elgn1>0) M)

which proves the uniform integrability of {g, }nen, Wwith respect to p.

The uniform integrability result allows us to see that the integral of f with respect to

 is exactly the mean of f. Note that g, =3 f implies that g, — hatf in the sense that
Jlim p[{z € B | |gu(x) ~ f(a)| > )] =0

1 A
for any € > 0. Since {|gn|}nen, is uniformly integrable, this implies that g, L f in the

sense that

lim ‘gn - f‘du = 0.
E

n—oo

In particular, since

’/Egndu—/Efdu’S/E’gn—f‘dﬂ

for any n € N, it follows that

[ fan=tin [ gudu= [ sdu

The Case of Ergodicity

It remains to prove the claim that f: Ji fdu p-a.e. when T is ergodic. For any A € R,
define

Fx={zeE|flz)<A\.
Since f(z) = f(T'(x)) for any E, Fy is a T-invariant set, and as such, if T is ergodic,

:U(F/\) €{0,1}.
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Choose any € > 0, and define
Ae) :/ Fdp+e.
E

We can easily see that (F/\(E)) = 1. To see this, suppose that u(ﬁ’)\(g)) =0. Then,
[ san= [ fan= [ fdp [ fd
E E Fyeo Fy

:/c fduz/fdu+e,
FA(e) E

where the last inequality follows from the fact that f > A(€) on F )f(e). Thus, we are left

with the contradiction € <O0.

Now suppose that (F/\(_e)) = 1. Then,

[ san=[ fan= [ fap+ [ fd
E E By_o Fy

=/ fdué/fdu—e,
E

Ex-o

which results in the same contradiction as above. As such,
pFo] =0 [Bo] =1
or equivalently,

/Efdu—e<f§/Efdu+e

[-a.e.

Since this holds for any € > 0, define

E=N(FcimNFram)-

n

Then, because E is the countable union of sets with measure 1, we have pu(E) = 1. For

any z € E,

[ gdn— < i) < [ gap+

for any n € Ny and thus

fa)= [ fdu
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It follows that f = J fdp on the p-almost sure set E.

Q.E.D.

1.2 Strictly Stationary and Ergodic Time Series

We can now apply the ergodic theorem to prove an SLLN for time series that are strictly station-
ary and ergodic, or processes whose law of motion is governed by an ergodic measure-preserving

transformation. Throughout, we implicitly let (€, #,P) be our probability space.

1.2.1 The Topology of Sequence Spaces

To formalize our discussion, we need some topological preliminaries. Let (E,7) be a second
countable topological space with corresponding Borel o-algebra £. Consider the product topology

7%; since (E,7) is second countable and Z is a countable index set,

B(E?,7%) = &7,

that is, the Borel o-algebra generated by the product topology is exactly the product o-
algebra. Recall that the distributions on the product space (E,&)? is determined by their finite-
dimensional distributions; we formally state and prove this elementary result for the sake of

completeness.

Lemma (Denseness of Finite Dimensional Distributions)
Let (E,7) be a second countable topological space with corresponding Borel o-algebra €. For

any i1,---,i € Z, we define the projection function m, ... ;, : E?Z 5 EF as

iy o (T) = (g, 5 iy,

for any = = {x4 }1ez € EZ. Then, each Ty, i 1S measurable relative to EZ and &*, and for any

probability measures x and v on (E,&)Z,

-1

HOTGy iy = voﬂ-i_h iy
for any iy, ,i € Z implies that u=v.
Proof) Choose any distinct i1,--- i € Z. Letting A;, X --- x A;, be a measurable rectangle on

(E,E)F, we can see that

ﬂ-z_l} ; (AZ1 Xoeee XAlk) = HAtJ

Lk
teZ
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where Ay = E if t ¢ {iy,---,ix}. Since the right hand side is a measurable rectangle on
E%_ and EF is generated by the set of all measurable rectangles, it follows that Tin yoee i

is measurable relative to £Z and EF.

Suppose 1, v are two probability measures on (E,£)% such that

-1
O . .
HO T iy

for any i1,---,i; € Z. Choose any measurable rectangle A = [],., A; on EZ, and let
i1, ++ i € Z be the indices such that A; # E. Then,

p(A) = p |l (A X x Ay
11, 0k

= vt (A e x Ay = o(A).

Since the set of all measurable rectangles on EZ forms a m-system generating £, and

p,v are probability measures, it follows that = v on (E,&)%.

Q.E.D.

Below, we will make extensive use of cylinder sets. The collection of cylinder sets with base

from time ny to ng is defined as
C”LTLQ = {E,nl X A X E+n2 | Ae 8”2—711-&-1}’

where E_p, =[[;«_,, F and E ., =[];s,, E, respectively. We define the colleciton of all cylinder

sets C as

c= U Cum

n1,n2€%, n1<na

Below we show that C is an algebra on EZ that generates the product c-algebra £Z.

Lemma (The Role of Cylinder Sets)
Let (E,7) be a second countable topological space with corresponding Borel o-algebra £. Let C
be the collection of all cylinder sets defined above. Then, C is an algebra on EZ that generates

the product o-algebra £Z.
Proof) We first show that C C £%. For any ny,ns € Z such that n; < na, choose any
E_p xAXE{,, €Cphn,-

Then, since A € En2~mtl = gZ0ln2l and E_, and E,,, are contained in the product
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o-algebras £47(=0m1) and £2N(n2:+20) it follows that
E_py X Ax Eyp, € EFN00m) Q) gZNmina] () gZN(na-too),
Since
(ZN(—00,m))U(ZN[n1,n2]) U(ZN (n2,+00)) = Z,
it follows that
gZﬁ(—oo,nl) ®5Zm[n1,ng] ®5Zﬂ(n2,+oo) -y

and therefore that E_,,, x A x E,, is contained in £%. This shows us that Crims C £z,
and therefore that C c EZ.

Furthermore, any measurable rectangle on EZ is clearly contained in C.

We now show that C forms an algebra on EZ:

— E% is clearly contained in Co,0-

— Forany E_,,, x Ax E4,, €C,

(E—py X AX Eyp,) =E_p, X A°X Eyp, €Cpyny CC.

— For any two cylinder sets C € Cp, n, and Ca € Cpyyy sy, Since

Cl? CQ € Cmin(n1 ,m1),max(nz,ma)>

there exist Ay, Ay € Emax(nz,ma)—min(n1,mi)+1 gych that

Ci = E_in(ny,my) X Ai X B4 max(na,mo)

for ¢ =1,2. Then,
CiuCy=FE_ min(ng,mi) X (Al UAQ) X E+max(n2,m2) € Cmin(nl,ml),max(nz,mg) cc.

Since every measurable rectangle on EZ is a cylinder set, and each cylinder set is £%-

measurable, it follows that C is an algebra that generates the product o-algebra £2.

Q.E.D.
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1.2.2 The Shift Operator

Let (E,d) be a separable metric space with corresponding topology 7 and Borel o-algebra £.
Let {X;}:ez be a stochastic process with state space (E,&). Defining X : Q — E7 as

X(w) = {Xi(w)}ez € B

for any w € (), we can see that X is a random sequence, since for any measurable rectangle
A =[l;ez As, letting t1,--- ¢, be the indices such that A; # F,

k
X HA) =X, " (A,) e H.
i=1
The distribution g =Po X! of X is called the probability law of {X;}sez.

We define the law of motion 7 : E*° — E°° of a stochastic process with index set Z as

T(z) = {7141 }tez

for any x € EZ, so that [T ()] = z¢+1. T is called the shift operator, since it shifts the values of
any sequence z to the right by one period. It is emphatic to note that 7 is not specific to any
particular stochastic process, but its properties are determined relative to the probability law
of the stochastic process of interest.

7T is clearly a measurable map; for any measurable rectangle A = [[;cz As,

T HA) =[] A1 €%

teZ

Strict Stationarity

We say the process {X;}cz is strictly stationary if, for any t1,--- ,t, € Z, n € Z and A € &,
P((Xtu' o 7th) € A) = P((Xtﬁ-n’ T vthﬁ-n) € A) .

In other words, {X;}c7z is strictly stationary if the joint distribution among its elements is pre-
served across shifts in time. Strict stationarity has a very simple (and intuitive) characterization

in terms of the shift operator:

Lemma (Characterization of Strict Stationarity)

Let (E,7) be a second countable topological space with corresponding Borel o-algebra £. Let
X = {X,}+ez be a stochastic process with state space (E,€) and probability law p. Then, X is
strictly stationary if and only if the shift operator 7 is measure-preserving on the probability
space (EZ,E%, ).
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Proof) Suppose that X is strictly stationary. For any measurable rectangle A =[],c7 Ay, letting
t1,---,tx be the indices for which A; # F, it follows that

/.L(A) :P(th S At“... ’th S Atk)
=P (X 41 € Agyy-, Xpr1 € Ayy) (Strict Stationarity)
=P(T(X)€A)=(noT 1)(A).

Since p and po7 ! are probability measures that agree on the m-system of measurable

rectangles on EZ, it follows that
p=poT

and therefore that 7 is measure-preserving on the probability space (EZ,E%, ).

Conversely, suppose that 7 is measure-preserving under p and choose any ty,--- ,tx € Z,
n €7 and A € E*. Then,

P((Xyy,-o, Xyp) € A) = (ol ) (4)
~ (woTmomi k) (A).
since p = o7 ™ by measure preservation. Since
Tty ooty (T (@) = Tty oy, ({Ttm Seez)
= (Tty4n> al‘tk+n) = 7Tt1+n,---,tk+n(1‘)
for any x € EZ, it follows that
-1

—1 _ TN
Tt 4n, ti+n = T O Ty ooty

so that

P((Xers+ Xe) € A) = (1075 b gyin ) (A) = P(Xeyms -+, Xn) € A).

This holds for any t1,--- ,t, € Z,n € Z and A € E¥, so that { X, }4c7z is strictly stationary.

Q.E.D.

32



Ergodicity

Let { X} }+cz be some stochastic process with corresponding random sequence X with probability
law p. We say that {X;}ez is ergodic if the shift operator 7 is ergodic on the probability space
(B, &%, ).

Suppose that {X;}iecz is also strictly stationary, so that T is a measure-preserving transfor-
mation on (E%,£%, 11). In light of the characterization of ergodic measure preserving transforma-
tions and the fact that the collection C of all cylinder sets on EZ is an algebra on E? generating
£, it follows that {X;}iez is ergodic if

lim  (ANT(B)) = u(A)u(B)

for any A,B € C. More intuitively, for any t1,t2,s1,82 € Z such that t; <ty and s1 < s9, and
Ac &l htl and B e £%2751%! we must have

lim P((tha"' >Xt2) € A? (X81+ﬂ7"' 7XS2+n) € B)

n—o0

=P((Xy,, -, Xp,) € A) x P((Xs,, -, Xs,) € B).

This makes clear that ergodicity is essentially a generalization of indpendence when the under-

lying process is strictly stationary.

1.2.3 The Ergodic Theorem as an SLLN

Given a strictly stationary and ergodic stochastic process with index set Z, we might reasonably
expect to apply the ergodic theorem to obtain something similar to a SLLN for such processes.

This is exactly the content of the following theorem:

Theorem (Ergodic Theorem for Strictly Stationary and Ergodic Time Series)

Let (E,T) be a second countable topological space with corresponding Borel o-algebra €. Let T
be the shift operator associatec with stochastic processes with state space (E,£) and index set
Z. Suppose X = { X, }+cz is a stochastic process with state space (E,E) that is strictly stationary
and ergodic. Letting i be the probability law of X, for any f: EZ — R that is £2-measurable

and pu-integrable, we have
1T
= TN X)) 4% / dp.
T ST [ s

In particular, for any function f: F — R that is £-measurable and E|f(Xg)| < +o0, we have

1

S|

T
D F(Xi1) B E[f(Xo)].
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Proof) Suppose X = {X;}+cz is strictly stationary and ergodic. Then the ergodic theorem tells
us that, for any f: EZ — R that is £4-measurable and p-integrable, we have

ti 2577 ) = [ g

for p-a.e. z € EZ. Let E € £Z be the set such that u(EY) =1 and

T
1 _
TZf(Tt Yz)) — /Zfdu Vo € EY.
t=1 E
Defining Q9 = X "1 (E%), since X is a random sequence Qg € H, and
P () = u(EE) = 1.
Furthermore, for any w € €, since » = X (w) € EZ, we have
1T
T AT = [ s
t—
as T'— oo. It follows that
1 I

TZf(?*—l(X)) a5 | fan.

t=1

Now let f: E — R be a £-measurable function such that E|f(Xo)| < +oo. Then, by

repeatedly applying the formula for integrals with respect to pushforward measures,

E[/(Xo)| = [ (1f]0X0)dP
:/ (If| o700 X) dP
Q
— [ (flom)dn
E

= [ Iflduomy!) < +oc.
Defining F : EZ - R as

F(x) = f(mo(z))
for any = € EZ, it follows that

L= [ (1f1om0)du
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:/ \f|d(uo7ral) < 400
E

by the formula for integrals with respect to pushforward measures, so that

by the ergodic theorem. Since
F(TH0) = f mo (T100) | = £(Xe)
for t > 1, and Mo7r51 is the distribution of X,

1 T
> (X)) B E[f(Xo)].
t=1

N

Q.E.D.

This theorem shows us that, for strictly stationary and ergodic time series, the ergodic theo-
rem serves as a generalization of the strong law of large numbers. Indeed, we see below that
the ergodic theorem is a generalization of the SLLN in the truest sense of the words, since iid

processes are strictly stationary and ergodic.

1.2.4 Examples of Stationary and Ergodic Stochastic Processes

We have shown that an SLLN-type result holds for strictly stationary and ergodic stochastic
processes. The next question is: what kind of processes are strictly stationary and ergodic? It
turns out that many frequently encountered processes, including iid processes, are strictly sta-

tionary and ergodic.

Theorem (Strict Stationarity and Ergodicity of IID Processes)

Let (E,7) be a second countable topological space with corresponding Borel o-algebra £. Let T
be the shift operator associatec with stochastic processes with state space (E,£) and index set
Z. Suppose { X, }1ez is an iid process with state space (E,E). Then, { X} }se7 is strictly stationary

and ergodic.

Proof) Let {X;}iez be an iid process with probability law p. It is clearly strictly stationary, so
that 7 is measure-preserving on (E*°,E%, u). To see that it is ergodic, choose any two

cylinder sets A, B € C. By definition, there exist some t1,t2, 1,82 € Z such that t; <o,
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s1 < 89 and
A€y, BeC s,
Letting
r1 =min(t1,s1), 72 = max(ta,s2),
since A, B € Cy, r,, it follows that there exist C1,Cy € £ 1! such that
A=FE_, xCixEy,, B=E_ xCyxFEi,.
Note that, for any n>ro —ry+1,
p(ANTHB)) =P((Xry, o, Xp) € C1y (Xpyimse e, Xryn) € Co)
=P ((Xpy,+, Xpy) € C1) - P((Xpy4m, , Xppin) € C2)
—P(X € A)-P(X € B) = pu(A)u(B),

where the second equality follows from the fact that ro < r;+mn and the process { X; }1ez

is independent. As such,
Jim i (ANTHB)) = w(A)u(B),

and because this holds for any A,B € C, where C is an algebra on EZ that generates
EZ, it follows that T is ergodic on (E>, £, pu).

Q.E.D.

In light of the strict stationarity and ergodicity of iid processes, we can view the ergodic theorem
as a stronger version of the SLLN for iid sequences; whereas the usual SLLN only concerns the
behavior of sample averages, the ergodic theorem posits that the sample average of any function
of the entire process converges almost surely to the corresponding expected value.

Another important result shows us how new strictly stationary and ergodic processes can be

constructed from old ones:

Theorem (Construction of Strictly Stationary and Ergodic Processes)
Let (E,7) be a second countable topological space with corresponding Borel o-algebra £. Let T
be the shift operator associatec with stochastic processes with state space (E,€) and index set

Z. Suppose X = {X; }4ez is a strictly stationary and ergodic process with state space (E,E). Let
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¢: E” — E be a function that is measurable relative to £ and £, and define 1) : EZ — EZ as

(@) ={(T" (@) hrez

for nay x = {x;}1cz € E”. Then, 1 is a measurable map on (E,€)%, and the process Y = {Y; };cz
with state space (E,&) defined as

Y =4(X) = {¢(T"(X)) hrez

is also strictly stationary and ergodic.

Proof) Let X = {X;}+ez be a stochastic process with probability law px. Consider a function
¢ : E” — E that is measurable relative to £Z and &, and define the operator ¢ : EZ — EZ

as

Y(z) = {(T" (@) }rez

for any x € EZ. 1 is measurable relative to £2 and £%; for any measurable rectangle
A=Tlcz At on E”_ letting t1,--- ,t; € Z be the indices such that A; # E, we have

k
VI A) =z € EP | o(T" (x)) € A}

=1

k
=T "¢ (Ay)) € £~

=1

Furthermore, 1) commutes with the shift operator 7 for any = € E%,

T(4(x)) = {o(T (@) ez = ¥({ze41 hez) = (T (2)).

This also implies that, for any A € 2,

so that x € ¢ ~1(T1(A)); the reverse inclusion follows from the same line of reasoning.

Define the process Y = {Y; }1ez as
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for any t € Z, so that Y = ¢(X). Note that each Y; is a random variable, since
Y (A = X (T (7 (A)) €M

for any A; € £, so that Y =(X) is also a random sequence taking values in (E,&)%.

The distribution py of Y is defined as
Ky =PoY '= 1204 0¢_17

and

Suppose that X = {X;}scz is a strictly stationary and ergodic process, so that T is

measure-preserving and ergodic on (E*,E%, ux). Then, for any A € £,
(v o T71) (4) = pux (B(T(4)))

= px (T((A))) = px (V(A)) = py (A),

where we used the fact that 7 and ¢ commute to justify the second equality and the
measure-preserving nature of 7 under px to justify the third. This shows us that 7T is

measure-preserving under py as well.

Furthermore, let B be a T-invariant set, so that 7 !(B) = B. Now,
Y 1(B) =y YT YB)) (Invariance of B)
=7! (1/)*1(3)) : (Commutativity)
so that ¢ ~1(B) is also a T-invariant set. Since T is ergodic under py, by definition
py (B) = ux(¥~1(B)) € {0,1}.

This holds for any 7T-invariant B € £, so T is ergodic under py as well.
It follows that Y = {Y;}tez = (X)) is also a strictly stationary and ergodic process. In

particular, if X is iid, then any time series Y = (X)) is strictly stationary and ergodic.

Q.E.D.
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Chapter 2

Martingale Differences and Weak

Stationarity

In the first chapter, we focused on conditions under which dependent processes continue to satisfy
a law of large numbers. These conditions were found to be strict stationarity and ergodicity, which
generalize the identical distribution and independence properties of iid processes, respectively.
In practice, it is impractical to focus only on strictly stationary and ergodic time series for two
reasons.

First, it is often the case that time series are only weakly stationary, that is, we often en-
counter time series with a finite nubmer of time-invariant moments, but which are not strictly
stationary. Moreover, ergodicity as a notion of weak dependence still allows for too much de-
pendence for central limit theorems to hold.

As such, in this chapter we introduce a weakened version of stationarity, and a stronger
version of weak dependence under which CLTs hold. Martingale difference sequences, which are
dependent processes that are pairwise uncorrelated, serve as the building blocks in this case, so
we start by studying the asymptotic theory of marginale difference arrays and sequences.

Throughout, we implicitly let (©2,#,P) be our probability space.

2.1 Asymptotic Theory for Martingales

We state here some central limit theorems and laws of large numbers involving martingale dif-
ference sequences, which are sequences of dependent variables that are uncorrelated with one
another. We also briefly touch upon mixingales and a related law of large numbers, which al-
lows us to formulate an LLN for pairwise correlated time series (which martingale difference

sequences are not).
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2.1.1 Martingale Difference Arrays

An array {Z7;}1<¢< k(T),TenN, of real random variables is said to be a martingale difference array

with respect to the filtration array {Fr}i<i<pr)ren, if

o Zr. is Fry measurable and integrable for any 7'e€ N4 and 1 <t < k(T

o Forany T'e Ny and 1 <t <k(T),
E[Zrt| Fri-1]=0,

where Fr is taken to be the trivial o-algebra.

Here we present a law of large numbers and a CLT for martingale difference arrays. Recall
that the usual weak law of large numbers for pairwise uncorrelated random variables can be
shown easily using Chebyshev’s inequality given bounded second moments. Martingale difference
arrays are pairwise uncorrelated for each sample size, so a WLLN obtains through the same line
of reasoning. Below we present a more general WLLN that requires less than bounded second
moments that leverages the properties of martingale difference arrays.

As for the CLT, in the iid case it follows from a Taylor expansion of the characteristic function
of the scaled partial sums of the variables. We similarly use Levy’s continuity theorem to establish
the CLT for martingale difference arrays via pointwise convergence of the characteristic function;
but this time the derivation is complicated due to the lack of independence between the random
variables that comprise the array.

The following law of large numbers is drawn from Davidson (2012):

Theorem 2.1.1 (LLN for Martingale Difference Arrays). Let {Z7,:}1<i<k(r)ren, be a martin-
gale difference array with respect to the filtration array F = {Fr }1<t<i(T) TeN,, O {CTt }1<t<i(T),TeN,

an array of positive reals. If
i) {1 Z7/crilhi<i<i(r)ren, is uniformly integrable for some 1 <p <2 in the sense that

g P
lim supE l i

b—00 T,t

CTt 'I{‘ZT»t/CT»tbb}] =0,

and

it) The following hold:

k(T)
limsup Z crg < 400

T—o00 t=1
k(T)
lim A, =0
T%oo; Tyt ’
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Then we have

k(T)

ZZTt

Proof. Choose any € > 0; by uniform integrability, there exists some B, > 0 such that

p

Z
supE 41
Tt CTt

.I{|ZT,t/CT,t|>Be}
For any 1 <t <k(T) and T € N, define

YT,t = ZTyt ’ I{ | ZTJ |>BECT,t}7

Wry=Z2ry—Yry=Zry- I{\ZTt|§BCCTt}‘
and note that the processes

Yr —E[Yru | Fri-1lh<i<wr)ren,
{Wr —E[Wry | Fre—1lh<i<kr)ren,

are martingale difference arrays with respect to F.

Since
Zry=Yri+Wri= Yo —E[Yr: | Fro—a])+ Wre —E[Wry | Fri-il),

we can see that

k(T)

k(T)
Z Yri—E[Yr: | Fri-1]) Z Wry—E[Wry | Fri-1])
-1 -1

P
(Minkowski’s Inequality)

p p

Focusing on the first term,

(T)

k(T)
Z Yri—E[Yr: | Fri-l)|| < ZHYTt_ Y1 | Fra-lll,

Ve | Fraalll,)

k(T)
<>
t=1
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by two successive applications of Minkowski’s inequality. For each 1 <t < k(T),

hSA

IE Y7 | Fre-illl, = EE[Y7 | Fri—1]")
1
< (ENYT)? = [Vl

where we used the convexity of the mapping « — xP on R and the conditional version of Jensen’s

inequality, alongside the law of iterated expectations, to justify the inequality. It follows that

k(T) k(T)
Z (Yri —E[Yrs | Fri-1]) §2ZHYT¢HP
t=1 t=1

p

P\ 5 [k(T)
<2(supE £k Z cryg |-
Tt Crt i—1
By uniform integrability,
P
supE|—=| <e€
Tt CTt
while
k(T)
limsup Z et = C < 400
T—o00 t=1
by assumption, so
k(T) )
lim sup Z (Yr:—EY7: | Fri—i1])|| <2Ce.

Moving onto the second term, recalling that [ X||, < || X{|, whenever 1 <p < g < +oc by

Jensen’s inequality, we can see that

k(T)

< (Wre—EWry | Fri-1])
1

k(T)
Z Wry—E[Wr, | Fri-1])

P = 2

(1) 2
= | Y E[Wr,—E[Wr, | fT,t_l]\2>
=1

where equality follows because martingale difference arrays are pairwise uncorrelated for each
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sample size. Since
E\Wry —E[Wry | Fry—i1]]> SE[Wry +E[[Wryl | Frea]]?
< 2(E|Wr* +E[E[[Wr| | Fre-])*)

< AE|Wr|?,

(conditional Jensen’s Inequality and Tower Property)

it follows that

k(T) k(T) 3
Z (Wr—EWry | Fre-i])|| <2 (Z E\WT,t|2> .
t=1 t=1
P
By design,
Wy <B,
CTt
so we can see that
](T) ](T) 3
> (Wre—E[Wry | Fre])| <2B (Z c%,t) :
t=1 t=1
P

Taking T'— oo on both sides, we have

lim =0.

T—o00

k(T)
Z (Wry—EWry | Fri-1])
=1

p

Putting the two results together, we can see that

k(T)

Z 21t

t=1

< 2Ck.

p

limsup
T—o0

This in turn holds for any € > 0, so by definition

QN
S Zr 2o
t=1
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Before presenting a CLT for martingale difference arrays, we state some preliminary results:

Lemma  The following hold true:

i) For any x € R,

< min (|x\3, ]:B\Q) .

22
exp(iz) — | 14+ix— 5

ii) For any z € C,

lexp(2) — (14 2)| < |2[* exp(|2]).

Proof) i) Choose any = € R, and let n € N. Since

7
n+1

(z— )" exp(is)

8(98 (_n_l|_ 1 (2 — s)"H exp(is)) = (z—s)"exp(is) —

on R, we can see that

/0 (x—s)"exp(is)ds — %H ; (z—s)"exp(is)ds = mx"“,

or equivalently,

/0 (x—s)"exp(is)ds = T_Hm”"'l + %_1_1 /0 (z—s)"Lexp(is)ds.

Putting n =1 reveals that

xT

i—i-exp(ix) :x+i-/ (x —s)exp(is)ds,
0

or that
X
exp(iz) = 14ix — / (x —s)exp(is)ds.
0
The result for n = 2 now shows us that
T 12 i [z
/ (x—s)exp(is)ds = — + 7/ (z—s)?exp(is)ds,
0 2 2Jo

or that

x? Q[ 5
exp(iz) =1+ix — 5 5/0 (x —s)“exp(is)ds

44



We therefore have the upper bound
2
1
exp(izr) — (1 +iz — 2)

< Z
— 2

/Om(x —5)%exp(is)ds|.

To obtain the first bound, note that, if x > 0, then

3

S/ (z—s)%ds = T
0 3

/Ox(a: —5)2exp(is)ds

On the other hand, if x < 0, then

0 3
S/ (z—s)%ds = T

/Oz(x — 5)?exp(is)ds

so that

’33\3 3
< < .

72
exp(iz) — | 14+ix— 5

It is slightly trickier to obtain the second bound. From the relationship

x 2 . rx
/ (x —s)exp(is)ds = Ty 3/ (z— s)*exp(is)ds,
0 2 2Jo

we can see that

2

1 x
/ (x —s)exp(is)ds|+ T
0 2

<
B =

/Ox(x —5)2exp(is)ds

L P ——

If x >0, then

x z 2
S/ ]ac—s]ds:/ (x—s)ds = —,
0 0 2

/Ox(:r —s)exp(is)ds

while if x < 0, then

0 0 22
S/ |x—s|ds:/ (s—x)d,S:?.

/Ox(x —s)exp(is)ds

Therefore,

1

<:L'2
2

<= )
=5 =

/Om(:n —5)%exp(is)ds

and we have

< min(Jz[*, |z/*).

72
exp(iz) — | 1 +iz — 5

45



ii) Choose any z € C. Then,

exp(z)zz:mzl—i-z—i-za
n=0 n=2

2 0 znf2

=lte+— (> — |,
-\ !
so that
s (& ]]"72 o (= 2" 2
lexp(z2) = (L+2)[ < |27 D == | <121 D2 5 | = 27 exp((2)).
= nl = n!

Q.E.D.

We are now ready to present a CLT for martingale difference arrays:

Theorem (CLT for Martingale Difference Arrays)

Let {Z7,}ren, 1<t<k(r) be a square integrable (or L?) martingale difference array with respect
to the filtration array F = {Fr¢}1<i<i(7)ren, - Define a%t =E {Z%t | ‘FT7t,11| for any T € Ny
and 1 <t <k(T), and let

k(T)
t=1
for any T' € N,. Assume that:

i) Vp B 1as T — .

ii) (The Lindeberg Condition) For any € > 0,
k(T)
. 2 |. _
A 3B [2h] Tz psg] =0

Then, we have

k(T)

> Zri 5 N, 1).
t=1

Proof) We proceed in small steps.
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Part 1: Bounding V7

We first modify the array {Z7,;}ren, 1<t<k(r) so that the sum of conditional variances

Vr is bounded. Define {Vr}ren, 1<i<i(r) a8

t
2
VT,t = ZUT,S
s=1

for any 7€ Ny, 1 <t <k(T'), so that Vy,r =V, and let {Y7:}ren, 1<i<k(r) be defined

as

Yre=2Zre- Ly, <2)

forany T'€ Ny and 1 <t <k(T'). We now establish some properties of { Y7 }ren, 1<t<k(r):

— Martingale Difference Array
It is clear that {Y7}ren, 1<t<k(7) s @ martingale difference array with respect
to F; for any T'€ Ny and 1 <t < k(T), since V; is Fr;—1-measurable, Y7 is
clearly Fr; measurable, integrable due to the integrability of Z7;, and

EYz: | Fri-1] =E[Zrs | Fri-]-Iivy, <oy = 0.

— Square Integrable

By the square integrability of Z7 ¢, each Y7 is also square integrable. Furthermore,

defining
T
Pr=>"E[YZ, | Frial,
t:lT
since

E (Y2, | Froa| =E|23,| Fra] - Ive <oy = 0% Ly <ap,

we can see that

T
_ 2
Tr=Y oty Iy, <2
t=1

This implies that I'y <2 on €.
Analgously to V7, we define

¢
FT,t = Zp%,s
s=1
for any T'e Ny and 1 <t < k(7).
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— Convergence of ['r

Moreover,

T
VP —Tp|=Vp—-Tp= ZU%,t vy >0
t=1

T
S (Z G%,t) : I{VT>2} = VT ' I{VT>2}‘
t=1
By assumption, Vy - 1, and for any § > 0,
P (V- Ljvyszy > 8) <P(Vp>2) <P(Vp—1]> 1),
so that
T]i_r}I;oP (VT Tvsoy > 5) =0.
This holds for any é > 0, so
P,
V- I{VT>2} —0
and we have

Tr—Ve 2o

as T — oo as well. Therefore, we can conclude that

rr 5% 1.
— The Lindeberg Condition
For any T'e N, and € > 0,
Yre < Zry
and thus
2 2
E [YT,t'I{\YT,tbe}] <E|7, 'I{!ZT,t\x}}

for 1 <t < k(T), so that

k(T) k(T

)
E [ZZQF,t'I{\ZT,t]x}} :

Z E {Yig,t ) I{]YT,t]>e}} <
t=1 t=1

The right hand side goes to 0 as T'— 00, s0 {Y7:}ren, 1<t<k(r) Satisfies the
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Lindeberg condition
k(T)

lim Z E (Y2, Iy ) =0

T—o0

We have thus shown that {Y7:}7ren, 1<t<k(r) Possesses all the same properties as

{Zr1}ren, 1<t<k(r), With the added property that
T
S E[YZ | Fraa] <2
t=1

for any T' € N.. Furthermore, since

k(T)

ZYTt

k(T)
Z ZT t I{VT +>2}

< (Z ZT,t\) Tivp>ay,
t=1

and

k(1)
P ((Z |ZT¢]) Ty > 5) <P(Vp >2)
t=1

for any § > 0, we can see that

k(T) k(T)

Z Zry— Z Yy 2 0.
Therefore, if we can show that

k(T) g
> Y7 5 N(0,1),

then by Slutsky’s theorem, we can prove the claim of the theorem.

Part 2: The Characteristic Function of ng) Yr,

To show that the partial sums Zfi? Yr; converge in distribution to the standard
normal distribution, we make use of the continuity theorem and show that their char-

acteristic functions converge to that of the desired distribution. To that end, denote by
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w7 the characteristic function of
k(T)
Sr=>Y Y,

t=1

For any r € R,

2
¢r(r) —exp <—2>

= ‘E lexp(ir- St)] —exp <_r22> ‘
r*Tr r?
E[exp(ir-ST)| —E [eXp(iT -ST) exp< 5 > eXp<—2>] |

st s (5 ool )] ool )
X -ST)ex xp| ——= | | —exp| ——=
2 2 2

QF 2 2]_‘\
< E‘l—exp(r 2T> exp<—2> exp(z’r-ST)exp<r 2T> —1] ‘

Because I'r 5 1, by the continuous mapping theorem

QF 2
1—exp<T2T exp —% £}

Furthermore, for any T'€ Ny, 0 <T'r <2 on ), so that the sequence

{1 r2Tp r2
—exp 5 exp| — 5 }TeN
+

is LP-bounded for any p € [1,+00). By implication, the sequence is uniformly integrable,

<

+|E

E

_l’_

which, together with the convergence in probability result above, implies that

21‘\ 2
1—exp<T2T exp —% 50,

2F 2
1—exp<r 2T>exp<—r2>’—>0

Therefore, it remains to show that

|IE [exp(ir -ST)exp (7‘2}) - 1]

as T'— oo for the characteristic function of St to converge to that of the standard

or equivalently,

E

as T — oo.

—0

normal distribution as T — oco.
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Part 3: Decomposing the Second Term

We first express the term

‘E [exp(ir - ST)exp (r2§T> - 1]

as a telescoping sum, that is,

)

T Ty,
l (ir- STt)eXp<r2T’t> —exp(ir- St—1)exp <T§tl>] ,

E [exp ir-Sr) exp(

k(T)
t=1

where we define

¢
St = Z Yr,
s=1

for 1 <t < k(T). For any 1 <t < k(T), using the law of iterated expectations, we can
see that

2r 2,
E [exp(ir-ST,t)exp<r QT’t> —exp(ir-ST,t_l)eXp<r§’tl>]

. 7“QFTt . TQP%H
=E |exp(ir- Sr—1)exp 2’ E |exp(ir-Yr+) —exp —T’ ’fT,t—l .

Therefore, using the fact that I'r; is bounded above by 2 on €2, we have

‘IE [exp(ir-ST) exp(yﬂgT)] -1

TQP%M
Sexp( ) ZE lexp(ir-Yr4) | Fri—1] —exp| ——= ||

2

Part 4: Finding an Upper Bound for the Second Term

For any 1 <t < k(T), the previous lemma tells us that

) TQP%H
E [exp(zr . YT,t) | fT,t—l] — 11— T <E

2y2
. . LR
exp(ir-Yr) — (1 +ir-Yr, — — : )“fT,t—l]
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<E [min(!rYT,t!?’, Y7 |) | fT,tfl} :

It can now be seen that, for any € > 0,

T2U%t
‘E[exp(ir . YTJ) ‘ }—T,t—l] — (1 — 5 ’ ) ‘

<E [|7“YT,t|3 'I{‘YT,t‘SE} ’ .FT,t—l} +E [|’I"YT¢’2 'I{|YT,t|>€} | ‘FT,t—l}
< €|7"|3 -E [Yig,t 'I{‘YT,t‘SE} ‘ ]:T,t—l} +7‘2 B {Y'Ig,t .I{’YT,t’>€} | fT,t—l]

3
<elrfpry+17 B Y2 Ly o | Freat) .

Similarly, the second result in the previous lemma implies
2
7"2/)%“,15 7"2P2T,t T2P?F,t
exp| ————— | —(1—- cexp| ——=
2 2 2

where we used the fact that

IN

By implication,

) TQP%t
Elexp(ir-Yry) | Fri—1] —exp| — 5 .

4

3 2 2 2 r 2 2 2
<elr[®-pryt+r 'E{YT,t'I{|YT7t|>E} IFT,H} +Zexp(r )~pT,t- <1§I§1§ak>§T)pT,s>7

and as such

‘E lexp(ir -St) exp<r2§T>1 -1

(T)
<exp (TZ)E‘T’?)-E[FT] +exp (7’2)7*2-sz E {Yrﬁ’t : I{’Ym|>€}} +exp (2r2) ﬁIE lFT- max p?pvs]
t=1

4 1<s<k(T)
k(T) !
< 2exp (7"2) > e+exp (T2)7“2~ > E [ng,t ' I{\Ymbe}} +exp (27“2) S E L<Tsﬂ<ak>%T) PQT,S] :
—_— t=1 _

I
11 111
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Part 5: The Convergence of the Second Term

The Lindeberg condition ensures that I/ converges to 0.

As for 111, note that

p%,s =E |:Y7%,S : I{‘YT,S|§€} | ]:T,S—l} +E |:Y'ngt .I{’YT,5’>€} | ]:T,s—1:|

<E24E [Yq%s Typfoet | FT,H}
K(T)
2 2
<&+ 3 E [YT’t Typfoet | FT,H]
t=1

for any 1 <s < k(T), so

k(T)

It follows that

k(T)
< 62 + ; E [ng,t ’ I{|YT,t|>€}:| ’

E
L<r£<a1§T) PT.s

and by the Lindeberg condition,

limsupE| max < e
Tesoo L< <Kr )stl =

Therefore, the limit supremum of the term 111 is bounded above by exp(2r2) % €2, 50

that
r
E [exp(ir-Sﬂexp(r 2T>] -1 <

Since this holds for any € > 0, it follows that

’r
lim ‘E lexp(ir-Sﬂexp(r 2T>] -1

T—o0

limsup
T—o0

Zexp(r2>|r] e+exp(2r )24 62‘|.

We have shown that

lim
—00

7.2
o7 (r) —exp (—2> ‘ =0,

and because r € R was chosen arbitrarily, by the continuity theorem we may conclude
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that

Sr % N(0,1).

Q.E.D.

2.1.2 Martingale Difference Sequences

We now turn our attention to martingale difference sequences instead of arrays. A sequence
{Y:}+ez of n-dimensional random vectors is said to be an n-dimensional martingale difference
sequence (MDS) with respect to the filtration F ={F; |t € Z} if:

e Y, is Fy-measurable and integrable for any t € Z
e E[Y;]=0 forany t€Z

e For any t € Z,

E[Y; | Fi_1] = 0.

Given an n-dimensional MDS {Y}}cz, it can easily be seen that {a'Y;},cz is a univariate
MDS for any « € R™. Furthermore, given an univariate MDS {y; }+c7 with respect to the filtration
F={F|teZ}, we can always define a martingale difference array by defining

ZT,t = Yt and fT7t = .Ft

for any '€ Ny and 1 <t <T =Kk(T).

To obtain a workable version of the martingale difference array CLT for martingale difference
sequences, we require the following law of large numbers. Since coordinate-wise convergence in
LP does not imply convergence in LP, we need to re-prove the result to allow for vector valued
martingale difference sequences. The proof follows from Andrews (1988), and it is almost iden-

tical to the proof of the LLN for martingale difference arrays.

Theorem 5.7 (A Martingale WLLN)
Let {Y:}icz be an n-dimensional martingale difference sequence with respect to the filtration
F ={Fi}tez such that {|Y;|? | t € Z} is uniformly integrable for some 1 < p < 2. Then,

1. 1o
>y, =5o.
t=1

N
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Proof) Choose any € > 0. By uniform integrability,

lim supE [’Yt‘p'-’{\yt\ub}} =0,

b—o0 te7,
so there exists a B > 0 such that

€

P
E |||V -1 < () .
sup (1Y Iy 5y 1
For any t € Z, define

=Yi- Iy r<py and
ue =Ye- Iy, >y

Then, Y; = e; + uz, and we have
E[Kg | ftfﬂ =0= E[et | .7'—7571} —I—E[ut | .7'—75,1].

Furthermore, the sequence {e; — E[e; | Fi—1]}iez defines an n-dimensional MDS with

respect to F, since both e; and E[e; | F;—1] are integrable random vectors and

E[et —E[et | ftfl] | ‘/—-'t,ﬂ ==

For any T' € N, we now have

<

p

Ele, | Feo1])|| + ZHUt Efus | Fe-1]ll,,

1T
—Yy,
T;t

R \

€t|Ft 1]

+ ftzzl (eell, + I e | Forll,)

R \

p

by Minkowski’s inequality. Note that, for any random vector X € LP(H,P), Jensen’s
inequality implies that

(EIX|")> <EJX]?,

so that || X||, <|[[X]l,. Likewise, the conditional version of Jensen’s inequality tells us
that, for any t € Z,

1

1 [ | Fealll, = (E[E ug | Fial[")?
1

< (Bluel”)? = JJudll,,
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It follows that

<

p

LT T
||T2Yt Z Elet | Ft-1])

9L
F 23 Nl
2 t=1
Since
u =Y Iy, P> By
by assumption we have
Elu |’ =E {\Yt\p'f{mww}},

and as such

=

€

sup ||ue]|, < ( supE ||Yi|P - Iy e < -,
teZ” tll, (teZ U i Iy >B}} 1
which implies

<

p

+6
2.
2

1 T T
ESS S SR AE )

On the other hand, since martingale difference sequences are pairwise uncorrelated,

2

1 T
E TZ(et

t=1

Ele; —E[e; | Fi—1]|”

H‘H
NE

—Elet | Fe-1])

&
Il
—

IA
S| -
M'ﬂ

E |(let] + [Ele: | Foa]l)]

~~
Il
—

(leelly + IEfer | Fe]llo)?

i
A

I\
’ﬂ‘hﬁ
™=

(Minkowski’s inequality)

fet\?

IA
'ﬂ‘,p
IMH

(Condltional version of Jensen’s inequality)

By definition,
2 2 2 P 2
Ele® =E[[Vi* Ivip<py] < BPP(YiFP < B) < B,

so we have

2Br €

T
1
2. N < —/=+5.
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1
Choose N € Ny so that 28X < 5 for any T'> N; this N depends on B and €, and

VT
because our choice of B depends only on ¢, so does N. We can now see that, for any
T>N,
1z
f Z th < €.
t=1 llp

This holds for any € > 0, so by definition

lim
T—o0

7Y

t=1

p
Q.E.D.

We now state and prove a CLT for (possibly multivariate) martingale difference sequences:
Theorem (CLT for Martingale Difference Sequences)

Let {Y;}tcz be an n-dimensional martingale difference sequence with respect to the filtration

F ={Fi}iez. Suppose {Y;}icz satisfies the following properties:
i) {|Y:| |t € Z} is LP-bounded for some p > 2.

ii) There exists a positive definite matrix @ € R™*" such that
1 T
72 VY5 Q.
t=1
Then, as T'— o0,

1 &,

Proof) We make use of the Cramer-Wold device to show this result. Choose any non-zero
a € R" and define Z; = o'Y; for any ¢t € Z. As stated earlier, {Z;}+cz is a univariate
MDS with respect to F satisfying

1 & 1 &
U:QF:TZZEZO/<TZY¥YZ>@£>O/Q04:UQ-
t=1 t=1

Here, 02 > 0 becausae @ is positive definite and « is non-zero. Furthermore, {Z;};cz is
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LP-bounded, since
E|Z|" < |af” - E[Y3|”

for any t € Z by the Cauchy-Schwarz inequality.

Defining

Zy
Ty —
Tt U\/T

for any T € Ny and 1 <t <T = k(T), we obtain the martingale difference array
{Zr4}ren, 1<t<i(r) With respect to the filtration array {Fr; |T € Ny, 1 <t <k(T)}.
This martingale difference array is clearly square integrable, due to the LP-boundedness
of {Z;}1ez and the fact that p > 2. We now verify the conditions of the CLT for mar-

tingale difference arrays:

and fT,t = .7:15

— Convergence of Sum of Variances

For any T' € N, define

T 1 T
t=1 t=1

We saw earlier that

1
o2 =

N

T
Z Z? 202,
t=1
2
If we can show that ‘;—g —Vr LN 0, then we will obtain the desired result Vp 2.

To this end, define
_ 72 2
=2} ~E[2} | Fia

for any t € Z. {x4}1c7 defines a martingale difference sequence with respect to the

filtration JF, since each z; is clearly F;-measurable, integrable with mean 0, and
Elz; | Fi] =E[22 | Fia| —~E[2} | Fia| = 0.
We noted above that {Z;},cz was LP-bounded; because p > 2, we can see that

D
2

E|Zt\p:IE‘Zt2

for any ¢ € Z, which tells us that {Z2}4cz is L2-bounded, where £ > 1. By impli-
cation, it is uniformly integrable, which implies that {x;};cz is also a uniformly

integrable martingale difference sequence. By the martingale WLLN proved ear-
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lier,

1 & 2!
Zl‘t — 0,
t=1

M|

from which it can be inferred that
1 <& 1<,
2 2 2
op —0 VT:TE (Zt_E{Zt’ft_1}>:TE xt—>0.

t=1 t=1

Therefore,

The Lindeberg Condition
We can also show that {ZT,t}TeN+,1§t§k(T) satisfies the Lindeberg condition. By
the LP-boundedness of {Z;};c7, there exists an M < +o0 such that

E|ZP < M
for any ¢ € Z, which implies that
k(T) k(T)
E|Zr, P = E|ZP <o PT'75,
> Bzl =y D B

Since § > 1, taking T'— oo on both sides yields

k(T)
3 p_
Jm, 2 BlZral” =0,

which is actually equivalent to Lyapunov’s condition.

It now remains to show that Lyapunov’s condition implies Lindeberg’s. For any

€ >0, if |Z74| > €, then

\ZraP = | Zra || ZaP ™% > | Zra - €072,

since p — 2 > 0; this means that

6p72 . ’ZTﬂg

2
Lo S 120l I gy 5y < 1 21l

Therefore,

k(T) k(T)
2 2—
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so taking T'— oo on both sides yields

E(T)
lim STE || Z24* I} 5, 5] = 0.

T
— 00 i—1

We have thus seen that the two conditions in the CLT for martingale difference arrays

are satisfied. As per that theorem, then, we can conclude that

1 I k(T) 4
—=> Zi=Y, Zp;s = N(0,1).
oV/T t=1 t=1

By Slutsky’s theorem, this then implies that

1 & d
72Zt %N(0702)7
VT 3

or equivalently, for some n-dimensional normally distributed random vector Z with

variance @,

1 & 1 Iy
o | —= Y| = — Zi = d' Z.

Thish holds for any non-zero o« € R, so by the Cramer-Wold device,

T
\}sztizfvzv[o,cz]-
t=1

Q.E.D.
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2.1.3 Mixingales

The martingale difference arrays and sequences we have studied so far have been dependent but
pairwise uncorrelated. Here we study a class of stochastic processes that are potentially pairwise
correlated, but where the correlation between elements at different periods in time die out as
the distance between them increases. If these correlations die out at an appropriately fast rate,
then we are able to formulate a corresponding LLN.

A triangular array {Xr7;}sez, Ten, of integrable real random variables is said to be an LP-
mixingale array for some p € [1,+00) with respect to the filtration array F = {Fr;}icz, ren, if
there exist a triangular array {c7}iez ren, and a sequence {(y, }men of positive reals such that

Cm — 0 as m — oo and

||IE [XT,t ‘ FT,t—m] Hp S CT,tCm

1 X7 —E[X7 s | Frosmlll, < eriCmir

for any t € Z, T € N4 and 0 < m < k(T). Note that the second property is trivially satisfied if
{ X7} is F-adapted,that is, if each X7 is Fr;-measurable. A martingale difference array is
a special version of a mixingale that is adapted to the filtration array and where (,, =0 for any
m > 0.

What makes mixingales such a useful tool is a “telescoping sum” argument (in the words
of Davidson) which reveals mixingales to be equal to a sum of a martingale difference array
plus some noise terms that are asymptotically negligible. To see this, let {X7}iezren, be an
LP-mixingale with respect to the filtration array F = {Fr;}icz 7en,, and note that, for any

m > 0, we can decompose X7 ; as

m

Xre= > [E (X7t | Frose] —E[ X7 | -7:T,t+k71]}

k=—m

+ [ X1y = E[Xrs | Frosm] | +E[Xry | Fraoma].

Note that the first term is essentially a double-sided sum of the martingale difference array

{Y7.s}sez,ren, defined as
Yrs =E[Xr | Frs] —E[X71: | Frs—1],

while the last two terms are small in LP-norm by the mixingale property. This essentially means
that we can directly apply martingale difference limit theorems to mixingales with minimal
adjustments.

In this section we restrict our attention to an LLN for L!-mixingale arrays that follows easily

from the corresponding result for martingale difference arrays.
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Theorem 2.1.2 (LLN for L!'-Mixingale Arrays). Let {Xri}iezren, bean L'-mizingale with re-
spect to the filtration array F = {Fr,}iez,ren, with corresponding constant sequences {cr} ez, ren,

and {Cm}men. Suppose that:

i) {X74/cri}iez,ren, is uniformly integrable in the sense that

. X1 _
it) The following hold:
k(T)

lim sup Z cry < 400

T
— 00 =

k(T)
lim Z c2T’t =0.
1

Then,
k(T)
Ll
> X1y = 0.
t=1

Proof. We first show that, if {X7¢/critez e N, is uniformly integrable, then so is the array

{E[X74¢ | Frivjl/crtticz,ren, for a fixed j € Z.
To this end, recall the e —§ characterization for uniform integrability: for any e > 0, there

exists a d > 0 such that

X1y

SupEl dg| <e VHeH st P(H) <.

T

CTt

Fixing T'€ N and t € Z, for any H € Fr4; such that P(H) < §, we have

E E[X7: | Fritj]
CTt

1
.]H] = —E[E[X7¢ | Frets]| - 1n]
T

1
< —E[E[| X7l | Frirs]-1H]

CTt
(Conditional Version of Jensen’s Inequality)
1 -
= —E[| X714 IH] (Fr,1+j-measurability of H)
CTt
<e. (P(H) <9)
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This shows us that, for any € > 0, there exists a § > 0 such that

E (X7 | Frit]

CTt

Iy

sup E H <e VteZ, HeFri;st. P(H)<.

TeNy

Now choose any € > 0, and choose the § > 0 that satisfies the preceding inequality. Since L!-

boundedness follows from uniform integrability, there exists some M > 0 such that

X1t

supE <M < +o0.

T

CTt

For any T'€ N, and t € Z, by Markov’s inequality we have

p(|BXre | Fresl) <lg E [ X1 | Frt]
CTt b CTt

1 | X1y . . .

< BE — (Conditional Version of Jensen’s Inequality)

CTt

M

< 7

- b

CcT t

E| X7 ¢| Fr.i4j .
so for any b > %, the set {LM > b} is a Fr 4 j-measurable set with proability less
oice of § such that

than ¢. It follows from our ¢

E[Xr | Frityl

CTt

E | -1 < €.

{ ]E[XT,t\fT,tJrj]
°T.t

)

This holds for any T'€ N4 and t € Z, so we have

supE <e Vb>B::%.

E X7y [ Fret]
T

CTt

E[XT,H?T,H-J']
o7t

{

We can find such a B for any € > 0, so by definition

o

lim supE =0

b—oo Tt

E(X7: | Frit]
CTt

JE[XT,H}—T,H-]'}
ert

{

and we have the desired uniform integrability result.

o

Choose any T' € Ny and 1 <t < k(T). We can express X7 as a telescoping sum as earlier:
for any m € N,

m

Xre= Y [E[XT,t|]:T,t+j]_E[XT,t|fT,t+jfl]}

j=—m
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+ | X1 ~E[Xrs | Frosm] | +E[Xry | Fraomo1].

Adding up both sides with respect to t and rearranging the order of the terms yields

k(T) m  k(T)
ZXTt > [ (X7t | Friss] —E[ X7y _ ]}
j=—m t=1
k(T)
+> [XT,t —E[X74 | fT,t—i—m]} + Y E[ Xy | Fri—m-1)-
t=1 t=1
Fixing j € Z, define
V) =E (X1 | Frae) —E[ 1] VteZ,TeN,.

We can easily see that {ng,];t)}t7T is a martingale difference array with respect to the filtration

array JF, and since the arrays

{E (X7 | Friej] } {E[XT,t | Fritj—1] }
cry teZ,TEN, ert teZ,TEN,

are uniformly integrable, so is their difference {YT(jt) /cri b Since the array {cr ¢} of positive
reals satisfies the same conditions as in the LLN for martingale difference arrays, we can now

apply the result there to conclude that

KD
3 YT(Q Lo
t=1

Now note that, for any m € N4, we have

k(T) k(T)
> Xl < 2 1)
t=1 1 lilsm]|t=1 1
k(T) k(T)
+Z|!Xm— (X1 | Fraemlll, + Y IE[X7y | Fro—m-ll,

t=1

S

t=1

<>

li]<m

k(T)
+2 Z cr | Cm+1
1
by Minkowski’s inequality and the mixingale conditions. Define

k(T)
C = limsup Z crt < 400

T—)OOtl

and choose any € > 0. Since (,,, — 0 as m — oo, there exists some N € N, such that (41 < ﬁ
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for any m > N.As such,

k(T)
Z X7t
=1

) ) k(T)
<> YR 2 D ene | Cvn
1

1 lilsN | t=1 t=1

- o (M)
< 22 toag | Lere©
lj]<N || t=1 1 t=1

Taking T'— oo on both sides now yields

k(T)

Z X7y

t=1

2C

<
2041
1

limsup
T—o0

e<e

because HZ?SP Yq(ﬂft)Hl —0as T — oo for each — N <j<N.
This in turn holds for any € > 0, so it follows that

k(T)
li X =
- 1

and we have our desired result.
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2.2 Weakly Stationary and Mixing

As promised at the beginning of the chapter, we now introduce a weaker version of stationarity,
and several weak dependence conditions that are stronger than ergodicity and allow for some

form of central limit theorem to hold.

2.3 Weakly Stationary Processes

Let {Y:}iez be an n-dimensional real valued process. We say that it is weakly stationary if:

e Mean Stationarity

{Y;}4ez is an L' process, and there exists a pu € R” such that E[Y;] = u for any t € Z

e Covariance Stationarity
{Yi}icz is an L? process, and there exists a function I' : Z — R™*™ such that, for any

t,T € Z, we have

Cov[V3,Yi ] =E[(Y: —E[V}]) (Vs —E[Yi])'| = T(7).

The function T is called the autocovariance function of {Y;}¢cz, and each I'(7) the autocovari-

ances of the process. Note that, for any 7 € Z,

D(7) =E[(Yi—p)(Vier — )] = (B [(Yier — ) (Vi — )']) =T (=7),

that is, I'(—7) =T'(7)". We usually assume that the variance, I'(0), of {Y;}+cz is positive definite.
A weakly stationary process that we often encounter are white noise processes, which are
essentially pairwise uncorrelated processes with mean zero. An n-dimensional process {e; }ez is

said to be an n-dimensional white noise process if it has mean 0 and

E [ , _ Y ifr=0
gtgth] -
O otherwise

for any t,7 € Z and some X € R™* ™. It is trivially weakly stationary.
Note that any strictly stationary process with finite first and second moments is clearly
weakly stationary. Thus, any asymptotic result that applies to weakly stationary processes also

applies to strictly stationary processes whose first two moments are finite.

2.3.1 m-dependent Processes

Given a dependent process {Y; }1cz, we want to find conditions under which it satisfies a form of

the CLT. One such condition is stationarity; even though it is not independent, {Y;};cz should
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retain some form of the identical distribution property. A second is limited dependence, that
is, the degree to which any two entries in {Y;};cz are dependent must fall to 0 as the number
of observatitons between the entries increases. We studied one such form of weak dependence,
ergodicity, in the first chapter. Under strict stationarity and ergodicity, we saw that the ergodic
theorem holds, which allows SLLN-type results to hold. However, we require even weaker de-
pendence than ergodicity in order for central limit theorems to hold. Here we investigate one

form of weak dependence that is sufficient for CLTs, m-dependence.

An n-dimensional process {Y;}iez is said to be m-dependent for some m € N, if, for any
t € Z, the collections {Ys | s <t} and {Ys| s >t+m} are independent. In other words, if {Y; }1ez
is an m-dependent process, then any set of variables in {Y;}:cz that are more than m periods

apart are independent.

In most applications, we wish to relax the assumption that observations more than m periods
apart are independent, and just assume uncorrelatedness. One way to do this is through the
concept of weak m-dependence, which is a generalization of martingale difference sequences. An

n-dimensional process {Y; };cz is said to be weakly m-dependent if

o {Yi}iez is integrable with mean zero

o Letting F be the filtration generated by {Y;}iez,
E[Y: | Fi—m] =0

for any t € Z.

This is a weaker form of m-dependence because any two observations of a weakly m-dependent
process that are at least m periods apart are only required to be uncorrelated, not independent;

to see this, note that, for any k > m,
EYY | =E[E[Y; | Fiem] Y/ ] =0,

where the first equality follows because Y;_j is F;_,-measurable. Note that any m-dependent

process {Y; }iez is also weakly m-dependent.

We say that the n-dimensional process {Y;}+ez is second-order weakly m-dependent if
o {Yi}iez is square integrable

o For any 7 € N, the elements of {V;Y;_, —E [Yth’_T] }tez that are more than m+ 7-periods

apart are uncorrelated.

Again, m-dependence implies second order weak m-dependence. To see this, let {Y;}:cz be
a square integrable and m-dependent process. Then the elements of the sequence {Y;Y/ | —
E[Y;Y, ] }tez are m+7-dependent for any 7 € N; this is because, for any ¢ € Z, the elements of
Y:, Y- are independent of those of Y; k, Yi1r by m-dependence for any & > m+ 7.
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We refer to weak m-dependence as first order weak m-dependence, to differentiate it from

second-order m-dependence.

2.3.2 CLT for Stationary and m-dependent Processes

The main goal in this section is to show that any weakly stationary process {Y;}icz that is
weakly m-dependent in both the first and second orders satisfies a version of the CLT. Note

that this includes, as a special case, the CLT for weakly stationary and m-dependent processes.

We first require a lemma before continuing. The setting is given as follows: we have a double
sequence {Y7y}7 ren, such that {Yri}ren, converges weakly to some Y}, for any k€ N,. We

also know that {Y}}ren, converges weakly to some Y. Graphically, we have

Yiin Y2 Yis

Yo1 Yoy Ya3

Y31 Yz Y3
{1 1l

Y1 Y2 YEJ, — Y

Intuitively, a diagonal argument of sorts would seem to suggest that {Yj }ren, converges weakly
to Y. The lemma confirms this intuition by stating that, if there exists a process {Xr}ren,
that is diagonal to {Y74}7ren, at the limit, then {X7}7¢cn, should converge weakly to Y. The

specific definition of ”diagonal at the limit” is given as

lim (limsup]P’(|XT—YTk| > 6)) =0

k—=oo \ T—oo

for any € > 0. Heuristically, this tells us that X7 — Y75, 2> 0 when the limits on T and k are taken
sequentially, so that, for large T', X7 represents an element of the sequence {Y7}ren. -

The formal statement and proof are given below:
Lemma (Diagonal Argument for Weak Convergence)
Let {Yri}rren ., be a sequence of n-dimensional random vectors such that:
i) For any k € N, there exists a random vector Y} such that Yy 4, Y, as T — oo.
ii) There exists a random vector Y such that Yy LY as k — o0.

iii) There exists a process { X7 }ren, of n-dimensional random vectors such that, for any € > 0,

lim (limsupIP(|XT — Y| > 6)) =0.

k—=oo \ T—oo
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Then, XT$Y as T — oo.

Proof) By the continuity theorem, we can reduce weak convergence to the pointwise con-
vergence of the corresponding characteristic functions. For any n-dimensional random
vector X, we denote by ¢x : R™ — C the characteristic function of X. The assumptions

above then tell us that, for any r € R™,

lim ¢y, (1) =@y, (r) forany ke N,

T—oo

klin;o ey, (r) = ey (r).
Note that, for any r € R”,
7 (1) = v ()| < l@x7 (1) =@y, (1) + [0y, (r) — oy, ()| + @y, (1) — v ()]

Thus, if we can show that

lim (limsup 0 (1) = O¥ne (r)]) 0,

k—=oo \ T—oo

then taking T'— oo and k — oo successively to the above inequality implies that

limsup |px,. (1) —y(r)| =0,

T—o00

which would imply that ¢ x, (r) = ¢y (r) and thus complete the proof.

We now use the third assumption above to show that limy_, o (limsupy_, . |9x, (1) — @y, (1)) =
0. By definition, for any » € R® and T,k € N,

| ox7(r) = @y, ()] = [E[exp(i - ' X7)] —E [exp (i - 7'Yry)]|
<El|exp(i-r'Xr) —exp(i-r'Yrg)|.

Choose any € > 0. By the uniform continuity of the mapping x +— exp(i-r'z) on R",
there exists a § > 0 such that

lexp(i-r'z) —exp(i-r'y)| <e
for any x,y € R™ such that |z —y| < d. Therefore,

lexp (i -1/ X7) —exp(i-v'Ypy)| = |exp(i-r' Xp) —exp(i-r'Yry)]| L XYy >6)
+exp (i7" X7) —exp (i 7' Y7r) | I xp— vy <5}

< lexp(i- 7' X7) —exp(i - 7'Yrp) | I xp i |58} + € I xp— vyl <)
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< 2 X p—vpi) >} T € L x| <6}
which implies that

Elexp(i-r' Xp) —exp(i-r'Yry)| <2-P(| X1 — Yrg| > 0)+€-P (| Xp — Yrg] <96)
< 2P(|XT—YTk| > 5)+€

Due to the assumption that

lim (limsupP(]XT —Yri| > 5)) =0,

k—oo \ T—o0

taking T'— oo and k — oo successively yields

limsup (limsup lox (1) — Qv (r)\) <e.

k—o0 T—o0

This holds for any € > 0, so we have

lim (limsup lox(T) — Qv (r)) =0,

k—=oo \ T—oo

which completes the proof.

Q.E.D.

We can now present the CLT for stationary m-dependent processes. The basic idea of the
proof is simple. Given a stationary m-dependent process {Y;}icz, we can divide the partial sum
S°L_,Y; into two blocks. The first block is the sum of the collections of k > m consecutive elements
of {Y; }+ez separated by m observations, while the second collects the sum of the observations
that separate the entries in the first block. Since the entries of the first blocks are independent,
we can apply the CLT for iid processes to show that it converges to a normal distribution, while
the entries in the second block comprise m observations each and are also independent (k > m),
so that we can show that it converges to 0 using Chebyshev’s inequality.

The formal statement and proof are given below:

Theorem (CLT for Stationary m-dependent Processes)

Let {Y;}icz be a mean zero L*-bounded n-dimensional process that is weakly stationary and
weakly m-dependent in both the first and second orders. Let {Y;}icz have the autocovariance
function I' : Z — R™ "™, and assume that the sum of the autocovariances is positive definite.
Then,

\/T-YT;:LZT:YtiN {0, i I‘(j)] .

j=—m
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Proof) Define V.=37""_ T'(j). For any k € N, such that k > m, define the process {Ay;}icz

j=-m

and {By,;}icz as

Agi =Yy krm)y+1+ Y (i—Dm

Bii = Yikr(i—1ym+1+ + Yikgm)-

for any i € Z. Note that the entries comprising {Ay;}icn, are separated by m obser-

vations, which are collected in { By ;}ien, -

We will decompose the partial sum of the Y; into two blocks, the first one being the
partial sum of the Ay ; and the second of By, ;. Afterward, we show that the first block
converges in distribution while the second one converges in probability to 0. We now

proceed in steps:

Step 1: Asymptotic Results for the First Block

Let G be the filtration generated by {Y;}:cz and F that generated by {Aj;}icz. By

first order weak m-dependence, we have
E [Y;f ‘ Fi t—m] =0

for any ¢t € Z. We now show that { Ay ; }icz is an MDS with respect to G. The integrability
of {Ay, ; }icz follows from that of {Y; }+cz, and it is G-adapted by definition. Furthermore,
it has mean 0 for any i € Z since each Y; has mean zero. Finally, for any i € Z, since

Gi C Fi(k+m);—m for any j € N, we can see that

E[Akit1 | Gi] =

s

I
_

E | Yiksm)+s | 9]
J

o

E {E [Yz‘(k-i-m)-&-j |Fi(k+m)+j—m} | gz} =0.
1

J

Thus, by definition, {Aj;}icz is an MDS with respect to G.

The assumption that {Y;}+cz has bounded fourth moments implies that { Ay ;}icz does
as well. In addition, since {Y;}:cz is second-order weak m-dependent, for any 7 € N
elements of the sequence {Y;Y/ | —T'(7)}1ez that are more than m + 7 periods apart
are uncorrelated. Thus, for any 1 < j <k and 7 € N chosen so that j —7 > 0, the sequence
{Y(i,1)(k+m)+jY(i,1)(k+m)+j,T —I'(7) }iez is pairwise uncorrelated; each adjacent pair

of entries in the sequence are k+ m periods apart, where k+m > m+ 7.

Since {Y(i—1)(k+m)+j Y(i=1)(k+m)+j—r — L (T) }iez also has bounded second moments due
to the boundedness of the fourth moments of {Y;}cz, by the WLLN for uncorrelated
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sequences with finite second moments, we have

& ,

=D Y rm) Y ey 0 D7)
=1

as r — o0Q.

From the additivity of convergence in probability, it now follows that

k k 1
= Z z_: [TZ )(k+m +]Y(/’i—1)(k+m)+j"|

S| =
<

k
+Z[ D Y1)ty 1) by g1+ ZY(Z 1) (k) +j—1Y (i 1)(k+m)+J]
=1 ’L 1

J=1

ot

1 T
= Y1) ()40 Y (i 1) (k+m)+1 T Zyl D (hm)+1Y (i 1)(k+m)+k1

Tz 1
HEDO)+ > (k= li)T(),

where we used the fact that I'(7) = O for any 7 > m. Here, the right hand side is a posi-
tive semidefinite matrix because it equals the positive semidefinite matrix E [AMA%J
Defining Vj, € R™*™ as

Vo= i TGy +rGy),

/~c—|—m

Since Vi, — V as k — oo, V}, is a positive definite function, and the determinant is a
continuous function on the space of n x n matrices, for large enough k the determinant
of V4 is positive. This indicates, by the positive semidefiniteness of Vj, that Vj is pos-
itive definite, and by extension that the probability limit of + =2 ie1 Ak, ZAk , 1s positive
definite.

So far, for large enough k > m, we have shown that {Ay;}icz is an MDS with respect
to G that:

— Has bounded fouth moments

— Satsifies

1< P
LS A B RO+ Y (k7
i=1

j=—m

where kT'(0) + >0, (k—[j[)T'(j) is a positive definite n x n matrix.
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Therefore, by the MDS CLT, we have

\[ZAIH 4 Xy,

as r — 00, where
m

Xp~N [0, kT(0)+ > (k—|iDT()

j=—m

Step 2: Partitioning the Partial Sum of Y;

Now choose any T' € N4 such that 7' > k+m. Denoting r = L,H_Lmj € Ny, define Xy

and Zry as

1 T
Xrp=—= > Api
Tk /fTiZI ki

1 T
Zrk=—=) DBy
77 2 B
CTk::L Yrk4m)y41+-+Yr).
T

Since r < k—‘er <r+1, we have r(k+m) <T and T < r(k+m)+ (k+m), so that
T —r(k+m) < k+m. This indicates that Crj comprises at most k+m — 1 entries.

By construction,

!

VT YT—i = X1+ Z1 + Cr1%-
Vi

r—o00as T — o0, soas T — oo,

Zl kz:\/;<\}FZ kz)
d 1
+m

X, ~N[0,V].

ol

We already showed above that Vj, — V as k — oco. Defining X as a random vector such

that X ~ N[0,V], the characteristic function of \/lirika converges to that of X as

. . . R d
k — oo, which implies, by the continuity theorem, that \/1~cl+7mX r— X as k — oo.
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Step 3: Convergence of the Second Block

We have so far shown that

1

d
X1 — ——=X; asT —
™ Jerm "
1 d
—X;. —+ X as k— oo.
vVk+m b

It remains to show that

lim <hmsup]P’<‘\/> Yy — XTk’ >6)> =0

k—=oo \ T—oo

for any € > 0 to be able to apply the previous lemma and conclude that V7T - Yy 4 x.

To this end, note that
\/T'YT — X1 = Z1i + Crg.

Zpy, is the sum of mean zero random vectors, so it also has mean zero. Furthermore, the
entries in the process {By;}icz are separated by k > m observations, so by the weak

m-dependence of {Y;}1ez, { Bk, }icz is pairwise uncorrelated. This implies that

1 T
E|Zri|? = E‘ﬁ > By
=1

1 T
=7 ZZ;tr (Var By ;]).

The variance of each By ; is identical due to weak stationarity, and equal to

Var[Bkz - +Z |.7| +F()]
j=1

It follows that, for any € > 0,
€ 4
€
r m—1
= gtr [ mL(0)+ > (m— i) [P(G)+TG)']

so taking T'— oo on both sides yields

limsupP <|ZT1§\ > > < 4 1 tr (mF(O)—l—mz:l(m— 17]) [F(j)-l—f‘(j)/]) .
T—00 T k+m j=1
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By a similar line of reasoning, since there are never more than k+m entries comprising

Cry, taking T'— 0o on both sides of
E|0Tk|2 %tr (Var [ r(km)+1 T+ YTD
yields Cry, %o0. Putting the results together, we have

limsupP(‘ﬁ~f/T—XTk‘ > e) < li;nsupP (\ZTk] > ;) —i—limsupIP’ (’CTk‘ > ;)
—00

T—o00
4 1 m—1
< .
< 5 g |l + > (m =) [F() + T ()]

Jj=1

Therefore, taking k — oo on both sides gives us the result

lim (limsup]P’(‘ﬁ-YT—XTk‘ > e)) =0.

k—oo \ T—oo

This holds for any € > 0, so by the previous lemma,

VT Y% X ~N0,V].

Q.E.D.
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2.3.3 Application: GMM Estimation under Serially Correlated Errors

The CLT for m-dependent processes derived above is quite useful when studying GMM esti-
mation under limited serial correlation. The exposition in this section is based on Cumby et al
(1983).

The General Model

We consider the following general model. Let {Y;};cz be an n-dimensional process and © a
convex and open subset of R*¥. For L > k, let g : R" x © — R” be a function such that, for any
x € R g(x,-) is differentiable. Letting 6y denote the true parameter value, suppose that the

moment condition
E[Q(Y;fveo)] =0

holds for any ¢t € Z. Then, the GMM estimator of 8 is found as the minimizer of the objective

function
T ! T
Qr(9) = (Zg(nﬁ)) Wr (Zg(n,e)),
t=1 t=1

where {Wr}ren, is a sequence of L x L random matrices that converge in probability to some
positive definite W € RE*L,

Suppose Or is the GMM estimator of 6. Then, the first order condition for minimization tells
us that

A T A\ T
10Qrtn) _ (Z 39(;”;;9T>) Wy (zgm,éT)) ~o.

t=1 t=1

The asymptotic distribution of the GMM estimator (assuming that it exists in ©) is derived

on the basis of the following assumptions:

1) Population Moment Condition
There exists a continuous function g : R™ x © — R%, continuously differentiable with respect

to its second argument, such that, for any t € Z,

E[g(Y:,00)] = 0.

2) Weighting Matrix

There exists a sequence {Wr}ren . of positive definite L x L matrices that converges in
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probability to the positive definite L x L matrix W.

3) Consistency of GMM Estimator
Assume that the GMM estimator is consistent for 6y, that is, 67 = 6.

4) Consistency of First Derivative

There exists a full rank matrix G € RE** such that, for any consistent estimator 7 of 6,

5) CLT for Sample Moment Condition
The process {g(Y;,60) }+cz satisfies the CLT

T
\}ngm,eo) 4 No,V]
t=1

for some positive definite L x L matrix V.

Under these assumptions, we know that the GMM estimator has the following asymptotic

distribution:

VT (01 —60) 5 N [0,(GWG) ' GWVWG(GEWE) ™,

where V' =377 T'(j). This result utilizes the stochastic mean value theorem; for details,

consult the document on that topic.

We also showed that the optimal weighting matrix is W* =V ~!, in which case the asymptotic

variance becomes

plim [VT (07— 60)| = (G'V &)
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2SLS Estimation

The preceding result can be applied to an instrumental variables regression framework as follows.

Let {yt}iez and {X:}ez be a univariate and k-dimensional process, respectively, such that
Yy = X{Bo+u

for any ¢ € Z and some 3y € R¥, where the error process {u;};cz is a mean zero weakly stationary
m-~dependent process with bounded fourth moments and autocovariance function v :7Z — R. We
let © =R* be the open and convex parameter space. Suppose that, while X; and u; are correlated,

we instead have the moment conditions
E [Ztut] =0

for some L-dimensional process {Z;}ic7z where L > k.
To derive the 2SLS estimator of BT, we cast this regression model into a GMM framework.

Define the n =1+ k+ L -dimensional process {Y; };cz as
Yi = (yi, Xy, Z;)'
for any t € Z, and the function g : R"” x © — R’ as
9((y,x,2),8) = z(y—2'B)

for any (y,z,2z) € R™ and § € ©. g is a continuous function on R™ x © with derivative

89((yéf;,IZ),B) R

with respect to 5. Note that each entry in g—ﬂg, is continuous on R” x O, so that g is continuously

differentiable with respect to 8. The moment conditions can now be written as

E[g(Y:, Bo)] = 0.

Given a sequence {Wr}ren, of L x L matrices that converges to some postive definite weight
matrix W, the GMM objective function is defined as

/ T
Qr(B) = (Zg(n,m) Wr (ng,@’))

t=1 t=1
T ! T

— <ZZt(yt—Xt/,3)> Wr (Z&(%—Xéﬁ)) -
t=1 t=1
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Letting Br be the GMM estimator of B, the first order condition for minimization tells us that
10Qr(Br) _ (v - 5
537[3 = Zthé Wr ZZt(yt - X{BT) =0,
t=1 t=1
or that

e[ ()] (o

t=1 t=1

(S (Sx)| (St (3

t=1 t=1 t=1 t=1

= Bo+

To derive the asymptotic properties of BT, we make the following assumptions:

1) Backward-Looking Exogeneity
We strengthen the identification condition by assuming that u; is independent of the cur-

rent and past values of the instrument, that is, of Z;, Z;_1,---.

2) Relevance Condition
There exists a full rank matrix Q., € RL** such that

1 T
TZZth 2 Q..
t=1

Similarly, there exists a positive definite matrix Q.. € RF*% such that

1 T
TZthg % Q...
t=1

3) Stationarity and Limited Dependence of Errors
The process {Ziut ez is a weakly stationary L*-bounded and m-dependent process with

autocovariance function T': Z — REXL,

The first two conditions are standard for GMM models. The third assumption is unique to
a model with serially correlated errors. We take a brief moment to justify its inclusion.

Initially, the assumption that {Z;u;}+cz is stationary is standard in the literature. Andrews
(1991) points out that, if it is non-stationary, then the standard asymptotic results do not hold
and we must make use of the asymptotic theory of unit root processes, which is detailed in
a later section. Even heuristically, both the error process {u;}iez and the instrument process

{Z;}1ez are likely to be stationary if y; is stationary and we use lagged values of stationary time

79



series as our instruments. It follows naturally that their product, {Z;u;}+cz, should reasonably
be stationary as well.

The more troublesome assumption is that of m-dependence. Realistically, a weaker form of
limited dependence could be used, such as the strong mixing or mixingale assumption to be
introduced below. However, m-dependence can be justified in a number of situations that arise

naturally in economics; here we present a few.

e Non-Serially Correlated Errors
Suppose initially that the errors are not serially correlated. In this case, assumption 3) can
be relaxed, since we can show that {Zju;}iez is a MDS when the error process is iid and
the instruments have bounded fourth moments (this is similar to the line of reasoning we
use to study VAR models; consult the section on Vector autoregressions for details). Since
martingale difference sequences are pairwise uncorrelated, we can slightly strengthen this
result and assume that {Z;u;}ez is independent, then we are essentially assuming that

{Zyuy } ez is O-dependent.

e m-dependent Errors
Suppose now that the errors are serially correlated but exhibit limited dependence, namely
m-~dependence. This situation arises frequently in the literature, for instance, when model-
ing rational expectations models (as in Cumby et al. (1983)), or more generally when the

error process follows a finite order MA process.

To see how the m-dependence of the errors can be extended to the m-dependence of
{Ziui }rez, we show that {Ziui}iez is in fact weakly m-dependent when the errors are

m-~dependent.

Note initially that {Ziu;}iez is a mean zero process by the identification assumption.
Define the filtration F = {F; |t € Z} as

Fo= v e}
for any t € Z. Then, {Zyu;}+cz is an F-adapted process with mean zero such that
E[Ztut ’ ]:t—m] = Zt‘E[Ut | ft—m] =0

where the first equality follows because Z; is Fi-measurable, and the second equality be-
cause u; is independent of F;_,, due to the backward looking exogeneity and m-dependence
assumptions. The filtration generated by {Zju;}iez is contained in F due to the F-
adaptedness of {Zju;}iez, so by definition it is weakly m-dependent in the first order.

Thus, it is not too much of a stretch, in this case, to assume the stronger condition that

{Ziu } ez is m-dependent.

In any case, the assumption that {Z;u;}iez is a stationary m-dependent process is not too
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unreasonable when modeling serially correlated errors. In light of the content in the previous

section, assumption 3 implies that

Zztut—mflo Z I(j ]

j=—m

Now we show that, under the above assumptions, the GMM estimator of 3 is consistent and
asymptotically normal.

We already saw that the first assumption in the general model is satisfied. In addition, since

" dg(v3,8)

1
= Z Zi X|
T & a8

for any 8 € ©, for any sequence {f7}ren . such that3r & By, we have

T
Z YZ 6T ZZtXt — sz

as T'— oo. This shows us that the fourth assumption in the general model is satisfied.

We also showed above that

3\

T
Z (Y2, B0) = \/TZZ( Xﬂo ZZtut

4N {0, i r@)] :

j=—m

Thus, the final assumption in the general model is also satisfied. This actually implies that
1z
= > Zu 50,
t=1
which in turn tells us that
. 1T 1 I -1 | X |z
BT_/BO = 7ZXtZt/ WT 7ZZtX£ 7ZXtZ£ WT —ZZtut
T~ T 4~ T 4~ T 4
t=1 t=1 t=1 t=1
-1

The GMM estimator of 3 is consistent, so that the third assumption in the general model is also
satisfied.

Since all 5 assumptions in the general model are satisfied, we can see that, as per the
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conclusion of the general model,

VT (Br—fo) 5 N {0, (LW Q) ' QLW ( > TG ) WQe (QmeQm)_ll .

]_7m

The optimal weighting matrix is now seen to be

- (_i r(j)) ,

under which the asymptotic distribution of the 2SLS estimator becomes

-1

-1
VT (Br—p) 5 N |0, Q;w<2 F(j)) Q:z

j=—m

To obtain the asymptotic variance and, indeed, to compute BT, we require a consistent estimator
-1

W of (ZJ__mF( j)) . This can be achieved by defining W 1 as a consistent estimator of the

I'(j) using the HAC method laid out in Andrews (1991).

However, we run into another problem at this point. The construction of W ! requires the

long run variance 7t

2SLS residuals, which themselves depend on Wyp. To resolve this issue, ﬁT and Wy can be com-

puted iteratively according to the following algorithm:

Step 0: Loading initial value
Put

1 T
Wy = 1Ip, or TZ:ZtZé.

This becomes our weighting matrix for the Oth iteration.

Step 1: Computing 2SLS Estimator
For any ¢ € N, given the weighting matrix Wj(f ~Y at the i — 1th iteration, we compute
the 7th 2SLS estimator

-1

, T , T T , T
BY = KZ thg) Wiy (Z thgﬂ (Z thg) Wiy (Z Ztyt>
t=1 t=1 t=1 t=1

and procure the ith residual process

i) =y — X;By

Step 2: Computing Weighting Matrix
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m
j=-m

Compute the ith weighting matrix as the consistent estimator of 3 I'(j) given the

residuals obtained above; one possible candidate is
(i = (L
=1 _ 1 J are o/
o) =10 + L (&) E+00y)
where k(-) is an appropriate chosen kernel, St is the truncation lag window and
AL NS 00
F(j) = f Z Ztﬁztz ﬁtz_th/—j
t=j+1

for0<j;<T-1.

Step 3: Convergence Criterion
If some convergence criterion is met (usually conerning the distance between the iterates
of the 2SLS estimator or the weighting matrix) then terminate the process. Otherwise,

return to step 1.
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2.3.4 Mixing Processes

So far, we have shown that, if a weakly stationary process satisfies certain moment conditions
and its entries are independent with observations that are sufficiently far away, then it satisfies
a form of the CLT. However, the assumption that the dependence between the entries peters
out so rapidly is unrealistic; indeed, it is not even by satisfied the most basic AR processes. In
this section, we introduce a weaker form of limited dependence; simply put, it allows entries in

the process to be independent ”at the limit”.

Let {Y; }tez be an n-dimensional process. For any sub o-algebra F and G of H, define o(F,G)

as

a(F,G)= sup [P(ANB)—P(A)P(B)| € [0,+oc].
A€F,BeG

Defining F*_ = o{Y}, Y 1,---} and For = 0{Yiir, Yigry1,--} for any k € Z and 7 € Ny,
define

a(T) =supa (fﬁoo,f,ﬁT) € [0,4+00].
kEZ

We say that {Y;}1ez is a-mixing, or strong mixing, if
lim a(7) =0.

T—00

That is, the dependence of any two groups of entries in {Y; };cz that are 7 periods apart uniformly
decreases to 0 as 7 — co. As such, this can be seen as a uniform version of ergodicity, in the

sense that the condition

If {Y;}iez is strictly stationary, then we can equivalently define

a(t) =« (.7:900,]:;’0) :
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Chapter 3

Linear Processes and the Wold

Representation

In this chapter, we delve deeper into a class of weakly stationary time series called linear pro-
cesses. These are processes that are constructed by taking the linear combination of an under-
lying time series that we call the innovation process, and possess many useful properties. Most
notably, we can show that any weakly stationary time series can be expressed as the sum of a
linear process and an additional term that is deterministic in the sense that it can be perfectly
predicted using past information. This result, called the Wold representation theorem, demon-
strates the fundamental role linear processes play in time series analysis and motivates our focus
on them.

Throughout, we implicitly let (©2,7,P) be our probability space.

3.1 Linear Processes

In this section we study (possibly multivariate) weakly stationary time series, with a focus on
causal linear processes and the Wold representation theorem. Throughout, we let the matrix

norm ||-|| be the trace norm (for more on trace norms, refer to the notes on factor models).

3.1.1 Multidimensional L” Spaces

For any p € [1,+00) and a measure space (E,&,u), we define the n-dimensional LP-norm of
a measurable function f: F — R™ as the LP-norm of the non-negative measurable function
|f|: E— R4, that is,

10 = 11510, = ([ fl”du);-
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[[[l,,, satifies Hélder’s and Minkowski’s inequalities because |[|-[|, does: for any p,q € (1,400)

such that 1= I%—i— %, and measurable f,g: EF — R",

175l = [ \sldn< [ 1fllgldie <1111, Nolll, = 151, gl

by the Cauchy-Schwarz inequality and the univariate version of Holder’s inequality.

Similarly, for any p € [1,400) and measurable f,g: E — R",

1+ 9l < MFI+1glll, < TAN, + gl = 171+ gl p-

Let LE (€, 1) be the collection of all £-measurable function f: E— R" such that || f[],, , <+o0.

LP (&, ) is clearly a vector space over the real field.

Multidimensional LP Norms are Norms

We can also see that |||, , is a norm on L7 (&, ), given that we identify p-almost everywhere

equal functions:

o Forany f € L} (E,u), suppose ||f[[,,, =0. Then, [f[ =0 p-almost everywhere on £, which
implies that f =0 p-almost everywhere on E. Conversely, if f =0 p-almost everywhere on
E, then |f[ =0 p-a.e. and thus | f[|, , = 0.

o Forany ze€R and f e LE(E,u),

12 fllp = W21 LN = 21 11 f 1l -

o For any f,g € Lh(E,p),

1+ 9llnp < WA+ 1glll, < N F 1 p + gl

Multidimensional L? Spaces are Banach Spaces

We can see that the space (L} (€, u),||"[,,,) is a Banach space, just as in the univariate case:
this follows easily from the Riesz-Fischer theorem for the univariate case. Choose any sequence

{fitken, that is Cauchy in (L} (E,u),|[l,,)- For any 1 <i <n, the sequence of coordinates
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{fir}ren, is a Cauchy sequence in the Banach space (LP(E, p), |||,,), so there exists a g; € LP(E, )
such that

Jim || fir. = 9ill, = 0.

Define g = (g1, ,gn)- Then, because g is measurable and

n
< llgill, < oo,
p i=1

191lnp = llglll, <

n
Z ra
i=1

we can see that g € LP (€, ). Furthermore,
n
i=1

for any k € N4, so we have

/% =9l =0

lim
k—o00

and thus fj K g- This shows us that (L% (&, p),[[],,,) is a Banach space.

Multidimensional L? Space is a Hilbert Space

Finally, we can define an inner product on the space (L5(€, ), [[[l;,,,)- Define the function (-, <), 2 :
Ly(E,p) x Ly(E,p) = R as

(f:9)n,2 =/ flgdp
E
for any f,g € L5(E, p); this is well-defined, since

S 17l =1£ gl <1z gl < +oc.

(-,)n2 is an inner product on L5(E, ), given that we identify functions equal p-a.e.:

o For any z € R and f,g,h € LE(E, 1),

(2 f+gh)nz = /E (2 f+g)hdu =z /E Fhdp+ /E ghdp =z (f, W2+ (g, h)na.

o For any f,g € L5(E, ),

(F.G)n2 = [E Flgdu = /E g fdp =g, fna.
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» Forany f € L5(€,p),
(Fr Fhma = /E (2> 0.

If (f, f)n2 =0, then |£|* =0 p-a.e. and thus f =0 p-a.c.

H||n2 is the norm induced by (-,")n2, so (L2(&,p),(-,-)n,2) is a Hilbert space over the real

field. Below, for notational brevity, we denote

L€ ) = L2 1)y -l =I-ll, and  {n2= ()2

when the dimension n is determined.
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3.1.2 Linear Processes under Square Summability

We first show that we can construct autocorrelated weakly stationary processes given a white

noise process and a sequence of coefficients that satisfy weak regularity conditions:

Theorem (Convergence of Linear Processes under Square Summability)
Let {et}tez be an n-dimensional white noise process with variance ¥ € R™*", and {V,},cz a

sequence of n X n real matrices such that

[e.9]
> tr(20)) < foo.

j=—o00

Then, for any p € R™ and t € Z, the partial sum process

{n+ f: 2y

j:—m m€N+

is L? and converges in L? to some random vector Y;.
The L2 process {Y; }1ez defined as above is weakly stationary with mean ; and autocovariance
function I' : Z — R™*"™ defined as

oo
L(r)= > ;5 |
j=—o00

for any 7 € Z.

Proof) For any t € Z and m € N, define

m
Yiie = p+ Z Vg

j=—m

Note that E[Y,:] = u. For any 7 € Z and m € N, we have

m m

E (Yt — 1) Vmier )] = 30 Y U-Eler e, ] -V

j=—mi=—m

For any m, k € N, such that m > k, note that

—k—1 m 2

Vit = Viell3 = B[Vt = Vi P = E| Y Ui+ > Ujoe
j=-—m Jj=k+1
—k—1 m
= Y w(wse)+ Y (vne)).

j=—m j=k+1

The right hand side goes to 0 as m,k — 0o, so it follows that {Y;,;;}men, is Cauchy in
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L?(H,P). Because (L%(H,P),(-,-)2) is a Hilbert space, there exists a Y; € L?(H,P) such
that

L2
Ymt — th

as m — oQ.

It remains to show that {Y;}icz is weakly stationary.

For any t € Z and m € N,
[E[Y:] = pf = [E[Y;] = E[Yind]| SE[Y: = Yone| < [JY; = Yol
by Jensen’s inequality, so taking m — oo on both sides shows us that
[E[Y:] —ul =0,

that is, E[Y;] = p. Therefore, {Y;}+cz is mean stationary.

Define Z, =Y, —pand Z,,y =Yy —p for any t € Z and m € No.. Forany t € Z, T € Z,
and m e N4,

B [ZniZp i | ~ B[22, | < Ell(Zme = 20)(Zimr — Zer)' | + Bl Ze(Zim—r = Zo |

+B||(Zmi = 22, |

SE[|Zmnt — Zi| | Zimg—r — Zt—r || + E| Z4] - | Zint—r — Z1—+]]
+E{|Zmt = Zil - 121+ ]]

SN Zme = Zilly N Zmp—r = Ze—rlly + 1 Zelly - 1 Zms—r — Zi—=ly
1 Zmit = Zilla - 1 Ze—= |l

where the second inequality follows from the trace norm inequality and the third from

Holder’s inequality. Therefore, taking m — oo on both sides yields

i B [ZnZp, ] =B [220.].

The existence of the limit is proved alongside the fact that the limit is E[Z,Z]_.].

Given the value of E [ Znt Ly 4 — T} for large m, we can see that

Cov D/t?}/t—T] =K [ZtZt/ ‘r]

Z Z\Il ‘Elerjer_, 4] W= Z\I}E\IJ

Jj=—001=—00 j=—00

Therefore, {Y;}1cz is also covariance stationary and has the specified autocovariance
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function.

Q.E.D.

In light of the above theorem, we can define a new class of weakly stationary processes.
An n-dimensional process {Y;}icz is said to be a linear process if it satisfies the following

conditions:

o There exists a square-summable sequence {V;};cz of n x n matrices, that is,

o
>t (W)30;) < foo.

j==o00

o There exists a u € R" and an n-dimensional white noise process {&;}cz with covariance

matrix ¥ such that
o
Yi=p+V¥(L)er=p+ Z Wj-er—j
j=—o00

oo
j==oc

for any t € Z, where > V;-g4_j is the L2-limit of the corresponding partial sum pro-

Ccess.

If =0 above, then we call {Y;};cz a zero-mean linear process.

The previous theorem shows us that {Y; },cz is a weakly stationary process with mean p and

autocovariance

L(r)= Y U;5¥; .

j=—o00

for any T € Z.
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3.1.3 Linear Processes under Absolute Summability
A stronger condition than square summability is absolute summability, which states that
o
Z W5 < +oo.
j=—o00
Under the absolute summability of {¥;};cz, the convergence of

o 55 e

J—— meN4

to Y; holds both in L? and almost surely. We establish these claims below:

Lemma (Absolute Summability implies Square Summability)
Let {¥;},cz be an absolutely summable sequence of n x n real matrices. Then, it is also square

summable under any positive definite covariance matrix X € R"*™,

Proof) Suppose that

oo
301 < 4oe.
j=—00
Then, note that
o o0
0< Y w(ene)) = 3 tr(2-(W)y,))
j=—o0 j=—o0

< Z DIE AR ES (Z 17 ||)

j=—00

For any m € N,

i H\Ingzg( max | W, H) (Z |0, ||) (i H\Il]]> < 400

j=—-m J=—m J==°

Therefore,

oo
> Il < oo

j=—00

and we have

S b (0;2)) < +oc.

j=—o00

Q.E.D.

92



Theorem (Convergence of Linear Processes under Absolute Summability)
Let {&;}tcz be an n-dimensional mean-zero square integrable and weakly stationary time series
with absolutely summable autocovariance function G : Z — R™". Let {V¥;},cz a sequence of

n x n real matrices such that
oo
Z ”\I’jH < +o00.
Jj=—00
Then, for any p € R™ and ¢ € Z, the partial sum process

{n+ i ey )

j=—m meNL

is in L? and converges almost surely and in L? to some random vector Y;.
The L? process {Y; }1cz defined as above is weakly stationary with mean y and autocovariance
function I' : Z — R™*™ defined as

I(r)= i i \I/Z'~G(T+j—i)-\1/;

t=—00j=—00

for any 7 € Z.

Proof) Step 1: Almost Sure Convergence

For any t € Z and m € N, define

m
Yt = p+ Z \Ilj-e’ft_j.

j=—m

Define ¢ as the counting measure on Z, and the function f:7Z x Q — [0,4+00) as

fU,w) =¥ e—j(w)]

for any (j,w) € Z x Q. Since f is a non-negative measurable function relative to the

product o-algebra on Z x €2, by Fubini’s theorem for non-negative functions,

E

j==o00

3 y\pj-etj|] - /Q /Z F(r,w)de(7)dP(w)

:/Z/Qf(r,w)dﬂ”(w)d(:(ﬂ

)
— Y B
Jj=—00
) ) 00
< D0 Il lleejlly = tr(GO)2 - | D 1]l | < oo
j=—o0 j=—o0
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By the finiteness property of non-negative functions, it now follows that
o
Z ’\I/j -Et_j’ < +00
Jj=—00
almost surely, which implies that the series
o0
> Tier
j=—00
converges almost surely. Define Y; as
oo
Yi= ) Ujery
j=—00

on the subset of {2 on which the series converges, and 0 otherwise. Then, Y; is a random

vector such that

as m — oQ.

Step 2: Mean Square Convergence

To see that the convergence is in L? as well, we follow the steps of the previous theorem

almost step for step. For any m,k € Ny such that m >k,

—k—1 m
Yot = Yaelly = || D e+ Y Wjeery
j=—m Jj=k+1 9
—k-1 m
< Dl lee—slly+ D 1950 llee—slly
j=-m j=k+1
1
<te(G)2 Y vl
k<|j|l<m

Since {¥;},cz is absolutely summable, sending m,k — co on both sides yields

im  ||Y — Yiel|o = 0.

m,k—00

This tells us that {Yut}men . is Cauchy in the L? metric, and by the completeness of

2
the n-dimensional L? space, there exists a Z; € L? (H,P) such that Y, = 7y as m — 00.
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Step 3: Equivalence between L? and Almost Sure Limit

It remains to prove that Z; = Y;. Note that

E|Y; — Zi| <E|Z: — Yot | + E|Yo — Vi
S HZt_YthQ +E’Ymt _}/t’

for any m € N4. Since

Yt = Yi| < Y| + Y4

<D a2 > e

j=—m j=—o0

for any m € N4, where

00
]E|: Z |\I/j'€t7j| < 400,

j=—00

and Y, 23 Y; as m — oo, by the DCT we have

lim E|Y — Y| =0.
m—0o0

Thus,
E|Y; - Z| =0,
and Y; = Z; almost surely.
Step 4: Mean Stationarity
For any t € Z and m € Ny,
E Yol = u,

and since
|/$_E[Y;‘/]| gE‘Ymt_YH S HYmt_}/t”%

sending m — oo shows us that E[Y;] = u; {Y;}tez is a mean ergodic L? process.
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Step 5: Covariance Stationarity
Finally, for any ¢,7 € Z and m € N,
E [(Ymt - N)(Ym,t—r - ﬂ)/] = Z Z \I]i ' G(T +j - Z) 27

i=—mj=—m

since

2 2 (Z 2 H) (i \|G<j>u)<+oo,

E (Yt — 1) (Yint—r — p)'] converges to

oo

> i Ui G(r+j—i)- )

1=—00 j=—00

as m — oQ.

We saw in the proof of the previous theorem that
i E (Yot — 1) Vona—r — )] = E[(¥ = ) (Ve — ') :=T(7)

2
since Y, =N Y; for any t € Z. Therefore,

=> > U-Gr+j—i)V
i=—00 j=—00

and thus {Y;}4cz is weakly stationary.

Q.E.D.
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The assumption of absolutely summable coefficients thus allows us to extend the result of
the previous theorem to arbitrary weakly stationary innovation processes. In particular, the
absolute summability of the autocovariances of the underlying innovation process implies that
the linear process constructed using the process is also weakly stationary. A useful shorthand

for this result is

o0
Yi=p+Y(L)e :=p+ Z U;-ei_j,

j=—00

where V(L) is the lag polynomial written as

o .
oL
j=—00
If ¥(L) and O(L) are two lag polynomials corresponding to the absolutely summable coefficients
{¥;}jez and {©;},cz and satisfy

\I/(L)@(L)Et = &,

then we denote

There are advantages to absolute summability aside from the fact that the innovation pro-
cess is allowed to be serially correlated, and that convergence holds in a stronger sense. Absolute
summability also allows us to easily impose assumptions on the bounds of the moments of a
linear process, because they coincide with those of the underlying innovation process. In other
words, if the innovation process has bounded g-moments, then so does the linear process con-

structed using that innovation process and absolutely summable coefficients.

Theorem (Boundedness of Moments under Absolute Summability)
Let {e;}+ez be an n-dimensional mean-zero square integrable and weakly stationary time series
with absolutely summable autocovariance function G': Z —R"*". Let { VU, } jcz a sequence of n xn

absolutely summable real matrices, and let {Y;}:cz be the mean zero linear process defined as

[o¢]
YVi= Y ey,

j=—o0

where the convergence is both in mean square and almost surely. If {e;};cz has bounded g¢-

moments for some ¢ > 1, then so does {Y;}+cz.
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Proof) For any m € N,

Z \IJjEt_j

l7]<m

< D el < Y0 1511 el

l71<m l7]<m

q

by the generalized version of Minkowski’s inequality. Define Y, ; = Z| jl<m Yjet—; for

any m € Ny ; by the previous theorem,

as m — 0o. Furthermore, by definition

[ Yot

1
o= (Y7

Since {|Yyn¢|?}men, is a sequence of non-negative random variables that converges

almost surely to |Y;|?, by Fatou’s lemma

Q=

(E[YI")7 = (B [lminf [¥,n1'])
< (1M&nyYm,t\q)% = lim inf ||V,

o0
<timinf 37 (9] lel, = 3 190 e,

l7]<m Jj=—00

Since {&;}+cz has bounded g-moments, there exists some M > 0 such that
suplleql, < M < +oo.
teZ

Therefore,

(E|Y;|7)7 SM( 3 ||\vju>,

j==o0

where the rightmost term is finite due to absolute summability. It follows that

oo
SUPHYtHQSM( > H‘PJH) < 00,
teZ j:—OO

and as such {Y}}4cz has bounded g-moments as well.

Q.E.D.
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3.1.4 Causal Linear Processes

An important special class of linear processes are causal linear processes, where the term “causal”
will be made more precise below. Consider an n-dimensional mean-zero square integrable and
weakly stationary time series { X; };e7 with absolutely summable autocovariance function G : Z —
R™ ™ and a sequence {¥;};cz of absolutely summable n x n coefficient matrices. The preceding
theorem shows us that we can construct a new weakly stationary process {Y; }1ez from {X;}iez

as

where € R™ and ¥(L)X; is the almost sure and mean square limit of the partial sum process
{Z;n:_m U; X jtmen,. We say that {Y;};cz is a causal linear process constructed from the

underlying innovation process { X}z if ¥; = O for any j <0, so that

00
Vi=p+) U X
j=0
for any t € Z.

Intuitively, we say that Y; is causal with respect to the innovation process { X}z because
Y; is given as the limit of a partial sum process that involves only the current and past values of
the innovation process. In other words, Y; is the result of the accumulation of the innnovations
up to time ¢, and it is in this sense that we say that X; “causes” Y;.

This intuition can be formalized mathematically by making use of the fact that the o-algebra
generated by a random variable represents the information contained in it. One possible way
to define causation is to say that X causes Y if Y is known whenever X is known. In terms of
o-algebras, this is equivalent to saying that Y is contained (or, if it is a function, measurable
relative to) the o-algebra representing the information contained in X. We show below that Y;
is causal relative to the innovation process in precisely this sense; Y; is measurable relative to
the o-algebra generated by current and past values of the innovation process.

A complication arises at this stage because Y; is only the almost sure limit of a partial sum
process involving the current and past values of the innovation process. In general, we cannot
know whether the almost sure limit of a sequence is measurable with respect to the same o-
algebra relative to which the elements of the sequence are measurable. As such, we formalize the
notion that Y; is known when the current and past values of the innovation process are known

in terms of the value added by Y; during forecasting. First, a preliminary lemma:
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Lemma (Measurability of Almost Sure Limit)
Let G be a sub o-algebra of H. Let {X7}ren, be a sequence of G-measurable n-dimensional

real random vectors such that

a.s

Xr =5 X

for some n-dimensional real random vector X. Then, there exists a G-measurable random vector

X such that X = X almost surely.

Proof) Let Qg € H be the almost sure set on which {Xr}7¢en, converges to X. Furthermore,
define

n

0 = ﬂ {w € Q| limsup X; r(w) = limiani,T(w)},

where X; 7 is the ith component of X7. Since each X; 7 is G-measurable, the limits

limsupp_, ., X; 7 and liminf7_,o X; 7 are also G-measurable, implying that ) € G.

If {X7(w)}ren, converges to X (w) for some w € Q, then we can conclude that w € €,

so we have Qg C ;. By implication, P(€;) = 1. Now define the function X : Q@ — R" as

X(w)= <limsupXT(w)> I, (w)

T—00

for any w € Q. It follows that X is a G-measurable random vector. Choose any w € Qg;

by the definition of 2y, we have
lim Xp(w) =X (w).

T—o0

At the same time, since w € 7 as well, and {XT}T6N+ converges on {21, we also have

X(w)= TlggoXT(w).

This implies that X = X on Qg, and as such, X = X almost surely.

Q.E.D.
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Theorem Let {X;};cz be an n-dimensional mean-zero weakly stationary time series with ab-
solutely summable autocovariance function G : Z —R"*" and {V;};ey a sequence of absolutely

summable n x n coefficient matrices. Consider the causal linear process {Y;}:cz constructed as
Yi=p+ V(L)X

for some € R™.
Let F be the filtration generated by {X;};cz, and F that generated by {(X;,Y;)}icz. Then,

for any t € Z and integrable real random variable Z,

E[Z|F]=E[Z|F].

Proof) Choose any t € Z and integrable real random variable Z. Since F; C Fi, by the definition

of conditional expectations we need only prove that
EE[Z | F] Ig| =E[Z Ig]

for any H € F;.

To this end, we first note that, for any 7 <t, Y., is the almost sure limit of the sequence

{thi‘I’j'Xrﬁ}

=0 meNL

of Fi-measurable random vectors. By the preceding theorem, there exists a F;-measurable

random vector Y, and an almost sure set 0, € H such that
Y;(w)=Y:(w) forany we Q.
Define

Q0 =Na,.

T<t

Since

P{Q\Q(O)} —P {U Qi] <) P =0

Tt T<t

by countable subadditivity, Q(© is itself an almost sure set, on which Y, =Y, for any
T <Ht.

Choose any H € F;. By the multidimensional Doob-Dynkin lemma, there exists a mea-

101



surable non-negative function f such that
Vi=lg=fo(Y, Xt,Yio1,X4—1,--).
Defining
V=fo (ﬁaXt,ﬁfl,thl,“') ;

since V=V on Q) we can say that V =V almost surely. Moreover, because {(Y;, X)) br<t
is a sequence of Fi-measurable random vectors, by applying the Doob-Dynkin lemma

in the opposite direction we can conclude that V € (F;), . As such,
E[Z-In]=E|Z-V]|
=E {IE [Z | Fi] W_/] (Projection Property of Conditional Expectations)
—E[E[Z| F] In].

This holds for any H € F;, so it follows from the definition of conditional expectations

that the following holds (almost surely, of course):

E|Z|F|=E[Z|F).

Q.E.D.

A simple but useful application of the above result is the following. Suppose the innovation
process for the causal linear process {Y;}iez is the n-dimensional i.i.d. sequence {€;}icz with
mean zero and positive definite covariance matrix ¥ € R™*"™. Let F be the filtration generated
by {€}iez and F that generated by {(€ét,Yt) }tez. Note that, for any t € Z, .41 and F; are
independent by the i.i.d. assumption, so that

E [Etﬁé | ]}t—l} =E [€t62 ‘ ft—l] =E [fté] =X

In other words, the conditional variance of ¢; given all the information in both the data and the

innovation up to time ¢ is just its unconditional variance.
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3.1.5 A WLLN for Linear Processes

Here we present a weak law of large numbers for linear processes that shows that the sample
mean of linear processes converges in mean square to its population mean, given that the auto-

covariances are trace summable.

Theorem (Mean Ergodicity of Weakly Stationary Processes)
Let {Y};}+cz be an n-dimensional weakly stationary process with mean p € R™ and autocovariance

function I": Z — R™*™. Suppose that {Y;};cz has trace summable autocovariances, that is,

[e.9]

> tr(T'(7)) < +oc.

T=—00

Then, the sample mean of {Y;};cz converges in L? to j, that is,

1 l 12
fZYt—)M
t=1

Proof) For any T € N, define

1T
—T;Y;Sa
and note that
T
E|Vy — | % Z (Y — )]
T
=72 Z_: L(t—s))

5
zij [ > (e >>] )

: \

Since the sum on the right is finite by assumption, taking 7" — oo on both sides yields
lim E|Y; ’
70 ’ TH ’ -
N
and by definition Y7 = pu.

Q.E.D.

The following utilizes the preceding result to derive an ergodicity result for linear processes

under absolute summability.

Theorem (Mean Ergodicity of Linear Processes)
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Let {e;}tcz be an n-dimensional white noise process with positive definite covariance matrix
Y e R™" {V,} ez an absolutely summable sequence of n x n matrices, and {Y;},cz the causal

linear process defined, for any t € Z and some u € R", as
[o.¢]
Y, =pu+ Z \Ifj “Et—j-
j=—o00

Let I': Z — R™™™ be the autocovariance function of {Y;}¢cz. Then,

> Il < +oo

T=—00

and

Proof) By the results in the previous section, we know that {Y;}icz is a weakly stationary

process with mean p and

o0
L(r)= Y U350

j=—c0

for any 7 € Z. We can easily establish the trace summability of the autocovariances:

o
<=l > Y vy

T=—00 j=—00

2
o
SHEII'( > Il < oo

j=—o0

This in turn implies the absolute summability of the autocovariances, since for any

symmetric matrix A € R™*",
A = tr (A'4)% < tr(A).

Finally, by the preceding theorem, we can see that

Q.E.D.
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3.1.6 Strictly Stationary and Ergodic Innovation Processes

So far, we have focused on linear processes whose innovation processes are weakly stationary
or white noise processes. When the innovation process {e;}icz is weakly stationary and the
coefficients {¥,;},cz are absolutely summable, we saw that the resulting linear process {Y; =
p+Y(L)e ez is also weakly stationary. If the innovation process is also a white noise process,

then we saw above that a law of large numbers holds:
1 & .2
t=

In this section we study linear processes whose innovation process is strictly stationary and
ergodic. This is a stronger assumption that requiring the innovation process to be weakly sta-
tionary or white noise, but it is more general than requiring it to be an iid process (since iid
processes are strictly stationary and ergodic).

It turns out that linear processes constructed with strictly stationary and ergodic innovation
process are themselves strictly stationary and ergodic, which allows us, among other things, to
apply a variety of strong law of large numbers. This is the content of the following theorem and

its corollary:

Theorem (Construction of Strictly Stationary and Ergodic Linear Processes)
Let {et}tcz be an n-dimensional strictly stationary and ergodic process with mean zero and
finite second moments. Let {¥;};cz be a sequence of absolutely summable real n x n matrices,

and define {Y;}:cz as the linear process defined as
Vi =p+Y(L)e

for any t € Z, where p € R™. Then, {Y};}:cz is also strictly stationary and ergodic.

Proof) Denote (E,£) = (R",B(R"))), and let 7 be the shift operator for stochastic processes
with state space (E,€) and index set Z.

Let € = {&}+ez denote the random sequence corresponding to the innovation process,
and denote by . its probability law. Since € is assumed to be strictly stationary and

ergodic, T is measure-preserving and ergodic on the probability space (E%,£%, ).

Similarly, let Y = {Y;}ez denote the random sequence corresponding to the linear
process of interest, and denote by gy its probability law. Since {¥;},cz is absolutely
summable and {e; }+cz is a mean zero weakly stationary process by the assumption that

it is strictly stationary and has finite second moments, we know that, for any ¢ € Z,

00
Z |\Ifj '5t7j| < 400

j=—00
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almost surely; denoting the subset of {2 on which this holds as €);, we also know that

Vi) =t 3 Wyer )

j=—00

for any w € €. Defining
Q0 =,
t
it follows that P(Q°%) =1 and

(0.]
oW ej(w)] < 400

j=—o00

Yi(w) = p+ Z Vg j(w)

j=—o00

for any w € Q¥ and t € Z.

Define the function F : EZ — [0, +o00] as

Fz)= Y |Wm_j(z)|

j=—o00

for any z = {x };ez € EZ. For each j € Z, the mapping = — |¥; - 7_; ()| is a non-negative

EZ-measurable function, so it follows that F is also £%-measurable. Define
El={z e F?| F(z) < +o0} € EL.
From what we saw above,

F [W (s(w))} = F{eryj(w)}jezl

[e.9]

= > Ve j(w)| < +oo

j=—o00

for any t € Z and w € Q°, so that
T (e(w)) € Eg

for any t € Z and w € Q°.
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Now define ¢ : EZ — E as

m—r0o0

o(z) =p+ (limsup Z \I/jﬂj(:v)) 'IE%(ZL‘).

ljl<m

for any x = {4 }sez € E”. Since the mapping

X — Z \I/jﬂ'_j((L')

li|<m

is £2-measurable for each m € N, it follows that the mapping

x — limsup Z Um_j(x)

m—o0 .
l7]<m

is a £Z-measurable function taking values in [—oo, +00], and since EZ is a £%-measurable

set and

lim sup Z Um_j(x)= Z U,m_j(x) e R"

for any = € EZ, it follows that ¢ is a £2-measurable function taking values in E = R".
Using ¢, we can define 1) : EZ — E% as

Y(x) = {(T" (@) }tez

for any 2 € EZ. We established in chapter 1 that ¢ is a measurable map on (E,&)%.

Define the process Y = {Y; }4cz as
Y =(e).

For any w € Qp, €(w) € EX and we have

Yi(w) = o({errj(W)}jez) = n+ Y e j(w) = Yy(w)

j=—00
for any ¢ € Z. Therefore,

Yi(w) = Yi(w)

for any t € Z and w € )y, which implies that

almost surely. It follows that the probability law py of Y is exactly the same as Y.
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We proved in chapter 1 that ¥ = 1 (e) is strictly stationary and ergodic, so Y is also

strictly stationary and ergodic.

Q.E.D.

Corollary to Theorem (SLLNs for Linear Processes)
Let {e;}tcz be an n-dimensional strictly stationary and ergodic process with mean zero and
finite second moments. Let {¥;};cz be a sequence of absolutely summable real n x n matrices,

and define {Y;}icz as the linear process defined as
Yt =u+ \I](L)Et

for any ¢ € Z, where u € R™. Denoting (F,&) = (R™, B(R"™)), let uy be the probability law of the
random sequence Y = {Y;}ez. Let T be the shift operator for stochastic processes with state
space (E,€) and index set Z.

For any real m x k matrix valued function f : EZ — R™** whose elements are £%-measurable

and py-integrable, it follows that

In particular,

— 1
Yp=23 YirSp
t=1
and
1
72 (Vi =Yr)(Yier = Y1) 55 T(7)

for any 7 € Z, where I' : Z — R™*™ is the autocovariance function of {Y;};cz.

Proof) The preceding theorem shows us that, if the innovation process {e;}scz is strictly
stationary and ergodic with mean zero and finite second moments, then {Y;}c7 is
also strictly stationary and ergodic. Furthermore, since {e;}:cz is also weakly sta-
tionary, it follows that {Y;}.cz is also weakly stationary with autocovariance function
I':7Z— R™™™,

Letting py be the probability law of the random sequence Y = {Y; }cz, it now follows
from the ergodic theorem that, for any f: E%? — R that is £Z-measurable and jy-
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integrable,

Note that

since % — 1 and

1
Tf(Y(w)) — 0 for any w € Q,
as T — oo, it follows that

Y HTY) =P E[f(Y)]

as well. The result for matrix-valued f follows easily from this result for scalar-valued f.

For any 7 € Z, define f: EZ — R" as

f)=m_r(z)=2_+

for any x € EZ. Since

/ \Fldpy = / (@ld(py o7=Y) = E[Y | < +o0,
EZ R”

f is py-integrable and the ergodic theorem implies

1 & 1 &
fZYH = fo(ﬁ(Y)) DEF(Y)]=E[Y_,] = p.
t=1

t=1

Finally, for any 7 € Z define f: EZ — R™ " as

for any x € E%; note that

1 1
/EZ | fldpyleg (/EZ ]7T0|2d,uy> i (/EZ ]W_T\Qduy) ’ (Holder’s Inequality)

— (EY)* (BIV-A12)7 =t (T(0) + i) < +00.
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Thus, f is py-integrable and we have

T T
VYL, = 23 AT SRV = E YoV, ] = T(r) +
t=1 t=1

It follows that

as we desired.

Q.E.D.

The preceding result is particularly useful when the innovation process is iid, as is often assumed.
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3.2 The Wold Representation

In this section we provide a rationale for focusing on linear processes. It is shown that any weakly
stationary time series that satisfies some light regularity conditions can be written as the sum
of a linear process and a predictable process, the latter whose definition will be stated shortly.
This result, called the Wold representation theorem, provides the theoretical justification for
studying linear processes, and is also why we like to focus on vector autoregressions; they are

simply linear processes with appropriately truncated lags.

We first introduce some definitions. Let {uy,- - ,ur} C L*(H,P) be a collection of n-dimensional
square integrable random vectors, and X € L?(#,P) another n-dimensional random vector. Usu-
ally, when we refer to the projection of X on the span of {uj,---,ur}, we refer to the linear
combination of {u1,---,ur} that best approximates X in the L?-norm. In what follows, we call

the linear projection of X on the span of {uj,---,ur} the random vector

X1
p(X|’LL1,"',UT): )

A

Xn

where, for each 1 <i<n, X; is the orthogonal projection of X; on V', and the vector space V is
defined as the span of the collection of (univariate) random variables {uy |1 <i<n,1 <t<T}.
Since X; is contained in the univariate L?-space for each 1 < i < n, the linear projection ]S(X ]
ug,---,up) is itself a square integrable n-dimensional random vector.

From the properties of orthogonal projections onto linear subspaces spanned by a finite set,

we can see that there exist matrices Aq,---, Ap € R™"™ such that
. T
P(X |uy, - ,up) = ZAt-ut.
t=1

Clearly, p(X | ug,--+,ur) is a more precise approximation to X than the orthogonal projection
of X on the span of {uj,---,ur}. Note that linear projections and orthogonal projections are

identical when n = 1.

The same idea can be extended to the span of infinite sets as well. For any collection

{ut}ren, C L*(H,P) of n-dimensional square integrable random vectors, we define

projXi
P(X‘Ul,UQ,”'): )
prOjWXn

where

W =span({u; | 1 <i<n,t € Ny});
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the only difference with the finite case is that each coordinate of X is projected onto the closure
of W instead of W itself. The reason for this, made clearer below, is that only when we project

onto the closure of W is a unique orthogonal projection guaranteed to exist.

We first show some preliminary results concerning linear projections, using a limit result

that holds for arbitrary Hilbert spaces.

Lemma (Limiting Behavior of Projections in Hilbert Spaces)
Let (V,(:,-)) be an arbitrary Hilbert space over the real field, ||-|| the norm induced by (-,-), and
d the metric induced by ||-||. Let {Wj}ren, be an increasing sequence of linear subspaces of V/,
and denote the union of these subpsaces by W =J, Wi. Fix some x € V', and for each k € N,
let there exists a unique orthogonal projection y of x onto W.

Then, the sequence {yy }ren, converges in d to some y € W, where y is the unique orthogonal

projection of x on W.

Proof) We first establish that there exists a unique orthogonal projection of x onto W. It is
immediately clear that W is closed. To establish that it is a linear subspace of V over
the real field, choose any w,z € W and a € R. Then, there exist sequences {wy }ren,
and {2 }ren, that are contained in W and converge in d to w and z. For any k € Ny,
there exist my,mo € Ny such that wy € Wy,, and z, € Wi,,; since {Wi,}men, is an

increasing sequence of linear subspaces of V,
a-wg+ 2L € Wmax(ml,mz) cW.

Thus, {a-wy + 2z, }ken, is a sequence in W that converges in d to a-w+ z; since W
is closed, a-w+ z € W, which establishes that W is closed under linear combinations.
Furthermore, the zero vector is contained in each W, (since they are linear subspaces)

and therefore in W as well, proving that W is a linear subspace of V.

W is a closed and convex (this follows from linearity) subset of the Hilbert space V.
By the Hilbert projection theorem, there exists a unique y € W such that y is the

orthogonal projection of z on W, that is,
lz—yl| <|lz—=2| VzeW.

It remains to prove that this y is the limit of the sequence {yx}ren, -

Note that
W=JWs
k
the inclusion W C {J, Wy, holds because |J, Wy is a closed set containing W, while
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the fact that W,W for any k € N, implies the reverse inclusion. Since y € W, and
{Wk}ke N, is an increasing sequence of subsets of V, this means that there exists an
N € N, such that y € W}, for any k > N. For any k> N, choose z;, € W}, such that

| I<:
ol < =
Y=zl <3

it is possible to make this choice because y € Wj,. For k < N, choose any 2, € W; then,

the sequence {21 }ren, satisfies
2k €W, VkEe Ny and zp—y ind

For any k € N, z; € W}, and v, is defined as the orthogonal projection of  on Wy, so

we have the inequality
2 =yl < llz— 2.

Furthermore, because each y, € W, C W and y is the unique orthogonal projection of
xon W,

lz—yll < [lz— k-

In other words, ||z —y| < ||z —ykl| < ||z — 2| for any k € N4, so sending k — oo on
both sides yields

Jim [J = g = [l —y]|.
— 00

Likewise, defining v, = Yt € W for any k € N,
1 1
o=yl < lz = vl < gl =yl + 5z = wi
for any k € Ny, so sending k — oo on both sides yields

Timn 2 — g = =g
—00

Now we use the parallelogram law on inner product spaces to show that y, — y in the

metric d. By the parallelogram law, for any k£ € N,

ety

)

2wx—%W+awm—mF=nm—yW+4ﬂx

so that rearranging terms yields

lyk = ylI* = 2+ [z = yull* +2- lz = y||* = 4[|z —vg]|*.
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Sending k — oo on both sides then yields
. 2
khm llye —y||* =0,
—00
so that yr — vy in the metric d.
Q.E.D.
Corollary  Let {us}tez C L2(H,P) and X € L2(H,P). Then, for any t € Z,
N L2 N
P(X | Uty 7ut—k:) _>P(X | utaut—la'”)

as k — oo.

Proof) Fix any t € Z. For any k € N, define the linear subspace
Wi = span ({ui;—j | 1 <i<n,0<j <k})

of the univariate L? space L?(H,P). Then, {W}}ren . is an increasing sequence of linear

subspaces such that

W:UWk:span({uiyt,j |1<i<n,jeN}).
k

For any 1 <i<mn, let X, be the orthogonal projection of X; onto W in the L?-norm,
and let Xi(k) denote the orthogonal projection of X; onto W}, in the L?-norm for any
k € N.. By definition,

i %,
P(X Jue, ) = | Vke Ny and P(X |upupi,-)=| °
o(k) L2 % . .
By the lemma above, X, = X; for each 1 <7 <n. Since

HP(X |y ug1,--) = P(X | g+ ’ut*k)Hn, ‘

P(X Jugu—1, ) — P(X’ut""’ut*k)mz

by Minkowski’s inequality and the definition of the n-dimensional L?-norm, taking

k — oo on both sides yields

2

A L A
P(X [ ug, - uig) = P(X | ug,up—1,---).

Q.E.D.
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The next result shows us how to find the coefficients of linear projections on finite sets.

Lemma Let {u, - ,up} C L?(H,P) be a sequence of n-dimensional square integrable random

vectors such that

Y ifi=j

E[umﬁ: O ifi#j

for some positive definite n x n matrix ¥, and let X € L?(H,P) be an n-dimensional square

integrable random vector. Then,

h
P(X Jug,+ up) = DB [X | 27w
j=1

Proof) There exist Ay,---, A € R™*™ such that
. h
P(X | Uy ,uh) :ZAj-Uj.
j=1

Since each coordinate of P(X |uy,---,up) is the orthogonal projection of X; onto the

linear subspace
W =span ({u;s | 1 <i<n,1<t<h}),

by the characterization of orthogonal projections we have

E[(X = P(X |ug, -+ up))uf| = O

for any 1 < j < h. This implies that
E [Xu;} =E [P(X | uy, - ,up) -u/} = ZAZIE [ulu
for any 1 < j < h, which implies that
A h
P(X [ur,o ) = Y B [X )| 27y,
j=1
Q.E.D.

We now state and prove the main result of this section:
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Theorem (Wold Representation Theorem)
Let {X;}tez be an n-dimensional square integrable and weakly stationary process with mean

zero and autocovariance function I' : Z — R™®*". Assume that

e Rnhx nh

is nonsingular for any h € N, and that X; — ]S(Xt | X¢—1,X¢—2,-) has positive definite variance
for some t € Z.
Then, there exists an n-dimensional white noise process {&; }+cz with positive definite covari-

ance matrix ¥ € R™*" and a sequence {¥;};en of n x n matrices such that
oo
> (3 W)) < oo
j=0
and
o)
Xi=Y Ve j+m,
j=0

for any t € Z, where {n, }+cz satisfies

P(nt ’ Xt—laXt—2;"‘) =Tt

Proof) We first start by constructing the white noise process {&;}sez. This process is defined
as the difference of X; and the linear projection of X; on past values Xy 1, X o, --;
it thus collects the one-period ahead linear forecast errors. Then, the linear process
part of X is constructed as the linear projection of X; on these projection errors. In
effect, X} is represented as a collection of updates following projection errors (the linear

process part) and a part corresponding to the projection (7;).

Step 1: Constructing the White Noise Process

As stated above, ¢; is defined as the one-period ahead linear forecast error of Xy, that

is,
er =X — P(X; | Xt 1, Xi_2,--).

The difficult part is showing that {e;}+cz is a white noise process with positive definite

covariance matrix.
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For any t € Z, we established above that
P(X¢ | Xpm1, Xima, )
is the L?-limit of the sequence {p(Xt | Xt—1,---, X¢—n) tnen, - This implies that
ent =Xe—P(Xy | Xeo1, Xoon) L Xi—P(Xy | Xpm1, Xp—0, ) =&

as h — oco. By the definition of the linear projection as a collection of orthogonal pro-

jections of the coordinates of X;, we have
E [5h,t'XzLi] =0
for any 1 <i<h and h € Ny, and likewise,
Ele-X;_;] =0
for any i € V..

Fix h € N, and note that there exist Agfft), e ,Aght) € R™ "™ guch that

h
P(X¢ | X X)) = S AN - X,

=1
Then, for any 1 < j <h,
h h
O=E {Eh,thfj] =K [Xt : Xzfj} - ZAz(,t) ‘E {Xt—i : Xz—j]
=1
=T(j) = DAL TG ).

i=1

Collecting these equations, we end up with the equation

(o) o T(h—1)
(A7 - a) | = - )
'(h—1) r'(0)
'(0) I'(h—1)
By assumption, the matrix nh x nh matrix : . : is non-singular,
'(h—1) (o)
so the coefficients are given as
-1
r'(0) I'(h—1)
(A - A =(rw - )
'(h—1) r'(0)
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This implies that Agﬁ) does not depend on the time ¢; we denote AZ(»Z) = Agh) for any
1 <i < h. We can now show that {e;}cz is a white noise process as follows:
— Mean of ¢;
For any t € Z,
L
Elend=> A" E[X, ] =0,
i=1
L2
and because e, ; = g4 as h — 00,
E[€t] = lim ]E[tht] =0.
h—o0
— Covariance of ¢;_, and X,
Forany t€Z, 7€ Z and h € Ny,
B[Xiehy | —E[Xe X[_] B[ Xe P(Xor | Xy Xigs)|
h
=T(r) =Y T(r+i)- A"
i=1
-1
r'(0) I'(h—1) r(y
=0(r)= (P(r+1) - T(r+h)) :
'(h—1) (o) r'(h)

Note that G\ depends only on 7 and h. The left hand side converges to E [ X} - ;]

L? .
as h — oo because €, —+ €4—, so it follows that

lim GW =G, :=T(r)-E[X;-¢_.],

p
h—o0

and we can see that E[X;-&,__| does not depend on t.

As a special case,

E [X;-&)] = T(0) — Go.

— The Covariance of ¢; and &, t # s
First note that, for any h € N4 and t,s € Z such that ¢t < s,

h
E [P(Xt | X1, Xon) .a;} —S AN .E[X, ] = 0.
=1
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N 2 A
Since P(X; | Xi—1, -+, X¢—n) L P(X: | Xt—1,Xt—2,--+) as h — oo, the equality

above implies that
E|P(X: | Xp1,Xp ) -] = lim B|P(X, | Xy, , Xpp) -] = 0.
h—o0
Now choose any t,s € Z, and assume without loss of generality that ¢ < s. Since
E[eel] = E [Xiel] B [P(X; | Xi1,Xia,0+) €]
and E[X;e.] = O by the property of linear projections, we have
E[e]] = O.

{et}tez is a pairwise uncorrelated sequence.

— The Variance of ¢;

For any t € Z and h € N4, note that

E[ee)] =B [X-ef] ~E | P(X0 | Xio1, Xion,+-) €]
—E[X;-¢)] =T(0)—Gp:=3,

s

where the second equality uses the result that E {p(Xt | Xio1, Xe—9,++) '6/} =0
for any t < s.

We have shown that {e;};cz is a white noise process with covariance matrix ¥ € R™*".

Since X is the covariance matrix of every X; — P (Xt | X¢—1,X¢—2, ), which we assumed

to be positive definite, X is positive definite.

Step 2: Constructing the Linear Process

Now that we have the desired white noise process {&;}+c7, we now construct the linear

process part of Xj.

For any t € Z and h € N, define

A

n:P(Xt|€t,€t—17"‘)

and

Vie=P(Xi | et e0-n).
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By the above lemma,

h
Yht_ZE[Xt el ]} IR
j=0
h
=> (T() -GS ey
j=0

We now show that the sequence {Y}, ¢ }ren, converges in L? to Y;:

— Square Summability of {U;},cn
For any h € Ny,

E|X; — Vig|* = tr (E[(X¢ — Vi) (X: — Vio)])

h h h h
=tr (F(O)) —tr (Z \I’j -E [Et,jXé] — Z]E {Xté-:;_j] \I’; +ZZ\I’JE [EtijQ_i] \I’;) .
7=0

§=0 j=0i=0

Since

E|X-el_j| =T() -G =0, %,
we have

h
E| X, — Yil* = tr(D(0) = 3 tr (0,20)).
§=0
The left hand side is always non-negative, so
h
>t (U,5W)) <t (D(0)) < +oo.
§=0

This holds for any h € N4, and since each tr <\1ij\119-), being the trace of a positive

semidefinite matrix, is non-negative, taking h — oo on both sides reveals that

itr (2,29} < tr(1(0)) < +o0,
=0

— The L2-limit of {Yhithen,

{¥;} en is a square summable sequence of n x n matrices, so by the results on
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linear processes established above,

h
L2
Yh,t = Z\I’j “Et—j —7 7y
J=0

2
for some n-dimensional Z; € L?(H,P). Since Yt L Y; by the result on Hilbert
spaces established just above, the uniqueness of L2-limits now tells us that Y; = Z;

almost surely, or that {Y;}1cz is the mean zero linear process defined as

(e.)
Y; = Z\pj et
3=0

for any t € Z.

We have just shown that X; can be written as the sum of a linear process and an error

component as follows:

o
Xi =Y+ (Xe=Y) =) Ve i+
=0

The proof is completed by showing that the linear projection of 7 on X;_1, X3 o,--- is
itself.

Step 3: Establishing Predictability of 7
By definition,
=Xt —Y: :Xt—Z‘I’j'Et—j~
§=0

For any h € Ny,
h
Yh,t — &t = Z \I/j “Et—j;
j=1
this tells us that each coordinate of Y; —¢&; is contained in the linear subspace
Wy =span({&i¢—; [1<i<n,1<j<h}),

which is itself contained in the closure of the linear subspace

W =JWh.
h
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Since Y; —¢; is the L2-limit of the sequence {Yhi—ettnen ., it follows from the closedness

of W that each coordinate of Y; —¢; is contained in W.

For any j € N4,

A

Et—j = Xt—j _P(Xt—J ‘ Xt—j—laXt—j—Q, .. )’

the same line of reasoning as above leads us to conclude that each coordinate of &;_;

is contained in the closure of the linear subspace
V=span({X;;—;|1<i<n,jeNi}).

Thus, W C V, and we can conclude that each coordinate of Y; —¢; is contained in V.

Finally, since

m=X—Yi=(Xi—er)— (Vi —¢ey)
=P(X¢ | Xe1, Xpmo, ) — (Vi — &),

each coordinate of 7; is contained in V. This leads us to conclude that the orthogo-
nal projection of each n; on V is n; itself, and since the linear projection of 7; on
Xi_1,X¢_9,--- is the collection of the orthogonal projections of each 7;; on V, we have
the result

e = p(ﬁt ’ thlthan"')-

Q.E.D.

Above, we have shown that any zero-mean weakly stationary time series {X;}icz subject
to very mild assumptions can be decomposed into two parts: a square summable linear process
part Z;‘io VU;-e;_; and a predictable part 7;. In the construction of the linear process, we saw
that it was nothing more than the weighted average of all the one-period ahead linear forecast
errors, while the predictable part 7; is "predictable” in the sense that it can be perfectly linearly
forecast using past values of X;. Heuristically, this means that any X; can be expressed as the
sum of an expected/linearly predicted component and an unpredictable component, the latter

of which is a function of the linear forecasts up to time ¢.
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3.3 Asymptotic Theory for Linear Processes

Here we present an important asymptotic result pertaining to linear processes with i.i.d. inno-
vations that have finite fourth moments. The analysis necessitates the use of the vectorization
operator and the Kronecker product, two devices that will come in handy very often in the

analysis to come.

3.3.1 Vectorization and Kronecker Product

Let A € C"™*™ and B € CP*?. The Kronecker product AQ B of A and B is the mp x pq matrix
defined as

AHB AlnB

AQR)B =

AmB - ApnB

Clearly, the Kronecker product is not commutative. The following are additional properties of

the Kronecker product:

Lemma (Properties of the Kronecker Product)
Let Aec C™*" B e CP*9, C e C**! and D € C**". Then, the following hold true:

) (AQB)QC=AQ(BRC)

i) fm=p,n=qg, k=sandl=r,
(A+B)QR(C+D)=AQRQC+BRC+ARD+B)D
iii) If n=p and [ = s, then
(AR C)(BRD)=ABKRCD
iv) If A and B are nonsingular square matrices, then
(AQRB) ™ =(A"'QB™
v) If A and B are square matrices, then

tr (A B) = tr(4) tr(B).
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In particular,

|A® 5| = 1411B1.

vi) Let A be an m x m square matrix with eigenvalues \q,---, A\, € C, and B a p X p square
matrix with eigenvalues p1,---, i, € C. Then, the eigenvalues of AQ B are collected in the

set
gy |1 <i<m,1<j<p}.
vii) Let A be an m x m square matrix and B a p X p square matrix. Then,
‘A@B‘ = |AP|B|™.

Proof) i) This follows immediately by noting that

AllB e AlnB
ARBRC=| . 1 |QC
AnaB - A,.B
An(BQRC) -+ A(BRC)
— : : =AQR)BRC).
Ap1(BQRC) - Ann(BRO)
ii) This follows immediately by noting that
(A1 +Bn)(C+D) -+ (Aip+Bin)(C+D)
(A+B)Q(C+D) = : - :
A1 C+BnC+AnD+ByD -+ A1,,C+B1,C+ A1,D+ By, D
Am10+Bm1C+Am1D+Bm1D AmnC+anC+AmnD+anD/

=AQRC+BRC+AQRD+BED.
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iii) This also follows immediately by noting that

AnC - ALCY\ (BuD - ByD
ARQO)(BRD)=| + . R
A C o AppC ) \BpD -+ BpeD
(it A1uBi)CD -+ (3L A1iBig)CD
(Xt AmiBin)CD -+ (X7 AmiBig)CD
= AB)CD.

iv) Suppose A and B are nonsingular square matrices. Then, by the preceding result,

(A®B)(A_1®B_l) = (Im®lp) = Imp,

so that the inverse of AQ) B exists and is given as

(AR B) ' =(A'QRB™.

v) Suppose A and B are again nonsingular square matrices. Then,

tr(A®B) = iAiitr(B) = tr(A)tr(B).
i=1

In particular,
4@ B[ = (1@ BAR BY)
=tr(AA'RQ) BB') = tr(AA") tr(BB') = ||A|]*| B|?,

so that we have [|[AQ B|| = ||Al/|| B||-

vi) Let the Schur decompositions of A and B be given as
A=PDP ' and B=QAQ ',

where P,() are unitary matrices, so that their inverses are their conjugate trans-

poses, and D, A are upper triangular matrices. Since the characteristic polynomial
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of A and B are given by
cha(z)=|A=z In|=|D—z I,| = [[(Dii—2)
i=1
P
chp(z)=|B—z-Ip|=|A—z-1)| = H(Aii—z).
i=1

Therefore, the diagonal entries of D and A are the eigenvalues of A and B.

We can now see that

PDP™)K)(QAQ™Y)
QUDPHRNAQ™))
QDRM (PR
QDRM(PRQ)

Therefore, the characteristic polynomial of AQ B is given as

= [(PRADRNPR Q)™ — = Ly
D@A) ~ 2+ Ly

—2)

g
6969

I
7—

I
—
S
>

S
Il
—
<.
I
—

[
s
=N
>
RS
|
K

S
I

—
<
I

—_

The eigenvalues of AQ) B are thus collected in the set

Ny [ 1<i<m,1<j<p}.

vii) In light of the above result, we can see that
m
‘A®B’ _ChA®B( )= H)‘i HNJ’

Q.E.D.
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The vectorization operator stacks the columns of a matrix to transform it into a vector.

Formally, for any A € C™*"  the vectorization of A is the mn-dimensional vector defined as

Ay
vec(A)=1| |,
An,
where Aq,---, A, € C™ are the columns of A. The vec operator has very useful properties, espe-

cially in conjunction with the Kronecker product.

Lemma (Properties of the Vectorization Operator)
Let Ae C™*" B e CP*9, C € C**! and D € C**". Then, the following hold true:

i) If n=¢=1, we have

Vec AB B®A

ii) If m =p and n = ¢, we have

vec(A) vec(B) =tr (A'B).

iii) If n=p and ¢ =k, we have

vec (ABC) = C'®A vec (

iv) Suppose the matrix product ABCD is well-defined. Then,

tr (ABCD) = vec (D)’ (C' Q) A)vec (B

Proof) i) If A, B are column vectors, then

AuBu -+ AuBp
vec (AB') = vec : . :
ApiBur -+ ApmiBp
AnBn
Am1 By Bi1 A
= : = : =B A.
AUBpl BplA
Amprl
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ii) If A and B are matrices sharing the same dimensions, then

vec (A) vec( ZZAUBU —ZZA ;i =tr(A'B).

i=1j5=1 j=li=1

iii) Suppose n=p and ¢ =k, so that the matrix product ABC is well-defined. Letting
By,---,By € CP be the columns of B, and {e1,---,e,} C RP the standard basis of
RP,

q
B=> Bie;.

i=1

It follows that

vec (ABC) =

-

s
Il
_

vec (AB;-€;C)
(C'ei) Q(AB)
i=1

— (C’®A) (Zvec (Bl-e;)>
i=1
= (C/®A)V6C (B),

I
.M"

Il
=

where we used the preceding result on vectorization and one of the properties of

the Kronecker product.

iv) Suppose that the matrix product ABCD is well-defined. In this case, the previous

results tell us that

vee (D) (C"(R) A)vee (B) = vee (D') vec (ABC) = tr(DABC) = tr(ABCD).

Q.E.D.

128



3.3.2 Linear Processes and the Martingale Difference CLT

Let {Y;}+cz be an n-dimensional absolutely summable causal linear process with n-dimensional
innovation process {e;}tez. In many cases we will be interested in the asymptotic distribution
of the quantity
1 T
—= > Yionel

\/Tt:p+1

for any 1 < h < p. It turns out that the vectorization of the above quantity follows an asymptot-
ically normal distribution when appropriate regularity conditions are imposed on {e;}ez. The
conditions below mirror those of chapter 7 in the econometric theory text.Formally, we make

the following assumptions:

Al. The DGP
Let {e;}tcz be an n-dimensional white noise process with positive definite covariance ma-
trix ¥ € R™*", and {¥; } jeny an absolutely summable sequence of n x n coefficient matrices.

{Yi}+ez be the causal linear process constructed from the innovation process {€ }:cz as
Yi=p+Y(L)e

for any t € Z, where p € R™ is the mean of Y;. Let I' : Z — R™*" be the autocovariance

function of {Y;}+ez, which we know is defined as
o0
I(r)=) ¥3¥
=T

for any 7 € N.

For some p € N ,define the np+ 1-dimensional process {X;}icz as

1
Yia
X =
Yip
for any ¢ € Z. The mean of X, is given as
i :E[Xt] — (1 M/ /l,) c R7P+1

A2. Nonsingular Autocovariances
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We assume that the matrix

1 Iu/ ,U/

po T(0)+pp L(p—1)+pp'
Q:

p Dlp—1)"+ L'(0) + pp!

is nonsingular.

A3. I.I.D. Innovations
This is our core assumption. We assume that {&; }4ez is an i.i.d. process. Suppose also that
there exists a 0 > 0 such that {e;};cz has bounded 2+ 2d-moments, that is,

supEle, [>T < 400
teZ

Due to the absolute summability of the coefficients {V;};en, it follows that {Y;};cz also
has bounded 2 + 26-moments.

Let F be the filtration generated by {e; }+cz and F the filtration generated by {(X¢s1€t) ez

By what we noted above about linear processes, this allows us to conclude that
E[Z|ft]:E{Z’]t—t}

for any t € Z and integrable random variable Z.

A4. Stronger Fourth Moment Assumption

In this assumption, we let {e;}+cz have finite 4+ 40 moments, that is,

4445 <+

supE|e] 0.

teZ

We define parameters related to the skewness and kurtosis of the innovation process as

follows:

k3 =E [5,5 (52@52)} e R
and

2 2
kg =E [Eté‘;@&t&ﬂ e R *",
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These quantities are designed so that, for any a,b,c,d € {1,--- ,n} and t € Z,

E eatenicat] = €, - k3 (en (X ec)
E eateicccar] = (€, Q) ep) - ka- (ec Q) eq),

where {e1,---,e,} CR™ is the standard basis of R".
We first study the implications of the boundedness constraint on the moments of the errors

for the moments of the process {X;}iez.

Lemma (Boundedness of Moments of Causal Linear Processes)
Under assumptions Al to A3, {X;}+cz has bounded 2+ 26-moments, that is,

supE|X;|*™ < +o0.
tez

In addition, the process {e1£; @ X+ X[ }1ez has bounded 1+ J-moments:

1+6
supE ’stes;@XtXé < +o0.

teZ

Finally, for any t € Z, ¢ and Fi_1 are independent.

Proof) Fix t € Z; then,

1+6
2426 2\ 119 £ 2 i
X = (X)) = (1 Y Ve
h=1

(14)2 d
<(p+1) = <1 +> \Yth]2+26> ,  (Holder’s Inequality)
h=1

so that
2426 a+e)? J 2+26
X[ < (p+1) 5 (14 Y BV 7).
h=1

Taking suprema over ¢t now yields

(1+6)2
supIE\Xt\QJF% <(p+1)"7% (1 +p-supIE]Yt\2+25> < 400,
teZ teZ

where the final inequality follows from the boundedness assumption on the moments

of {Yi}iez.

To show the second boundedness result, observe that, for any t € Z,

H5t52®XtX£ = [leceel| - [[ XX
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< Jee*| X
By implication,

IEH&&Q@XtXt, 146 <E [|€t|2+25|Xt|2+25]

—F {E Ugt|2+26 ‘ -7:—15—1] ‘Xt‘2+26]
—-F {E [|5t|2+26 | ftq] |Xt|2+25] ‘
Since {e¢}iez is i.d.d., & is independent of F;_1, and we have
E Dgt‘2+25 | ]_—t_l} _ E[st\2+25.
It follows that

EH€tEQ®XtX£ 1+6 < <E|€t‘2+2é) (E]Xt|2+25).

This holds for any t € Z, so

supIEHsysé@XtXt'

140
< | supE|e,)*" ) [ supE| X[ | < +o0.
teZ teZ teZ

Finally, choose any t € Z and consider any bounded non-negative measurable function
f:R" — R,. Then,

E {f(é‘t) | -7:—1:—1} =E[f(er) | Fio1] = E[f(er)],

where the final equality follows from the independence of ¢; and past errors. It follows
that, for any H, € oe; and Hy € Fy_1, letting H; = egl(A) for some A € B(R™), we have

P(HyNHy) =E[(Iaoe) In,]
=E {JE {IAO& | ]:—tfl} 'IH2:|
=E[E[la0e] In,] =P (Hi)P(Hs).

This demonstrates that ¢; and .7:},1 are independent.

Q.E.D.

With this result in mind, we can now prove our main results:

132



Theorem (Asymptotic Results for Linear Processes with IID Errors)

Under assumptions Al to A3, the following hold true:

Py X

t=p+1

T
T > vec (Xe}) vee (Xye})' 53R)Q
t=p+1

T
;T > vee(Xieh) N [0,2®Q)].
t=p+1

If, in addition to assumptions Al to A3, assumption A4 holds, then the following also hold

1 XT: vec (X)) vec (Xye}) /& YR (I, @ [)ks
T 27 \vec(erep — %) | \vec(gg; — %) Ry(I, Q') ki—XQ@X

Loy v ) g g ( B@Q (@ ) |
Tt St \vec(egp — %) Ry(L, Qi) ri—XQX

true:

Proof) Ergodicity of {X,}icz

We first establish the convergence results pertaining to X;. For any 0 < h <p, {Y;_j, —
i}z is a mean zero causal linear process with absolutely summable coefficients and

i.i.d. innovations, so by the mean and covariance ergodicity of linear processes,

T

1
T Z Yion = u
t=p+1
and
T
T > V=) (Yion—j—p) B T()
t=p+1

for any 0 < j <p— h, which establishes that

T Z Yion Y, g—>r( )+
t=p+1
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for any 0 < j < p— h. Putting together these results reveals that

1 & 1 &
T > X He oand — Y XX, B Q.
t=p+1 t=p+1

Various Martingale Difference Sequences

Recall from the preceding lemma that ¢; and Fi_1, and in particular e; and Xy, are

independent. We can express

vec (Xye)) = (5t®Xt) = (In®Xt) er and vec(gg;— %) = (5t®at) —vec(X)
for any t € Z. Now observe the following:

1) {VeC (XtE;)}tEZ
Suppose assumptions Al to A3 hold. For any t € Z, since

=@ x| = leel 1 X
by the fact the trace norm on column matrix spaces is the euclidean norm, we can

see that

’24-25

E‘5t®Xt

—F [|5t‘2+25|Xt|2+26}
_ <E|€t|2+25> (]E|Xt|2+25) :

where the equality follows from the independence of X; and ;. This holds for any
teZ, so

24-26
supE 5t®Xt‘ < supE|5t|2+2§ supIE\Xt|2+2§ < 400,
teZ tez tez

demonstrating that {vec (X¢e})}+cz has bounded 2+ 2§-moments.

The L?*?° boundedness of {vec (X;c})}scz implies that it is an integrable process,
and since X; and &; are both Fj-measurable for any t € Z, {vec(Xie}) hez is F-

adapted. Furthermore, for any t € Z,

E [Vec (Xig7) | ]:'t,l} = [€t®Xt \ ]}t,l}
[(€t®lnp+1) | ]}tfl} : (In®Xt>

=E e @ L1 (1. R X:) =0,

where the second to last equality uses the fact that e; and Fi_1 are independent.

E
E
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By definition, {vec(X;e})}iez is an MDS with respect to F that also has bounded

2 + 25-moments.

{vec (g} — X) hez
For any t € Z, since

’5t®5t’ = |es|?,

we can see that

2426

1+6
| = e,

vec (g,2)| T = ‘et®et

which implies that

sup E|vec (e,) ' 0 = (supE|€t]2+25> < 400.
tez tez

This implies that {vec (et} —X)}iez has bounded 1+ d-moments, and therefore
that its components are uniformly integrable.
If, in addition, we assume A4, then because {;}ez has bounded 4440 = 2(2+20)

moments, {vec (g6} — X) }1ez also has bounded 2+ 2§-moments.

{vec (e4e, — ¥) }1ez is now an integrable i.i.d. process. It is trivially F-adapted, and

for any t € Z
E [VGC (e1ep = %) | .7:}_1} =E [vec (eig — X)] =0,

where the first equality follows from the independence of e; and F;_;. Therefore,
{vec(g4e} — X) }tez is an MDS with respect to F with bounded 1 4 d-moments
(2+20-moments under A4).

From the above results, we are able to conclude that

{vec(X;e}) |t € Z}

is an MDS with respect to F with bounded 2+ 26-moments under Al to A3. Further-

more,

vec (Xie})
{ (vec (5t52t— E)) ’t © Z}

is an MDS with respect to F with bounded 1+ 8 moments (2+ 26 moments if assump-
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tion A4 also holds).

Asymptotic Distribution under A1 to A3

It remains to investigate the asymptotic variance of the above processes to implement
the MDS CLT. Suppose that assumptions Al to A3 hold, and consider the sequence
{(ete} =) Q@ X1 X[ }tez of n(np+1) x n(np+ 1) random matrices. Note that

vec (Xye}) ve (Xie})' (5t®Xt) (5t®Xt) (5t5t®XtXt)

for any t € Z.

By the preceding lemma, since

supEH5t5t®XtXt e < +o0,
teZ
and
H E£16) — ®XtXt e < (Hsﬁé@XtXé X7 >1+5
< 2(1+6)2 <H6t6t®XtX/ 1+5+ HZ@XtXt, 1+6>
<" ([l @xexi] " I
for any t € Z, we have
144

supE|| (2, — 2) R X X,
teZ

(145)2 1
<273 lsupEHegé@XtX{ < +o00,

+0
+ ”2"14—5 (SupE‘XtQ-i-Qé)
teZ teZ

so that {(e1e; — ) @ X X }+ez has bounded 1+ ¢ moments. It follows that the compo-
nents of {(e1e} —X)Q X X/ }ez are uniformly integrable.

In addition,

E|(eie; —2) @ XiX; | Froa| = B[ (216, — ) @ Tnps1 | Fica| - (1 R X X))
=B85~ %) Q@ Inpt1| - 1. QX X[) = O

for any t € Z, so each element in the sequence of matrices

{ etst ®XtXt} -
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is an MDS with respect to F that is L't%-bounded. By the martingale WLLN,

T
% > vee (Xee)) vee (Xee})' [Z@ ZXtXt]

t=p+1

Using the fact that %Z?:l X;: X/ 2 Q, we now have the result

T
% > vee (Xee)) vee (Xie)) B Q) Q.

t=p+1

We have seen that {vec (X;e})}sez is an MDS with respect to F that is L?+?-bounded

and
T
Z ¢ (X)) vec (Xeeh) B 2R Q,

where X @ @ is a positive definite n(np+ 1) x n(np+ 1) matrix. Therefore, by the MDS
CLT,
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Asymptotic Distribution under A1l to A4

Now assume that assumption A4 holds in addition to assumptions Al to A3, so that

4446

supE|e| < +00.

teZ

For any t € Z, we have
vec (Xye}) vec (g8} — %) = (In ®Xt> £t [(e; ®s;) —vec (E)/}
vec (g6} — X) vec (g6} — %) = (atag ®€t€£) —vec (%) (82 ®€;)
— (e?t ®€t) vec (X)) +vec (X) vec (X)),
with
E{at[(d@sg)—vec(Z H { (5
=Ela(c

3

2)} ¢] - vec ()

‘&
;®e)}—

and

E {vec (e1e} — ) vec (ere; — Z)/} =E {eteff@eteq —vec (2)E [vec ()]
—E [vec (g42})] vec (£)' + vec () vec (X)’

=E {Etsg ®5t52} —vec(X)vec(%)".
For an additional simplification, note that
vec(X) =E [vec (e167)] = E {&@54 ,
so that
’ /
E [EtE:: ®€t€q —vec (Z) vec (E) =K {(Et ®5t)(5t ®5t),} —E [Et ®6t} (E {Et ®Et} )
= Var [Et ®€t}
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Starting with the simpler term, since {vec(g;e} —%)vec (g6} — X) }iez is an i.i.d. se-

quence of matrices with finite first moments, Khinchin’s WLLN tells us that

T
% Z vec (g4e; — ) vec (g8, — Z)/ L k4 —vee (2) vee ().
t=p+1

Now consider the sequence

((1.Qx) (5 [(1Qet) ~vee (8] ~ms) }_

For any t € Z,
(%) e () ] )
< HIn®XtH1+5. Hat {(52@62) —vec (E)/} — K3

< E 0 (e | (2 @) —veo )]+ al)

H1+5

1+6 144
2

19
<n 5 X [ledd - (led” + [vee (D)) + 183l

145 (146)2

<n 323 % ’HXtH1+6 {‘5t’3+35+|5t’1+6"VQC(E)’1+6+H/€3H1+5} )

Taking expectations on both sides and using the independence of X; and &; shows us
that

IEH (In®Xt) (st {(52@52) —vec (E)/} — /<;3>

145 (148)?
n w3 (BIX) (Bl + (Bled ) vee (2)[7 4 [l 0]

Hl-‘r5

IN

and finally, taking the supremum over ¢ shows us that

supEH (In®Xt) <5t {(5%@&72) — vec (E)/} - /@3) HHJ < +o00.

teZ

This demonstrates that { (In® X:) (5t [(52@52) —vec (Z)/} — /43) }

4 moments.

has bounded 1+
teZ

Furthermore, for any ¢ € Z,

E [(In®Xt) (5t [(62@82) —VGC(E),} — /13) | .7:}_1}
= (In®Xt) ‘E {515 [(52@52) —vec(Z)/} — K3 | .7:},1}
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(@) B[ (@) ~vee ()] -] =0,

It follows that {(In®Xt) <€t {(52@52) — vec (Z)/} - /<a3> } . is a matrix MDS with re-
. te
spect to F that is L'T9-bounded.

By the martingale WLLN,

el

T
Z vec (X;e}) vec (g8, — (I ® Z Xt) ks 2 O,
=p+1 t p+1

and using the fact that %ZtT:pH X, 5 i, we have

T

% Z vec (Xqe}) vec (ere] — E)I LN (In ®ﬂ> K3

t=p+1

Putting these results together,

1 (e (e Vg (200 (@
T 27 \vec(ere; — %) | \vec(erg; — %) k(I @) kg —vec(X)vec(E) |

By the MDS CLT, we now have

i vec (Xe}) d 0, 2@@_ (In® 1)k
vec (grg) — X)) (I, Q) ki—X QX

Since the asymptotic distribution of ﬁ ZtT:p 41 vec (X¢ep) does not require assumption

A3, it also holds when we only assume assumptions A1l and A2.

Q.E.D.
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Chapter 4
Vector Autoregressions

Here, we study the statistical properties of VAR models as a special case of weakly stationary
linear processes.

An n-dimensional process {Y;}iez is said to follow a (reduced-form) VAR(p) process if there
exist a white noise process {e;}cz, an intercept 6 € R™ and coefficients ®4,---,®, € R"*" such
that

Vo= 6+ @1- Yot Py Yipteg
for any t € Z. Defining the lag polynomial
OL)=1,—P1-L—---—P,-LP,
we can also write
O(L)Y; =06+¢s.

for any ¢t € Z. The companion matrix for this VAR(p) process is defined as

o, o, , b,
I, 0O O

F= € RWPXTP,
O I, O

Defining Z; = (Y/,---, Y/ ,,1) and ¢ = (¢,0',---,0") and u; = (&},0,---,0")’ for any t € Z, we

can see that {Z;}icz follows a VAR(1) process with mean reversion parameter F':
Zt = C+F‘Zt_1+ut

for any t € Z. This shows us that a VAR process of any order can be expressed as a VAR(1)
process. In particular, this tells us that the conditions under which {Y;};c7z is weakly stationary

can simply be imposed on F. This is formally developed in the first subsection.

141



4.1 Conditions for Stationarity

Before we state and prove this result, we first extend the trace norm for real matrices to complex

matrices. Let A € C"™*™ be a complex m x n matrix. Then, we define

1
m n E
ICll= (ZZ \Cz‘jIQ) :
i=1j=1
RmXTL

To see how this is a natural extension of the trace norm to complex matrices, let A, B €

be the real and imaginary parts of C. Then,
ICIF =D 1C51 =D 1Aul +> > IBijl
i=1j=1 i=1j=1 i=1j=1

= [l4]*+11BI”%,
where we used the definition of the absolute value of complex numbers, which tells us that
2 2\ 2
Il = (1Al +1BI”)* .

Therefore, the trace norm for complex matrices is defined using the trace norm for real matrices
in a similar manner to how the absolute value of complex numbers is defined.

This extension of the trace norm satisfies many properties of the trace norm for real matrices.
We state a few of these below; let z € C, x € C", A € R™*" and B € R"*P,

« [[AB[| <[lA]-]Bl]l
By definition,

m P n
IABI =>"3 " [AnBil”
i=1j=1k=1
m P n n
<DONN S AwByP = 11A)P(IBI,

i=1j=1k=11=1

so that | AB|| <[l A]l-[|B]].

o [Az| <[A]-|z|
This follows immediately by noting that |ly|| = |y| for any y € R™ by definition.

« [[A+ Bl <Al +]Bll

This holds when A and B have the same dimensions. In this case,

HA+BH=<ZZ!AU+BM\2) S(ZZ!Az'j!2) +(ZZ|sz2) = |All+ 1B,

i=1j=1 i=1j=1 i=1j=1
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where the inequality follows by viewing A;;, B;; as functions defined on the space {1,--- ,m} x

s+, and a 11 INKOWSK1'S 1Inequalil or spaces.
{1,---,n} and applying Minkowski’s inequality for L? sp

We now prove the result of interest.

Theorem (Eigenvalue Condition for Stationarity of VAR Process)
Let {Y:}iez be a VAR(p) process given as

Vi=0+® Y+ +0,-Yi pter

for any t € Z, where {e;}+cz is a white noise process with positive definite variance X. Let F' be
the companion matrix of {Y;}¢cz.

If {Yi}iez is a square integrable process such that sup;cz [|Y:|l, < +00 and the eigenvalues
of F' lie within the unit circle, then {Y;}:cz is weakly stationary with a causal linear process

representation
oo
YVi=pt+Y Uj-erj
=0

for some one-summable {¥;},cn and p= ¥(1)d.

Proof) We first investigate the convergence properties of the companion matrix F. Let A1, , Ay, €

C be the distinct eigenvalues of F', and

J - O
J=
o - Jy,

the Jordan normal form of F'; where the ith block J; is a Jordan matrix corresponding

to the ith distinct eigenvalue \; of F:

A1 0 0

0 N 0 O
Ji =

0 O A1

0 O 0 N\

Then, by the Jordan decomposition theorem, there exists a nonsingular matrix A €
C"P*"P guch that

F=AJA L
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For any j > 0,

Jo... 0
FI=AJAY=A|: - AL
o - (]7]7'1

Letting J; be a k; X k; matrix, where k; < np,

M Y J Nkt
(2 j—l 1 j—k‘l—i—l 1

J=1o N J N Rit2

(2 7 j—k1—|—2 K2 9
0 0 by

for any j > k;. Since
P\t gxGelxeex (kD) g
i—k k(5 —k)! k! -

for any j € Ny and 0 < k < j, it follows that, for any j > k;,

HJJH <ZZ (J q+1> I\ [Pt

1=1q=1
ki ki—l

< Z Z jqfly)\i|ij+1

1=1q=1

k;
< |)\i‘j_ki+1 (Z

< p\i‘j—kr‘rl (kz Jq 1)

q=1

r HM"

S kz2 'jkifl‘)\i’j*kiJrl’

where the third inequality is justified by the fact that |A\;| <1 by assumption. By

implication, letting k = maxj<;<m ki and A = maxi<;<m |Ni| < 1,

HJjH < i HJZJH < mk2jhiNI R

for any j > k. Defining ©; = FJ for any j € N, since

16,1 < anfa=] -],
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we have
G-l10500% < (Ianfjat2) - (53) A"
for any j > k;, so that
Jim (7-6;)7 =A< 1.

By the root test for convergence,

(o]
Y116l < +oo,
j=0

so that {O;};jen is a one-summable and thus absolutely summable sequence of np x
np matrices. The convergence of the series above also implies that j||©;] and, by

implication, ||©;|| converges to 0 as j — co. In other words,

lim HFJH —0.

j—00

Define Z; = (Y/,---,Y{_ ;1) ¢=(8',0',---,0") and u; = (¢;,0,---,0)" for any t € Z.

Then, {Z;}iez follows a VAR(1) process with mean reversion parameter F'
Zt=:C+zF2Q_1%—Ut

for any t € Z. Additionally, we can see that
p—1
|Zi] <D Yi]
j=0
for any t € Z, so that, by Minkowski’s inequality,

Sup (| Z¢ |0 < p-sup || Y], o < +o0.
tEZL teZ

For any T' € N4, the VAR(1) property of Z; allows us to write

T T
Zp = (Z Gj) e+ 05w+ FT 72 g,
j=0

=0

Since {O;}en is absolutely summable, the sequence

T
{;) Os 1t }TGN
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converges almost surely and in L? to the square integrable random vector
oo
>0 u—j,
Jj=0

while the sequence {Z;‘-F:o ©,}ren converges to

Finally, since

T+1
|7 2

T+1 T+1
o SIFT 1 Zer ol < [FT (ssgg||zsunp,g> 7

where the right hand side converges to 0 as T'— 0o, we can see that

T T
{ Jz:;)@] c+ Z@] s Ut—j +FT+1Zt_T_1}T€N

J=0

converges in L? to

@(1)C+ Z@] CUp—j-
=0

Since Z; is also an L? limit of the above sequence, the uniqueness of mean square limits

up to almost sure equivalence tells us that

Zt = @(1)C+ Z@] cUL—j-
7=0

almost surely. This holds for any ¢ € Z, so {Z; }1ez is a weakly stationary causal linear

process with mean W(1)c and one-summable coefficients {©;} jen.

Letting {¥;}en collect the elements of {©;}jen in the first n x n blocks, {¥;}en is a

sequence of one-summable n X n matrices such that

YV =U(1)0+) V;-e
j=0

for any t € Z.

Q.E.D.

The next lemma furnishes us with an equivalent formulation of the eigenvalue condition of

the previous theorem in terms of determinants.

146



Lemma (Eigenvalue Condition in terms of Determinants)
Let ®1,---,P, € R**™ and let F' be the companion matrix defined as

®, ®, , @,
I, O O
F: .
9, I, O

Then, the np eigenvalues of F' lie within the unit circle if and only if all of the np roots of the

polynomial
det(lp —P1-2—---—Pp-2P)

lie outside of the unit circle.

Proof) The characteristic function of F is given as

By —A-I, o By B,
I, 0 10)
det(F—\-I,) = ) )
o) U

We proceed by induction for A # 0. When p =1, it is clear that
|det(L,, — A- F)| = |det(®; — A- I,)|.
Suppose that, for some k& > 1,
\det(I, — \-F)| = ‘det(<1>p—|—)\-<1>p,1+---+)\p_1 B, —Ap-In)‘

for p = k and any specification of the coefficient matrices in F. Now suppose that

p=Fk+1. In this case, defining

b1 X1, - Pp_4 D,
- I, O 0
Fr= . . . ’
O I, X1,
P11
0 k
Bk: . € RExn
O
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we can see that

F B
FoX1I,=["F o
C —\-I,

By the formula for the determinant of block matrices, if A # 0, then

.1
det(F—A-T,) = det(—\-I,) - det (Fk + ABkc,g>

[[(®1-N1, -+ @ Dp+1Dpyy
I, o) o)
= (A" -det : ) : :
O e =X, O
I 0] N -1,
1
= A"-det()\<1>k+1+<1>k+~-+>\k1-<I>1-A’“-In)‘
= det<®k+1—|—>\-®k~|—---+>\k-¢>1—)\k“-In)’,

where the second equality follows from the inductive hypothesis.

Therefore, when A # 0, we can see that

[det(F — X+ Iy)| = |det (@ + A+ Bpy 4o+ X101 =N 1, )|

1 1
det (In - (bl ° X ———— )\p@p)

[AP]

In other words, A is a non-zero eigenvalue of F' if and only if its reciprocal is a

root of det(l, —®i-z—---—®,-2”). On the other hand, if X\ is a non-zero root of
det(I, — ®1-z—---—®,-zP), then } is a non-zero eigenvalue of F'.
Suppose that the np roots of det(I,, — ®1 -z —---— @, 2P) are all outside the unit circle.

Then, since they are non-zero and their reciprocals are eigenvalues of I, the eigenvalues

of I are all within the unit circle.

Conversely, suppose the eigenvalues of F' are all within the unit circle. Assume, for the
sake of contradiction, that det(l, —®1-z—---— @, 2P) has roots within or on the unit
circle; these roots are non-zero since det(l,, — ®1 -z —--- — D, - 2P) =1 when z = 0. Since
the reciprocals of these roots are eigenvalues of F', this means that F' has eigenvalues on
or outside the unit circle, a contradiction. Thus, the roots of det(l, —®1 -2z —--- — @, - 2P)

must all be outside the unit circle.

Q.E.D.

148



Retaining the notation of the above theorem, we have
O(L)Y; =0+¢;

for any ¢ € Z. The theorem tells us that, if the eigenvalues of F' are all within the unit circle and
the VAR process {Y; }1ez is L?-bounded, then there exists a one-summable sequence {V¥;};en of

n X n matrices such that
Y, =9(1)d+U(L)e,
for any t € Z. It follows that
S(HY(1)d+P(L)V(L)ey =0 +&4

for any t € Z; therefore, using the notation defined earlier for linear processes,

and we can equivalently write
Y, =®(1) 7154+ ®(L) ey

for any t € Z.
Letting p1 = ¥(1)d be the mean of Y;, since

Yi=0+®1- Y1+ 4P, Y p+e
for any t € Z and {Y;}+cz is mean stationary, taking expectations on both sides yields
(In—®1—-—®p) - =30,

If (I, —®1 —---— ®,) is singular, then det(l,, — ®; —--- — ®,) = 0, which means that
det(l, —®y-z2—---— CI)p-zp) has a unit root. In light of the above lemma, this contradicts the
fact that the eigenvalues of F' are within the unit circle, so that (I, — ®; —--- — ®,) must be

nonsingular. This reveals that
p= (I, —®;—--—®,) 16 = W(1)s,
and as such, it is consistent notation to write

V()= (I, —®1——d,) ' =d(1)" L.
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4.2 Topological Properties of Positive Definite Matrices

Now we investigate the asymptotic properties of the QMLE (equivalently, OLS) estimates of the
parameters of stationary VARs. We first establish some topological facts concerning the space

of all real symmetric matrices.

Define S™*"™ as the space of all symmetric n x n matrices; we know that (S™*™,(-,-)¢ ) is an

inner product space over the real field, where (-,-);. is the trace inner product defined as
<A, B>tr =tr (A/B)

for any A, B € S™*", and that this inner product induces the trace norm ||-|| defined as

N

1Al = tr (A"4)2,

which can be extended to encompass any real matrix A € R™*" of arbitrary dimension.

Now let PS™*™ denote the space of all positive definite n x n matrices. This is clearly a
convex cone contained in S™*™; for any A,B € PS™*"™ and a > 0, since aA + B is also positive
definite, it is contained in S™*™. We can also show that PS™*"™ is an open subset of S™*" with

respect to the metric topology induced by the metric induced by the trace norm on S™*":

Lemma (Set of Positive Definite Matrices is Open)
Let ds be the metric on S™*" induced by the trace norm ||-||. Then, PS™*" is an open subset of

S™*™ with respect to the metric ds.

Proof) Let T™ be the unit circle in R™. We first show that the function f:S"*"™ — R defined

as

— /
flA) = vlen’]lfnv Av

for any A € S™*"™ is a continuous function. Initially, we can see that f is well-defined
and takes values in R because T™ is a compact subset of R” and the mapping v — v’ Av
is continuous for any fixed A € S™"*™. By the extreme value theorem, this implies that,

for any A € S™*" there exists a v4 € T"™ such that
f(A) =0 Ava.

Now choose A, B € S™*™. We consider two cases: initially, suppose that f(A) < f(B).

Then, since

/ : / /
== <
vgBup vlenﬂfnv Bv <vyBuy,
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we have

f(B)— f(A) =vgBvg — vy Ava < vy Bvg — v Ava = vy (B— A)va
— e (B Auavly) < B - All- [uavy] < 1B A,

where we used the Cauchy-Schwarz inequality and the fact that |vsv/y|| < |val® = 1.
By symmetry, if f(B) < f(A), then

f(A)—f(B)<||A-B]|
as well. Therefore,
[f(A)=f(B)| <|A- B,

and we can see that f is Lipschitz continuous with respect to the metric ds.

Let A€ PS™ ™. Since vgq € T™ and is thus non-zero, by definition we have
f(A) =0y Ava > 0.

Defining e = f(A) > 0, since f is continuous on S™*", this means that there exists a
0 > 0 such that, for any B € S™*™ such that ||A — B|| < §, we must also have

|f(A) = f(B)| <&,
and in particular, f(B) > 0. This indicates that, for any non-zero v € R",

v

/
o Bo = o] (’7;') B () > [of? v Bog = [of? - £(B) > 0,

|v

where the last inequality follows because [v|*> > 0 and f(B) > 0. Therefore, B € PS™*"
by definition. In other words, as long as ||A— B|| <, B is positive definite. Since A
was chosen as an arbitrary positive definite matrix, this shows us that PS™*™ is an

open subset of S™*",

Q.E.D.
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The operator vech () on S™*" is defined as

vech (A) = : e RU"+D/2,

Anfl,nfl
An,n—l
Ann

In other words, we stack the lower triangular elements of A. It is clear that vech (-) is a bijection
from S™*" onto R™™+1)/2 and thus admits an inverse function vech™! (-) from R™"*+1/2 onto
S™*1 We can also easily show that vech ™! (+) is continuous on R +1)/2. for any a,b e RMn+1)/2,

letting A = vech™! (a), B = vech™ (b) € S"*",

[veeh™ () —vech™ (5)| = 323" |4y~ ByP <2- 33" Ay~ By =2-Ja— b2

i=1j=1 j=li=j

where the inequality follows due to the symmetry of A and B.
Defining the subset A of R™"+1)/2 a5

A =vech (PS™"),
we can now see that
-1
A= (Vech_l) (PS™M),

that is, A is the inverse image of the open set PS™ " under the continuous function vech™ (-).
By the definition of continuity, A is an open subset of R™"+1)/2,

A is also convex. Choosing any a = vech (A),b = vech(B) € A for some A,B € PS™" and
t € [0,1], note that

tA+(1—t)B e PS™"
since PS™*™ is a convex cone. Therefore,
ta+(1—t)b=vech(tA+(1—t)B) € A.

We have thus shown that A is an open convex subset of R™"*+1)/2 and as such differentiation

of functions on A is well-defined.
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4.2.1 Duplication, Elimination and Commutation Matrices

To facilitate the transition between the vech and vec operators, we define the duplication matrix

D,, € Rn**n(n+1)/2 a4 the unique matrix such that

vec(A) = D,,-vech (A)

for any A € S™*™. Clearly, D,, has full rank %, so that its pseudoinverse

D;IL» — (D;Dn)ilD; c Rn(n+1)/2><n2
is well-defined and satisfies D D,, = n(n+1)/2- Note that
D vec(A) = vech (A)
for any A € R"*"™; we call D;'" the elimination matrix.

Another matrix that often comes in handy is the commutation matrix. For any m,n € N,
and A € R™*" the mn-dimensional vectors vec (A) and vec (A’) contain the same elements, just

arranged in a different manner. Thus, there exists a matrix K,,, € R™*™" guch that
Knvec (A) = vec (A)

for any A € R™*", We write K, for K,,.

We can construct K, by noting that A;; is the (m(j — 1) +14)th element of vec(A), while
it is the (n(i—1)+j)th element of vec(A’). This indicates that K, is the elementary matrix
formed by interchanging the (m(j —1)+1¢) and (n(i — 1)+ j)th columns (or equivalently, rows)
of the identity matrix I,,,. To do this, we need only put the (n(i—1)+j,m(j—1)+1i) element
of Kimn equal to 1 for any 1 <7 <m and 1 <j <n, and put every other element equal to 0.

Note that, by definition,

Kpmvec (A") = vec(A),
so that
Kpin K - vec (A') = vec (4)

for any A € R™*", This indicates that K, = K, and since K, being an elementary matrix,
is also orthogonal, it follows that K, = K/ =K L.

The following are some properties of commutation matrices:
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Lemma (Properties of Commutation Matrices)
Let A € R™*™ and B € RP*4. Then, the following hold true:

i) Pre-and Post-multiplying by commutation matrices exchanges the order of Kronecker prod-

ucts:

o (A@ ) - (5@ ) iy
Kpn (AQ) B) Kng = BR) A.

ii) The vectorization of a Kronecker product can be written as the Kronecker product of

vectorizations:

vee (AQ) B) = (IR Kom @) ) - (vee (4) Q) vec (B)).

iii) KDy, = D, and D} K, = D}

iv) Defining N, := 3(I

n

2+ K,,), we have

N, =D, Dj.

Proof) i) For any C € R?*™
Kpm (A®B) vec (C) = Kpy, - vec (BCA") = vec (AC'B')
= (B A) vee (C') = (BRA) Kqn - vee (C).

This holds for any C' € R9*" so we must have

Kpm (AQ)B) = (BRA) K.

Since K, is the inverse of K,, we now have

Kpm (AQ) B) Kng = (BRA).

ii) Let {e1,---,e,} CR™ and {uq,---,uq} C RY be the standard bases of their respec-
tive euclidean spaces. Letting a1,---,a, € R be the columns of A and by,---,b, €

RP those of B, note that we can write
n

q
A= Zaieg and B= szu;
i=1 i=1

154



It now follows that

vec (A ® B)

M@

vee (el @by
vee ((a: @by (e Qu;))

[e@% R (@ ®b)

> e @(w; @ ai) @b

e @vec (0 @b

(In R K @ 1) - [e1 @ vee (u;af) Q)b
(1@ Ky @ 1) [ (@) @s Q)|

[+ jM:

.
I

—
.
Il

—

I
NE
M@ M@

-
I

—
.
I

—

Il
MQ

.
I

—
.
Il

—

I
M=
MQ

<.
I
—
.
Il
—

I
M=
MQ

-
I

—
.
Il

—

-
I

I
NgE
T Ma

- (In®qu®Ip) ZZvec (aie;®bju;)

i=1j=1

= (@ Ky @ 1) - vee (AQ) B)

iii) For any A € S"*",
K, Dyvech (A) = K,vec(A) =vec(A) = D,vech(A),

so that K, D,, = D,,. Similarly,
-1

D! =DF.

n n

D} K, = (D, D,)”" DK, = (D, D,)

This shows us that K,,D,, = D,, and D, K,, = D;".

iv) Note first that
K.D,=D, and DfK,=D;}

imply

N.D, =D, and D;/N,=D;.
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We can now show that N,, — D, D; is a symmetric and idempotent matrix: it is

immediately seen to be symmetric, and

2
(N = DuDyf)" = N2 = NoDuDff = Dy D Ny + D D
= Nn - DnD;i—a

where we used the fact that N2 = N,, (which is clear from insepection). Therefore,

rank(N, — D, D) = tr (N, — DD} ) = tr (N,)) —tr (Du(D,D,) 7' D)

2 2

so that N,, = D, D;".

Q.E.D.

The last property implies that, for any A, B € PS™*",

1

D (AQ)B) DDy (AN QB ™) Dy = 5 DI (AQ) B) (L2 + Kn) (AN QB

:%D* (L2 +Kn) (AQB) (A QB!

= D:’L_In2DTL = D;_Dn = In(n+1)/27

so that

(DF (AR BD,) =D (A QB!

We can also infer that, for any A, B € R™"*",

(InQ A) DD (I, QR B) = = (1n Q) A) (L2 + Ky ) (1, R) B)

=5 [(1.QAB) + Kn(AQ L) (B 1) K|
=5 (1. ®AB) + (L, Q AB)| = 1, Q AB.

M\HL\D\HM\HM\H
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4.3 Maximum Likelihood Estimation

Let {Y:}tez be an n-dimensional VAR(p) process with innovation process {&;}¢cz such that
Yi=0+Q1- Y 14+ +P,- Y p+ey

for any ¢t € Z and some § € R", ®q,---,®, € R™*". Assume that the variance ¥ € R"*" of the
innovation process is positive definite.

We can collect the coefficients into the (np+ 1) x n matrix

Yiop
for any t € Z. Then, the model can be rewritten as

1
Yia ,
Yi=(0 & o @) | |+a=TX+e

We make the following assumptions:

A1l. Stationarity
We assume that {Y;},cz is a square integrable process, and that its companion matrix
F € R"*"P has eigenvalues within the unit circle. By the stationarity results above, this
implies that {Y;}icz is a weakly stationary square integrable process with causal linear

process representation
Y, = p+¥(L)ey,

where {¥;};cn is a one-summable sequence of n x n matrices and p = (I, — P —--- —
®,)~14.

A2. Nonsingular Autocovariances
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Letting I" : Z — R™ " be the autocovariance function of {Y; }+cz, we assume that the matrix

1 M/ M/
/ .. _— /
o0 L '(0) + pp P(p—1)+pp e R(p+1)x(np+1)
poTp=1+p’ oo TO)

is non-singular.

Since we can also write
Q=FE[X;X/]

for any t € Z, we also assume, for the sample analogue of this moment condition, that

Zthl X X] is almost surely nonsingular for large enough 7.

A3. I.I.D. Innovations
We assume that the innovation process {e;}ez is i.i.d. with finite 4 + 21 moments, where

n>0:

Eles] """ < +oc.

As above, we define parameters related to the skewness and kurtosis of the innovation process

as follows:

k3 =E [5,5 (52@52)} e R’
and
ke =E [stsg ®€t€2} e RV X,

Furthermore, we also define

Given these assumptions, preliminary asymptotic results follow immediately from the result

stated in the previous section:
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Theorem (Asymptotic Results for Stationary VARs with IID Errors)

Under the assumptions above, the following hold true:

1y x

t=p+1

1 ZT: vec (Xie}) vec (Xie}) /& YR (I, @ [)ks
T 27 \vec(eep —%) | \vec(gg; — %) k(L Qi) ri—XQX

1 ﬁi vec (Xge}) 4 n o, EDQQQ{_ (I ®mns \ |
Tt 11 \vec(gep — %) k(I Q) ri—X Q@YX

Proof) {Yi}icz is a causal linear process with absolutely summable coefficients. In addition,
its autocovariance function I' and the innovation process {&; }1cz satisfy the conditions
of assumptions Al and A2 of the previous section. Therefore, these results follow im-

mediately.

Q.E.D.

In the special case that the errors are normally distributed, letting L be the Cholesky factor
of X,

us ==L ey ~ N[0,1,],

making {u;}iez an ii.d. sequence of standard normally distributed random vectors. Since

=E [Q (52@52)} =L-E [ut (ué@ug)} (L'QL')

and E [ujujiug] =0 for any 1 < 4,5,k <n, we have k3 = O and thus (I, @ j1)k3 = O.

Similarly,

= [ @) (409)] = 1) B[ (1) ()| D
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and

3 ifi=j=k=1
Elujujiupruy) — =<1 ifi=jk=lori=k,j=lori=1,j=k

0 otherwise
for any 1 <i,j,k < n. We now have
E |(uiu; @ uetr)] = (I @ 1) = Lz + K.
It follows that
k=2 @Y = (LQL) [ | (wu; @uery)| - (L Q1) (' QL)

=SQ T+ (LR LKL QL)
= (L2 +K,) (S®%) =20,07 (®3).

Therefore, when the errors are i.i.d. Gaussian,

ET: vec (Xie}) 4 v o YRQ (0]
vec (g4e) — ) "\ 0o 2D, DFEE%)/|
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4.3.1 Deriving the Score

Define the vector of parameters 6 as

6= (6) €0 =R+ x4
Y

where we define 8 = vec (IT) € R™"+1) and v = vech(X) € A ¢ R*™+1)/2 Since the parameter
space © is an open subset of R*(mP+1)+n(n+1)/2 " differentiation is defined at any point on ©.
Suppose our sample contains observations from period 1 to T'. Then, for each p+1 <t <T,

the density of Y; given its past values and initial values Yj,---,Y7 is

1\? 1 1 _
FOG Vi Yait) = (5 ) 21 Fexp (- (- 1) =71 (1 - 11X ),

so that the conditional Gaussian log-likelihood of the model given the initial values Yj,---,Y7 is

T
10) =Y log(f(Yi|Yi1, -, Y0;0))

t=p+1
n(T —p) T-p 1 <
=——— log(2n) — log(|Z))—= Y (VM -II'X)S™ (Y -1I'Xy)
2 2 2 tepil
= M) og0m) - Lo Prog(x)
2 2
1 T
—str| | 2 = (LQXDB)(Vi— (. QX)B) | 27
t=p+1
for any 6 € ©. Denote
T
t=p+1
for any 8 € R +1),
Recall the matrix derivative results
x| 1
oy
ox—1 ox
=y 1=yt
ox ox

These can be used to conclude that

ot (S(B)E") _ o (S(ﬁ) . az—l)
Ox

X
= —tr (S(B)Elgi 1) =—tr (Els(ﬁ)zlg§> ;
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so that

e =~ (=T's(A=) = =SB

The conditional score function is now given as

s(0) = ouo) _ %g) _ Ztherl(In@Xt)Eil (i = (In @ X7)P)
920 )\ S Lopvech (571) + bvech (S S(8)S )

Note that, for any v € R™,
(I QX020 = (L, Q) Xe)vee (v'£71) = vee (X'S ™) = (27 Q) Xo)o,
so that (I, ® X;)X ™! = (X' ® X;). Using this property, we can see that
(L QX)S (IR X)) =2 R X X/
and
(L, @ X371, = (57 @) X))V = vee (X, ¥/371) = (57 Q) Lpi) - vee (X,Y)
for any p+1 <t <T. Furthermore, we have
vech (S71S(8)271) = Dif vee (S71S(B)2 ) = D (ST QT vee (S(8)).
This allows us to write the score function as

(271 ®Inp+1)V6C (Z?:p+1 XtK;) - (Eil X Z,{:erl XtX{) p

L. DHE Q% vec(S(8) — (T —p)¥)

s(0) =
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4.3.2 The QMLE and its Asymptotic Properties

The (Quasi) MLE Or of 0 is defined as the unique vector such that s(éT) = 0; specifically, we

have

. T -1 T
Br = In®( > thg) Vec( > Xth)

t=p+1 t=p+1
T -1 T
=vec| | Y XiX{ > XY/
t=p+1 t=p+1
1 1 &
Sp=—8(fr)= —— Y, — I X )(Y; — 11X,
T=T, (Br) T_ptzp;d(t 7 Xe) (Yo —HpXy)',

where the MLE of II is given as
R T ! T
Iy = > XiX{ > x|
t=p+1 t=p+1
These estimators can be interpreted as GMM estimators with empirical moment/identification

conditions given as s(f) = 0.

Due to their formal similarity to the least squares estimators of the parameters, we can natu-
rally hypothesize that the MLE 67 is consistent for the true parameters g, where the 0 subscript

denotes true values. We confirm below that this is indeed the case under our assumptions:

Theorem (Consistency of MLEs)
Under our assumptions, the MLEs of II and ¥ are consistent:
5D

9T—>90.

Proof) Using the fact that ¥; = II{ X; + ¢, for any t € Z,

Iy = ( ZT: thg) R ( ZT: Xth’)

t=p+1 t=p+1
1 T
:H0+ T _Z: XtXé T _z: Xt&‘é .
t=p+1 t=p+1
We proved above that
1 & 1 &
7 2 X X{5Q and o 3 X HO.
t=p+1 t=p+1
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Therefore,

Iy 2 1,
which implies that BT 2 By as well.
As for iT, note that
T . 1 <& .
T == Z )(Ve 117 Xy)'
1 T N N !
:T Z <H0—HT) Xt+5t} {(HO—HT) Xt-l-&}
t=p+1
- (HO—ﬂT> ( Z XX ) (Ho—f[T) 1 (Ho—f[T) ( Z tht)
t=p+1 t=p+1
/
. 1 &
( Z Xt5t> (HO_HT)‘FT Z 5,552
t=p+1 t=p+1
RES I

by the consistency of I[I7 and the result, derived above, that {e;};cz is variance sta-

tionary.

Q.ED.
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We can actually show a stronger result, namely that O — 0y is Op(T_l/ 2) with an asymp-

totically normal distribution:

Theorem (Asymptotic Normality of MLEs)
Under our assumptions, the MLEs of II and X have the following asymptotic distribution:

A ; So®Q! (I, ®Q i) k3 D}l
\/T(GT—90>—>N 0,
Dy (L, @H Q™) Dyt (ks —Xo@X0) DY

Proof) Note that

T -1 T
,5’T = vec (ﬂT) = B0+ In® (; Z XtXt’) vec (; Z Xteé) .

t=p+1 t=p+1

Since vec (% Z’f:pﬂ thé) = 0,(1), we can see that VT (BT —Bg) = Op(1). Likewise,

~ ~ r [ 1 T ~ ~ 11 T
Sr -3 = (M~ Iir) (T 3 Xth) (1o — Ttz + (Tl — i) (T 3 X@)

t=p+1 t=p+1
1 & / R 1 &
+ (T > th:‘fg) (HO_HT) tr > (egi =),
t=p+1 t=p+1
so that
vech (fJT) —vech (Zg) = D; vec (fJT - Z)
T
=D} (Ho _ﬁT)’ ® (HO —ﬁT)'} vec <51p > th,g)
t=p+1
~ / 1 T
+Dj; In® (HO —HT) :| vec (T Z th’ié)
t=p+1
+ Dy | (T — Tir) ®In} vec (;, 3 Xtat>
t=p+1
1 I
+D;f = > vec(ee; — Xo)
T t=p+1

We can see that

VT [(1‘[0 _ f[T>/® (HO — fIT)/} vec (; XT: XtXé)

t=p+1

- [\/T (Ho — f[T)/® (HO — f[T)/} vec (; zT: XtXé) 2o

t=p+1
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because \/T(Ho—f[T> and %ZtT:pH XX/ are Op(1) while (HO —f[T> is op(1). Since
%ZtT:pH Xie} is op(1) and \/T(Ho —ﬁT) is Op(1), we have

VT [In ® (HO — f[T),] vec ( Z Xtet) =0

as well. Putting these together,

A VT (BT - /30)
VT (6 0) = (mvech (5r) —vech<zo>>)

—1
_(L®(FXlaxX) 0 1 K vee(Xie)) tou(1)
O D \/Tt:p-i-l vec (et — Xo)

So®Q~! (In®@Q ™) k3 Dy’

DY ks (L@ Q™") Dif (ka—20®@%o) Dy

1=

N |0,
by the CMT.

Q.E.D.

The asymptotic results presented in the previous section also allow us to derive the asymp-

totic distribution of the score function at the true parameter values:

(261 ®Inp+1> ﬁ ZtT:pH vec (Xye})

~s(00)
50y =
VT %D;{ (261®Zal) ﬁZtT:pﬂvec (g1} —X0)
B Y0 @ Lips1 O 1 XT: vec (Xe})
0 10F (351 ®@%5") ) VT 5y \vee(ere) — %)
4 N[0,I),
where
I S0 @ Inpt1 O Yo®Q (In® p)ks3 2o @ Inpt1 O
0~ 0) Ipt(st@ys! ' i/ _ o) Ipt(s-1@xur!
sDn (20 @ K3(In Q1) ka—20@ 2o s Dn (X0 @

If the errors are i.i.d. normal,
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4.3.3 Deriving the Hessian

To derive the hessian, note that, for any entry = of %,

D s1s) - @ -pms =2 (s(8) - (- pymymt 4 5 2D

_ 1% 1508 (T pm)s!
= -2 25T (S(8) - (T-p)B)S
=S8 — (T-pD)E =5
)
o
) ) 82}21

-S| EETUS() - (T-p))+ ()~ (T -p)DE T S+ (T -p)

—(T—-pxt1=—=xt

This implies that

dvec (X7H(S(B) — (T —p)X)x71)
ox
19)Y 82)

=— (2*1 ®2*1) -vec (gizl(S(ﬁ) —(T—p)X)+(S(B)— (T_p)z)z—la 4 (T—p)%

(@SB - (T -pDET) 5

@ -p) (2 @u) )

@) (3 @u) Pe
Ovec (X)

-5 @)+ (2R sE)RT) | =,

and as such,

dvech (X71(S(B) — (T —p)X)=71)




Ovech (%)
)] ox

—Df (37182 + (3T @ u S8

Therefore,

9%(0) 1 dvech (X1(S(8) — (T -p)T)T ™)
ooy 2 Ovech (2)’

I — D (BT @) Du—DF (2B QT + (2T QTSR | D
P (@) [ - (22 @) - (1 @) 0

Similarly, for any A € RO»+Dx" guch that v = vec (A),

05 QTLpir o1
( o p+) _( 9 ®Inp+1 v
82
<E 1Y~ 1®Inp+1)

= —vec (AZl 8221)
ox

( 1®AZ ) 8vec (2)
Gvech( )

—(Z‘1®A2_)Dn S

which implies that

O QInps1)v -1 -1
Ovech (X]]?)’ T (E ®AZ ) D

Therefore,

) .

) =~ (2‘1® { DA

t=p+1

Putting the two results together,

ale) 8l
o) (dﬁdﬁ’ dﬂdv’)

H(9):=
(9) dodo’ aue)  ale)
dvdp’  dydy'

( - (Z@X L XX
-0, (7' @[S, (i -1rX) X{|) T32D
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For any consistent estimator 7 = (3,55) of 6y, denoting

B = vec (ﬁT) and A7 = vech (fJT) ,

note that
T T T
1 1/ ! ] /1 / 1 ! P
=53 X, (Vi - X, = (Mo—TIr) = > XeXj+ 5 > Xy B0
t=p+1 t=p+1 t=p+1
and

DY RS L — CrSr! @ 1) — (L. @ SrS7 )| Da
5 D=1 0D, =0,

so we have
1 -5'®Q 0,
—H(0r) 5 Hy := ’ 14 (vl on vl
9, —1D} (25 ®@%51) Dy
Therefore,
_ -1 ) -1 O
(—1H(9T)> B _Hy' = 01X
T 0 2D} (30 ®X0) Dy,

for any consistent estimator éT of 8y. Note that, when the errors are i.i.d. normal, Hy and I

are almost equal; this can be seen as the VAR version of the information matrix inequality.
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4.3.4 Asymptotic Variance of Op

Using the values of Hy and Iy we derived above, the asymptotic distribution of Or can be

expressed as
VT (0 —60) 5 N[0, Hy ' 1o H ™.
In the special case that the errors are i.i.d. normal, we obtain the special case

. d Ro®Q™ 0
VT (00— 00) 5 N 0’( 0 2D;(Eo®20)Df)

—1
IO

This is exactly the result on Quasi MLEs; given consistent estimators of Hy and Iy, we can

obtain a consistent estimator of the asymptotic variance of éT.

It remains to procure consistent estimators of Hy and Ij. In the general case, this can be done
by making use of the finiteness of the fourth moments of Xy, which follows from the fact that e;
has finite fourth moments and X; is a linear process with absolutely summable coefficients and
innovation process €;.

We can naturally consider the following estimators of Hy:

g (@R, xx) 0
g 0 2D} (Sr@Sr) Do)

Since Iy is the asymptotic variance of the score function s(fp), which is itself a partial sum that

can be written as

T vee (X (Y — I X,)' S5 )

8(90) = Z

=i\ Jvech (351 (¥ = I X0) (Y — Ty X, )'S5 = (T —p) 5!

T vec (thg : 251>

t=p+1 \ Svech (2615,@2251 — 261)

vec (thg-E(f)

) N . . } as a sequence with mean 0 and
5vech (20 €€ 50 — Xo ) teL

we can heuristically view { (

variance

vec (thft : Eal> vec (Xteg . Eal> /
Iy=E
' $vech (Ealetegilal - Eal) $vech (zgletegzgl - Eal)
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for any t € Z. Thus, an intuitive estimator for Iy is

A A~ /

vec (Xté;ETl) vec (Xténgl)
I —_ 9
T t; Ivech (78857t = 571) ) \ fvech (S71 688" - 57

where €; is the tth residual. The following result demonstrates that fT is consistent for Ij:

Theorem (Consistent Estimation of Asymptotic Variance)
Under our assumptions, the estimator I defined above is consistent for the asymptotic variance

Iy of the score function.

Proof) It can be rewritten as a matrix quadratic form as follows:

A~ !
i S Lpia O 1 i vec (X;é}) vec (Xyé})
0] %D;{ (2;1 ® 2%1) T 2ol \Vec (égég — ZT> vec (€t€2 — ZT>
A~ /
y S Lpta @)
0 ot (57 @) )

It follows from the consistency of $7 that

zA:;1®Inp+1 O £> Z(;1®Inp-i-1 @
0 ot (37 @) 0 1ot (35 @3t
Furthermore, we know from the asymptotic results derived above that
/
Loy [ veelNes) vee(Xigt) | p [ To®Q (@)
T, 27, \vec(erer —X0) ) \vec (g} — %) k3L, Q') ka—Xo®o
If we can show that
T Al N / T !/
1 vec (X;é vec (Xyé 1 vec (X&) vec (X}
1y A(A,tt) A(A/tt) L (/tt) (/tt) 20,
T 2+, \vec (etet - ET> vec (etet — ZT> T 27, \vec(erer — o) | \ vec(ese} — Xo)

or, equivalently,

T
= 3 [su(Br)sBr) — su(b0)s(00)] % O,
t=p+1

then the claim of the theorem will follow.

We focus on each of the four block matrices that comprise the sum on the left hand

171



side above. First, we show that

1 Z
T > <V€C (X38}) vec (X¢;) — vec (Xie)) vec (Xteg)') 2 0.
t=p+1

Note that

Hvec (X€}) vee (X€}) — vec (Xye}) vee (Xye})'
<|vec (X¢(&r—er)') |2 +2|vec (X (& —er)') | - [vee (Xiey) |
= | Xe(& =) |1* + 20| Xe(&r —e0) | - || Xl |
for any t € Z, where the last equality follows because, for any A € R™**,
m k
[vee(A)F =33 14yl = 4]

i=1j=1

Since
ét — &t = (H6 — ﬁrIT)Xt,

we can see that, for any t € Z,

T
% > Hvec (X&) vee (X)) — vec (Xie}) vec (Xtag)'H
t=p+1

T T
1 ~ 12 1 N
< T Z ‘Xt’4 HHO_HTH +2 f Z ’Xt|3|8t| HH()—HTH
t=p+1 t=p+1
Since { Xt }iez is L*T21-bounded, the sequence {% i |Xt\4}T N is L'*"/2-bounded,
€Nt
indicating that it is uniformly integrable. Uniform integrability implies boundedness in

probability, so by definition

1 & A
= 3 X =0,01).
t=p+1

Likewise, since X; and ; are independent for any ¢ € Z, and {e; }1ez is L**21-bounded,

the sequence {% ZtT:p 1 |Xt|3|5t|}T N is also L'*"/2-bounded, uniformly integrable
ENt

and satisfies

1 T
= 3 Xl = 0,(1).

t=p+1
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Since Iy — [y = 0p(1) by the consistency of Or, it follows that

T
l > Hvec (X:8}) vee (X)) — vec (Xie}) vee (Xye}) H =op(1).

t p+1

We now focus our attention on the second (and, by symmetry, third) block
A /
il Z <vec X,&}) vec (etat ZT) —vec (Xye}) vec (ee] — Zo)/> )
t p+1
As above, for any t € Z we can see that
|
< |vec (X¢(ér—er))]- ‘Vec ((étéé —eey) + (X0 — f]T)) )

+ |vec (X¢(ér —er)')| - |[vec (erey — o) |
+ ‘vec ((étég —eey) + (2o — ﬁ)T)) ‘ < [vee (Xiey) |

vec (X€}) vec (étég — iT)/ —vec (X;ey) vec (g1, — Xo)

=HXK@—fDWﬁH@ﬁ?—&d)+(20—iTW
+[|Xe (& —e)|| - ||l — o]
+ H(étéft —eer) + (X0 — 2T)H [ Xzt
S |Xt‘2 . HHO —ﬂTH . (‘ét —Et|2 +2|ét _5t’ . ’Et‘ + Hzo — iTH)
+1X[ - o = Tiz |- (Jeuf* + 1 Zol)

+ ’XtHEt| : (’ét —Et‘g +2‘ét —Et| : |€t’ + HEO — ETH)

< |1t~ 1| (1 | 2t~ ]+ 054
+1X[- 0o = Tiz |- (Jeuf* + 1 Zol)

A (2 ~ ~
1l el (102 1o = T |+ 21 e - [Tl = T | + S £ )

As above,

vec (X,&}) vec (étég - f)T)/ —vec (Xye}) vec (e8] — 20)/

t=p+1

ends up being majorized by a sum of O,(1)o,(1) = 0,(1) terms, so that it is itself o,(1).
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Finally, we deal with the final block

1 & . .
T Z (Vec (étéé - ET> vec (étéé - ET>, —vec (e¢e) — Xp) vec (erg] — EQ)/> )
t=p+1

Analogously with the first block, for any t € Z

<[ (g —eieh) + (20— E0)| " +2] €0 —eet) + (S0~ £r) |- eres —

!
A A - A A al /
vec (stsg — ZT) vec (z-:tz-:; — ET) —vec (167 — o) vec (e, — o)

< (’ét —al+ HZO _ﬁ]TH)Q +2 (’ét —ed?+ HZO —2TH) (‘Q’Q + HEOH)

< (1o ) 52 (ot S (¢ 1)

Again,

is majorized by a sum of Op(1)o,(1) = 0p(1) terms, so that it is itself 0,(1). This com-

!
A A & A A & !
vec (steg — ZT) vec (etag — ZT) —vec (167 — o) vec (e8; — o)

t=p+1

pletes the proof.

Q.E.D.

Summarizing the results above, defining

Al Sr® (% Y pi XtXt/>_1 0
0 2D (2T®2T) D,

o=
jT:% zT: ( VeC(XtééAi}l) ) ( vec(XtéQi;l) | )7
A A —1>

i 1 S—la =1 =1 1 S —1a argh—1
t=p+1 \ gvech (ET &2y — X ) 5 vech (ET &2 — X

a consistent estimator of the asymptotic variance of O can be constructed as

174



4.4 Asymptotics of Structural VARs

So far, we have dealt with the theory of reduced-form VAR models. In practice, we often turn
to structural VARs to make causal inferences and disentangle the influence of one shock from
another.

Let {Y;}iez be an n-dimensional time series. We say that it follows a structural VAR(p)
process if there exist n x n matrices By, B1,---, B, and an n-dimensional nonrandom vector o
such that

ByY; :OZ+B1}/t—]_+"’+Bth—p+5t

for any ¢ € Z, where {e;}cz is an n-dimensional white noise process with variance I,,. This
means that the componenets of the error process are uncorrelated; often, we assume that they
are independent. Note that the variances of the shocks are normalized to 1; an equivalent nor-
malization is putting the diagonal elements of By equal to 1, but we choose to normalize the
variances of the shocks instead to make interpreting the impulse responses easier. The elements

of {e;}1ez are referred to as structural errors.

Assuming that By is non-singular, pre-multiplying both sides of the above equation by By !

yields the reduced-form version of the model,

Y, =Byla+(By ' B)Yio1+- 4 (By ' Bp)Yip+ By e
=04+P1 Y1+ + PV +uy,

where {u;}tcz is an n-dimensional white noise process with positive definite variance equal to
Y =By 1B6*1. Under the reduced-form model, the componenets of the errors are no longer
independent. To distinguish them from the structural errors, we call the elements of {u;}iez
reduced-form errors.

Suppose that {Y;}+cz is square integrable with bounded second moments and that the com-

panion matrix F' € R™*" defined as

@, o, 9,
I, O O
F=
0 I, O

has eigenvalues within the unit circle. Then, {Y;};c7z is weakly stationary with a one-summable

causal linear process representation

oo
Y Zu—i-z\lfj up—j = p+V(L)uy
=0
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for any t € Z. Since u; = Balst for any t € Z by definition, defining
@j = \Ifj ‘Bo_l

for any j € N, {O;};ez is a one-summable sequence of n x n matrices such that
o0
Y, = M—FZ@]‘ "B = M—i—@(L)Et
j=0

for any t € Z. This indicates that any Y; is a function of current and past structural errors, where

the function is time-invariant.

The h-period impulse response of the ith dependent variable, Yj;, to a one standard deviation

shock to the jth structural error, €, can now be defined as

due to the independence of the components of €; and its independence with the structural errors
of all other periods. We collect the h-period ahead impulse responses for all dependent variables

with respect to each structural shock in the n x n matrix

iyn _

IRFyp =
Oe}

Op.

An estimate of this matrix requires knowledge of ¥}, and B, ! Since W}, is just the n x n matrix in
the (1,1) position of F*, which itself is comprised of the reduced-form mean reversion coefficients
®q,---,®,, it can be consistently estimated by estimating the reduced-form model via QMLE,
as we did in the previous section.

The problem arises when attempting to recover By 1 As is, By ! contains n? entries that
we must estimate. However, in the course of estimating the reduced-form model, we estimate
Y =B, IB(’)*l, which only has w free parameters due to being a symmetric matrix. Thus,

@ more restrictions at the

the order condition for identification is not satisfied; we require
very least. In what follows, we study some popular methods to impose this restriction, and, for
a select few cases, derive the asymptotic distribution of the impulse responses using the delta

method.
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4.4.1 Recursive Identification

Perhaps the most popular and certaintly the simplest method of identifying B, Lis recursive
identification, which imposes the constraint that B s lower triangular with non-zero diagonal
elements. Since B U dictates the contemporaneous effects of the structural shocks on the de-
pendent variables, recursive identification implies that the variables comprising Y; are ordered
so that, for any 1 < j <n, the structural error €;; only contemporaneously affects the dependent
variables Yj; for i > j. A famous example of this identification scheme in practice is the monetary
VAR found in Stock and Watson (2001).

Formally, this allows us to identify By ! as the Cholesky factor of the positive definite matrix
Y. Thus, our estimate of B ! is simply the Cholesky factor of the MLE of ¥. Recall that the

reduced-form parameters are

Let 8 = (vec(IT)',vech (X)) € © = R*™+1D x A be the reduced form parameters collected in

vector form. We define the reduced-form impulse response ¥y, : R*("P+1) — Rnxn 59

h
o T, @,
I, O 0]
Vn(B)=J , J
O I, 0

for any 5 = vec(Il) € R+ - where J = (I,0,---,0) € R"™"_ Then, the h-period ahead

impulse response function I RF; ,fﬂ : © — R™™ under recursive identification is defined as
IRE(0) = Up(B) -chol (vech™ (7))

for any 6 = (3',7')’ € ©. To apply the delta method later on, we first obtain the derivative of
vec (IRF,?I) on the open set © = R™"P+1) 5 A,

Choose any 0 = (3,7)' = (vec (1)’ ,vech (X)')’ € ©. We first derive the derivative of vec (IRF,{"H)
at 6 with respect to 8 = vec(II). To do so, it suffices to derive

dvec (Vn(B))
o5

the derivative of vec (%) at . This derivative proves useful under other identification methods

as well, so we present it as a lemma:
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Lemma (Derivative of Reduced-Form Impulse Response)

For any h > 0,
Ovec(Vr(8)) Bl i1y
T - (OTLQXTL 1=0 (‘](F ) ®\IJZ(B)>) 'Knp-‘rl,n
for any 8 = vec <(a P - <I>p),> =R+ where F' € R™*" is the companion matrix
D, ®,1 P,
I, O O
F - .
(@) I, O

and J == (In,Oan,"' 7OTL><'I’L) € Ranp'

Proof) Note initially that

ovL(B) OF . 1 OFh—1\
ox =7 (8 F +F ox J

(ZF’L Fh i— 1) ZJFZ Fh i— IJ,,

It follows that

—

Ovec ( \I’h = h—i 1/ N Ovec (F)
7 O( (F )®JF)-7ax .

.

Letting IT)., collect the last np columns of I' = (§, @y, -+, ®,), that is,

“(a @),

we can see that
ovec (F
_ J/
Ovec (H’2 . w®
It follows that

et 8 ey @) (1)

- Z (JF =y @I

@
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and since the elements of § do not appear in the formula for ¥, (), we can see that
wn Limg (TP @ Wi(8)))

(Onx1 JE 1Y) @ Wi(B)

avec H’

,_n

ovec (U ( h (
h—

=0

.

Since Ky npt1-vec(Il') = vec(II) by definition of the commutation matrix, we finally

have the derivative

dvec (¥n(B))) _ Ovec (Wn(B)))
op’ Ovec (I1') el

g

|
—

(Onxl Fh it )®‘1/ ] np+1n-

Il
o

Q.E.D.

Using the fact that

vec (IRFFIL%I(G)) = <Chol (Vech ) ®I ) vec(Wn(8)),

we can see that

Ovec (IRFI(9) ovec (U (8
<8ﬁ’h ) (chol ®I> (w
h
— (chol(Z)'@In) : [Zl (onXl J(Fh*ifl)’) ®\I/i(5)‘| Knpiin
i=0

|
—

g

(om chol (%)’ J(Fh—i—1 )®\If ] np+1n-

Il
o
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We now move onto the derivative of vec (I RER! ) with respect to v = vech (X). The differen-
tiation is slightly more involved than the earlier case, so we start by introducing the derivative
of the function chol : PS™*™ — R™*™. Since PS™*™ is an open set with respect to the metric
induced by the trace norm, we do not have to worry about boundary problems when dealing

with differentiation. Define the n2 x n("TH)

matrix L, as the matrix satisfying
L, -vech (A) = vec(A)

for any lower triangular matrix A € R™ ", We can construct L, be taking the n? x n? identity
matrix and removing the n(i — 1)+ jth columns for any 1 < 4,7 <n such that j > i.
In addition, since each column of L, contains exactly one element equal to 1, L] L, =

Iy(nt1)/2, making Ly, an orthogonal matrix. By definition, for any lower triangular A € R"*",
L -vec(A)= L} L, -vech(A)=vech(A).
This shows us that L/, serves a similar function as D, for lower trianguar matrices.

Choose any A € PS™*™ and note that

A = chol (A)chol (4)".

As such,
A dchol (A)\’ [ dchol (A) ,
D —Chol(A)( o ) —I—( 9 ) chol (A4)".
Therefore,
Ovech(A) _ v Ovec(d)
ox " ox
dvec (ChOl (A),) dvec (chol (A))
= D} (I, @) chol (A)) - e + D;f (chol (A) Q) 1) T
Ovec (chol (A4))
— D [ (1, R chol (A)) K, + (chol (A) R I,)| - ZEATUNA)
M [( ) chol (A)) K, + (chol (A) X) } o
Ovec (chol (A))
= D} (K +I,2)(chol (4) R I,) e
= D (Ko + L) (chol (A) R 1) L - 222D ((;201 (4))
avech (chol (A))
=2D;5 (DnD;})(chol (4) X) I,)
n( C 0 ® 83:
8vech (chol (A))

=2D;} (chol (A) Q) 1) L

Oz ’

where we used the fact that K,vec(chol(A4)) = vec (chol (A)/) by definition of the commutation
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matrix and (1,2 + K,) = D, D, Therefore,

Ovech (A)

— oD+
Ovech (chol (A)) = 2Dy (chol(4 ®I

and as such,

Ovech (chol (A))
Svech (4) = (2D;f (chol (4) @) ) L )

Now we move onto the differentiation of vec (I REFR! (9)) Since

vee (IRF(6)) = (In @ Wa(8)) -vee (chol (%)) = (1o @ Wi(8)) Ly - vech (chol (£)),

by the result derived above we can see that

dvec (IREFI(0))  dvec (IREFI(0))

oy dvech ()’

) dvech (chol (X))
= (1 @¥n(8)) Ln- =5 5y

= (L. QW(8)) La |2D;f (chol (%) Q) L) L }1.

Putting the two results together, we can see that

ovec (IRELI(0))
o0’

_ (Bvec(IRF,fI(G)) Bvec(IRFfI(G)))
o 9B oy

= ([Zh (Owar chol () - J(F"1) ) @Wi(B)] Kupirn (1@ Un(8)) L [2D;f (chol (£) @ T) L] ).

The Delta method can now be applied to study the asymptotic properties of the h-period ahead

impulse response under recursive identification; we state this as a theorem.
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Theorem (Asymptotic Normality of IRF under Recursive Identification)
Maintain assumptions Al to A3, and retain the notations of the previous section. Let éT be the
QMLE of 6. Then,

E [ (1A 6) e (15 0)]

ovec (TRFRL(f ovec (IRFEL(6,))\
4N 0,( (R (O)>)H0110H(’)1( (IR (O))) ,

oy’ o0y’

where Hy, Iy are as defined above.

Proof) This follows from the Delta method, together with the preceding result that, under our
assumptions, the QMLE of 6 is asymptotically normal with asymptotic distribution

VT (éT - 90) AN [o, Hglfoﬂg—l} .

Here,

o1 [(To®a 0
0 0) 2D+ (X0 ® X0) Dn

and I is the information matrix.

Q.E.D.

Using consistency results concerning ﬁ} = vec (ﬂT>, f]T and fT, we can easily construct a
consistent estimator for the asymptotic variance of the estimaed h-step ahead impulse response

under recursive identification, I RFF! (f7).
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4.5 Likelihood Ratio Tests under Linear Restrictions

Here, we study likelihood ratio tests for linear restrictions on the coefficient parameters 5. We do
not discuss tests of linear restrictions on the covariance terms for two reasons. First, the analysis
of LR test statistics for linear restrictions on covariance terms is very complicated, in contrast
to the simplicity of Wald tests; thus, when testing linear restrictions on covariance terms, we
opt for Wald tests. Second, we will later be interested in sequentially tests to find the correct

lag order, which can be formulated in terms of linear restrictions on the coefficient parameters.

Recall that we derived the (quasi) log likelihood function for a reduced form VAR(p) model

as

n(T—p) T—p 1 -1 d / / /
10) = " rog(om) - L Progpz—Lur [0, 3> ri—rxvi—1rxy)
t=p+1

for any 0 € © = R*"+1) x A, Since the QMLE of II and ¥ are

(g0 (09

t=p+1 t=p+1
and
. 1 L . .
Y= T, > (V-1 X)) (Y - X)),
_pt:p+1

the maximized log likelihood function is given by

R n(T — T— 01 (e & . .
16r) =" Prog(am) - T Prog S| - L (2 Ly (n—H’TX»(n—H’TXt)’)

2 2 o
T— T— A
:—n(2p)(log(27r)+1)— 5 plog‘ZT‘.

In other words, log‘f]T’ can be used as an indicator of the fit of the model, since the mean

maximized log likelihood, %_plA (p), is a linear transformation of log ‘flT‘
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4.5.1 Feasible Restricted Estimators of 0

We consider linear restrictions of the form Rj3 = ¢, where R € R™*"("+1) ig a matrix of full rank
r, and ¢ € R". We want to find the Gaussian QMLE of # udner the restriction R3 = ¢. To do so,

for every outcome we must solve the constrained optimization problem

T—p 1 -1 d / / /
m — log|¥|—=tr| X - Y, -1II' X)) (Y —1II' X
eeae))( 5 og|X| 9 r( t:§p+1( t ) (Y t)

subject to RS =gq.

Let 07 = (B7,7%)" be a solution to the above problem, where

Br = vec (ﬁT> and A7 = vech (ET> .
Fixing an outcome w € (), the Lagrangian for constrained maximization is given as

T - 1 4
L=-""Ploglg|— St |t > (M-I'X) (Y, —I'X,) | +A(g— RB)
2 2 =
T

T;plogm - %tr (2‘1- Y M- (1@ X)) (Y~ (In®X£)ﬂ>’) +X(q—RB).

t=p+1

The first order conditions for maximization are

T

Y (@ XS (Yi— (1. Q) X{)Br) - R'A=0
t=p+1

p $—1 1 S—1oa \—1) —
vech (ET ) + §vech (ET S(Br)XT ) =0,
where the function S(-) is defined as above; that is, as

T
SB)= > Vi~ (I.QXDH) (Y~ (1. &QX])B)
t=p+1
for any 8 € R™"P+1),
Since there is no restriction imposed on the covariance, S is given identically as in the un-
restricted case, except that the unrestricted estimator BT of 8 is used in f]T, while the restricted

estimator S is used in P

1 . 1 &

Sr=—5(br)

T—p :ﬂt O/t_(In®X1{)BT)(Y;5_(I”®Xt/)ﬂNT)/

:p+1

Turning our attention to the first order condition for the coefficient parameters, since
(In ®Xt)2:;1(yt —(In ®X£)BT) = (i%l ®Xt)(yt - (In®Xé)BT)7
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we can see that

T

S EF QXY — (1. Q) X)Br) = R

t=p+1

Sovlingn for B now yields

[ T -1 T
br={>rQ ( > m,;) { > Cr' Q@X)Yi— R'A
i t=p+1 t=p+1

[ T -1 T T -1
= In®( > Xth‘{) S (LQX)Y - f3T®( > Xth‘{) R'A

t=p+1 =p+1 t=p+1

T Loy ~ T -1
= vec (Z thg) x| - 2T®( > thg) R'X

t=p+1 t=p+1 t=p+1

. -1
= fBr - iT®< > XtX{> R

t=p+1

- -1
Since R is of full rank and X7 & (ZtT:p 11 XtX,{) is nonsingular, we can see that

-1

T

RISTQ | D XeX| R
t=p+1

is a nonsingular r X r matrix. 7 must also satisfy the constraint RS = ¢, so pre-multiplying

both sides of the above equation by R allows us to express the Lagrange multiplier A as

-1

-1
T
A=|R ET@)(Z XtX{) R'| (Rfr—q).

t=p+1
This holds for any outcome w € €2, so the preservation of measurability under continuous map-
pings implies that the Lagrange multiplier itself is a random vector; to emphasize this, we write
Ar.
Given the above formulation for the Lagrange multiplier, the restricted estimator of 3 is

finally given as

-1

T -1 T -1
Pr=Pr— ST®( > XtX;) R|R ET®( > th;> R'| (RBr—q).

t=p+1 t=p+1
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A clear problem is that 87 and X7 are simultaneously determined by the equations

-1

- ~1 T -1
Br=pBr— 53T®( > XtXt') R(R iT@( > Xt-’ﬁ) R'| (Rfr—aq)

t=p+1 t=p+1

_ 1 T

Sr=m— > (Vi (L@XDEr)(Yi— (1. QX)Pr)
P
We therefore use the feasible restricted estimators
-1

T -1 T -
T 2T®(Z thz) r f:T@( 3 thz) ®| (i)

t=p+1 t=p+1

T

~ 1 5 2

S = 3 (i (I QXDBE (e~ (1 QXD B
t=p+1

where 37 is the unrestricted QMLE of . Note that, BC,ER continues to satisfy the linear restric-
tions RS =q.
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4.5.2 Asymptotic Properties of Restricted Estimators

The following theorem shows us that, if the restrictions are true, then BIER and EIT?R are con-
sistent and that the difference between the FR and unrestricted QMLE coefficient estimators is

asymptotically stable:

Theorem (Asymptotic Properties of FR Estimators)
Maintain assumptions Al to A3 made in the previous section. If the linear restrictions RS = ¢

hold for the true parameter 5y, then
B £> 507

SER B %,

() 4o (a0 R [R(® ) 1] (@)

SER—Sr=0,(T7).

Proof) Under assumptions Al to A3, the unrestricted QMLESs are consistent and asymptoti-

cally normal:

A ] Yo®Q! (I, ® Qi) k3 D}l
\/T (9T — 90) — N 0,
DYes(IhQEQ™) Dyt (ka—Xo®%0) Dyt

Suppose that RBy = q. Then,

-1

= Br— 2T®( ZXt ) R Rﬁ)T@( th ) R'| (RBr—q)

t=p+1 t=p+1

2o [£0@Q7 R (R[50@@Q Y R) ™ (BB —a) = fo

and, letting BQER =vec (ﬁgR)’

T - 1 & . N
A Tt%fyt TP X) (¥~ TR X,
/
- Z (Ho—f[;R)/XH—gt] [(Ho—f[?R)/Xt—l—et}
t p+1
_ (Ho_ﬁf;fa)’( 5 tht) (1~ TEER) < (11, - F1£RY ( > X)
t=p+1 t=p+1
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1 T
+ T Z Xt{:‘é

t=p+1

LS

) (-

t=p+1

1 T
+T Z Et&‘;

by the consistency of IZI}T7R for IIp and the variance ergodicity of e;. This establishes

consistency.

As for asymptotic normality, note that

A
T —Br = —

_2T® (

_2T® (

T
> X X|
t=p+1

T
> XiX;
t=p+1

.

)

R/

R/

_2T® (

_2T® (

T
> X X|
t=p+1

T
> XX
t=p+1

where we used the fact that RSy = ¢. By the consistency of éT,

T -1
Sr Q& (; > thg) R'|R 2T®(

t=p+1

By Slutsky’s theorem,

1 T
TZXth

t=p+1

;

-

1

1 -
) R R

R/

R/

(@) 7 (@0 )] '

Furthermore, by the asymptotic normality result above,

VT (Br—B0) 5 N [0,2Q Q]

VT (B = pr) 5 (20 @QQ ) R [R(20Q Q") R T RxN 0.2QeQ]

—N {0, (zo(g)@—l) R [R (20®Q—1) R’} 'R (20®Q—1)] :

Similarly,
T
rn 1
T-p t=p+1
1
T—p t=p+1
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A A ~ /
% [Yt 11X, + (T — H?R)’Xt]

. . . 1 T R _
= S+ (IIp — IERY T > XX, | Iy —1I57)
-b t=p+1

/
T T
A ~ 1 N 1 N N -
+ (I — TIERY (T > Xt(YtH’TXt)’) + (T > Xt(YtH’TXt)’) (Ilp — 57

Py P

. . N 1 T . -
= S+ (IIp — IERY T > XX, | Iy — 155,
-p t=p+1

where we used the fact that Z%F:pﬂ X (Y — ﬁ’TXt)’ = 0 by design. We saw above that
VT(B5E = Br) = 0p(1), or

37— Br = Op(T71/?).
It follows that
Iy — 57 = 0,(T71/?)

as well, and therefore,

N . . - 1 T . _
SER S = (TIp — TOERY 7 S XeX[ | (T — IER)
P

(T71/2)0,(1)0,(T~1/?)
().

OP
OP
Q.E.D.

The above result shows us that the difference between the variance matrices converge at a

faster rate than the coefficients.
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4.5.3 Asymptotic Distribution of LR Test Statistic

Denoting

GER _ ~£ f
r vech (f]?R) ’

the value of the quasi log likelihood evaluated at the feasible restricted estimators is

)

and the difference between the unrestricted maximum log likelihood and restricted maximum

Wor") = —”(T;p)(log(%) 1) = T Piog(|£4"

log likelihood becomes
1(fy) — 1(GER) = ? [log [ S5 — log |1 ]
The LR test statistic is now given as
LRy :=2- (1(6r) - (BF™)) = (T — p) [log [SF7| ~ 1og| S ]

In light of the result above and the continuous mapping theorem, it stands to reason that the
LR statistic is Op(1). The next theorem shows us that this is indeed the case, and that the

asymptotic distribution is a chi-squared distributed with r degrees of freedom under the null:

Theorem (Asymptotic Distribution of LR Statistic)
Maintain assumptions A1l to A3 made in the previous section. Suppose that the null hypothesis
Hy: RSB = q is true. Then,

T
LRy = (B¥% — Br) (2%1(8; > XtXt') (BFE — Br) +0p(1)
t=p+1
L.

re

Proof) The asymptotic properties of the LR test statistic is best studied by employing a Taylor
expansion of the log likelihood function. By the stochastic version of the second-order
Taylor expansion, there exists a random vector 67 that is a convex combination of éT
and éf:R such that

al(0r)
00’

e . T R
=1(0r) + 5(9{;]% —0r) - H(0r) - (0" —b7),

.
9 Z(GT)(@R—@T)

~ A ~ A 1 - A
1OFR) =1(0r) + (61 —0r) + 5 (07" — brY

since alé%T) = 0 by the definition of the unrestricted QMLE éT. Since both éT and éf:R

are consistent for 6y, and 6 is a convex combination of the two estimators, 67 is also
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consistent for 6y. We showed above that this implies H (67) 2 Hy, where

o -3,'®Q @)
’ 0  —iD{(%'®%;)D.)
We can write
- R 1 - R _ - R
1077 —1(07) = 5(951% —0r) - H(0r) - (077 —0r)

— 5 (VIGE = pry VTGER=3n))|

VT (BER - pr)
VT(FE—-47) |

The previous theorem tells us that T(G5ER — fr) = O,(1) but that SLEE — 53 =
O,(T~1) and thus VT(¥5E —47) = 0,(1). Therefore,

LRy =2 (10r) - 105™) = [VI(EER - 0] (55 @Q) [VT(BF" — br)] +op(1),

where —X;'@Q is the matrix in the (1,1) block of Hp. Due to the consistency of
S R4S XX for 551 ®Q, it follows that

t=p+1

T
LRy = (BF%—Br) (2%1®; > XtXé) (BF" = Br) +0p(1).

It is now easy to derive the asymptotic distribution of the LR statistic. Recall that
VT(BER —Br) % (20 RQ HR'Lx 2,
where L € R"*" is the Cholesky factor of
R(@e )R]

and Z = (Z1,---,Z,) is an r-dimensional standard normally distributed random vari-

able. It follows from the continuous mapping theorem and Slutsky’s theorem that
A d - - _
LRy 5 7' [FR(EQQ™ (25" QQ) (S @ HR'L| 2
= 7' [VR(@QR'L| 2

Since (LL')"! = R(Zo@Q 1R, it follows that L' R(Xg @ Q 1)R'L = I,., and we have

,
LRy % 72'2=3 72
i=1
The random variable on the right hand side is the sum of r squared independent stan-

dard normally distributed random variables, so by definition it follows a chi-squared
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distribution with r degrees of freedom.

Q.E.D.
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4.6 Lag Length Selection

So far, we have taken the lag order p of a VAR model as given. In reality, it is often the case that
p is unknown, and we must estimate the lag order. To obtain a rudimentary criterion with which
to compare models with different lag orders, we return once again to the (quasi) log likelihood
for a VAR(p) process.

Throughout, we will assume that the maximum lag order is given by k > 0, and that we search
between 0 and k for the true lag order. In order to use the same number of observations in any
case, we assume that observations from time k41 to T are used. For notational convenience, in

what follows we denote

& ,
<I>/1 p+1
H(p)=| . and Tl(p:q)=| for any p<q <k
: o
q
@,
1
7 th—p—l
t
Xi(p) = ) and Xy (p:q) = : forany p<q<k
' Y,
Yip e
. T -7
rp)=| > Xp)Xp)'| D X(p)Y/
t=k+1 t=k+1
~ 1 T ~ , ~ , /
Sr(p) = 7= > [V~ () Xop)] [Yi - T (p) Xi(0)] -
t=k+1

In other words, in a model with p <k lags, X¢(p) is the regressor used for QML estimation,
II7(p) the QMLE of IT = (§,®1,---,®,)’, and ¥7(p) the QMLE of . In a model with p < k lags,

the paramter space is denoted by
O(p) = R™™+1) x A,
The quasi log likelihood for a model with p < k lags is given as

T
M0 og(om) T P rog )~ Lo (z > (G- X)) (% —H’Xt@))’)

t=k+1

[(6:p) = —

for any 6 € ©, and the maximized log likelihood is

N n(T —k)

ir(p) = " (log(2m) + 1)~ log

2A3T(ID)’~
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4.6.1 Sequential LR Testing

We saw above that log ‘iT(p)’ can serve as an indicator of the fit of a model with p lags. Thus,
an intuitively appealing way to search for the true lag order is to conduct sequential LR tests.

Specifically, suppose we wish to test the null hypothesis of p—1 lags against p lags. This can
be viewed as testing whether ®, = O in the VAR(p) model

Y;f = 6""@1}?—1 +-+ q)p—lyvt—p-‘rl +q)py;ﬁ—p + &t

The unrestricted estimators of II and ¥ are, of course, given by Il (p) and S7(p).

Defining

’I’L2 nn
= (OnQX(nQ(pfl)Jrn) In?)Kan,n e R xn(np+1)

J

R is a matrix of full rank n? such that
RB = Rvec(II) = J - vec (II') = (On2><(n2(p—1)+n) Ing) vec (5 R <IJp) = vec ().
Thus, the null Hy : ®, = O can be expressed equivalently as

Hy: Rp=0.

Note that the restricted QMLESs 67 of 6 solve the problem

_IEE lﬁl—lt s ZT: (Y —II(p) X (p)) (Y2 — IL(p) X: (p))
ereng(};) 5 og 5 r R t p) X¢(p t p) At(Dp

subject to @, = 0.

Substituting the constraint into the objective function, the maximization problem can be rewrit-

ten as the unconstrained problem

T—k 1 g
max - log|S|—str (7 Y (Vi —T(p—1)Xe(p—1)) (Vi —(p—1)' Xe(p—1)) | .
0€6(p-1) 2 2 =kt 1

This indicates that (7, the restricted QMLE of 3, is simply the QMLEs of 8 in a VAR(p-1)
model together with ®, equal to O. Similarly, Y7, the restricted QMLE of X, can also put equal

to the covariance estimator in a VAR(p-1) model:

_ 1 T

Sr=m— Y. M-Trlp-1)'Xi(p-1))Yi—Tr(p—1)Xe(p—1)) = Sr(p—1).
T pt:p—I—l

Since an estimate of ¥ no longer appears in the equation for B7, in this case the restricted

estimators are identical to the FR estimators. Therefore, the asymptotic theory developed above
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continues to hold, and we can see that

LRy = (T~ k) (log [Sr(p—1)| ~log [Sr(p)|) 4 2.

4.6.2 Information Criteria

Often, the lag order of a VAR model is chosen by minimizing an information criterion. Generally,

information criteria are given as

~ c
IC(p) = log [Sr(p)| +p- =

for lag orders 0 < p <k, where cr is a penalty term that is often deterministic functions of the

sample size T'. The first part of the criterion, log ‘iT(p) , is easy to understand; it represents the
negative log-likelihood, so that the lower it is, the better the model fit. However, relying on only
the negative log-likelihood may induce overfitting, since the higher the lag order, the better the
model fit and thus the higher the log-likelihood. Therefore, a penalty term p- 7 is introduced in
order to penalize lag orders that are too high without significantly improving the log-likelihood.

Given an information criterion, the optimal lag order is chosen as the value pr that minimizes
IC(p) over {0,--- ,k}. Letting po € {0,--- ,k} be the true lag order, we say that /C(p) consistently

estimates the true lag order if
ﬁT £> Po,
which is equivalent in this case to
lim P(ﬁT :pg) =1.
T—o0
Since pr is chosen as the minimizer of IC(p) over {0,---,k},

{pr =po} = () {IC(p) > IC(po)}-

PFDPo

Therfore, another equivalent characterization of consistency is

lim P(IC(p) > IC(po)) =1

T—o00

for any 0 < p < k such that p # pg.
We can furnish a sufficient condition for the consistency of information criteria. First, a

lemma:
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Lemma (Simultaneous Diagonlization of Positive Semidefinite Matrices)
Suppose A, B € R™" are positive semidefinite matrices, and that A is positive definite. Then,
there exists a nonsingular P € R™*" and a diagonal matrix D € R™*"™ with non-negative diagonal

entries such that

A=PP and B=PDP.

Proof) Let A= A1 DA} be the eigendecomposition of A, where A; is an orthogonal matrix and
D is a diagonal matrix collecting the eigenvalues of A. Since A is positive definite, the
1
diagonal entries of Dy are all positive, meaning that D7 is well defined and nonsingular.
Define

M= AlDlé .

Defining
C=M"1'BM,

since B is positive semidefinite, so is C. Therefore, C has eigendecomposition

C = AyDA),
where the diagonal elements of D are non-negative. It follows that

B=MCM' :AlDléAQ-D-A’QDl%A’l.
Define
1

P=AD}As.
Since all three matrices that comprise P are invertible, so is P. By definition,

B=PDP,
where D is a diagonal matrix with non-negative entries. Finally,

PP = A\ D? AsAL DA, = Ay Dy A, = A,

where we used the fact that A, is an orthogonal matrix.

Q.E.D.
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Theorem (Consistency of Information Criteria)
Maintain assumptions Al to A3 made in the previous section. Let IC(p) be an information

criterion given by

N C
1C(p) = log|Sr(p)| +p- T

for any 0 <p <k, and pr the lag order chosen by IC(p). pr is consistent for the true lag order
po if

cr — +oo  and CTT—>0

as T — oo.

Proof) The theorem is proven by showing that
P(IC(p) > I1C(po)) =1

as T — oo for any p < pg since % — 0 and for any p > po since e — +o00. We first
study the case p < py.

Step 1: p < po

Suppose that p < pg. Recall that

T -1 op
Ir(p) = ( > Xt(p)Xt(p)’) > Xi(p)Yy

t=k+1 t=k+1
T
1) = 7 30 (06Tl ) 0~ 1) X,

and likewise for pg. From the asymptotic properties of the QMLE estimators under
the correctly specified VAR model, Iz (po) and S7(pg) are consistent for the true
parameters I1yp = II(pg) and Xy. Meanwhile, note that

Y = (po)' X¢(po) + et = L(p) X¢(p) + L (p : po) Xe(p : po) + e

for any ¢ € Z, so that

T Lo
Ir(p) = ( > Xt(p)Xt(p)’) > Xi(p)T(p) Xi(p) +T(p : po)' Xi(p : po) + 1)’
t=k+1 t

t=k+1 t=k+1

T -1 T
=TI(p) + (; > Xt(p)Xt(p)’> (; > Xt(p)Xt(p:po)’) I(p: po)
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1 Z Tz
+ (T )3 Xt<p>xt<p>') (T > Xt<p>ez).

t=k+1

By assumption,

1 & v o [Qe) Q2
T 2, Xelo)Xiloo) 5 Q= (Qzl Q(P3P0)>’

t=k+1

where @ and by extension Q(p),Q(p : po) are symmetric positive definite matrices. We

can thus see that

T
= 3 Xe(p)Xe(p) B Q(p) € ROPHDX (D)

t=k+1

T
" ST Xi(p)Xi(p:po) B Qo € ROPHDXn(po=p),

t=k+1
Also as shown in a theorem above, under our assumptions %Z?:k 11 Xi(p)et = 0p(1).

Therefore, by the continuous mapping theorem,

17 (p) 5 I(p) + Q(p) ' Q12 - 1(p : po).

Defining
s 11
r(p) = ( () ) ;
On(po—p)xn

we can see that
T

Sr(p) = D0 [Yim Tr(o) Xapo)] [¥i— Tir (o) Xapo)
t=k+1

Expanding this expression as usual yields

A

1 T
Yr(p) = T—k Z 5t5/t

=kt

T

+ (I(po) — Mz (p))’ (le > Xt(Po)Xt(Po)l) (I(po) — Iz (p))
t=k+1

T T !
+ (I1(po) Tl ()’ (Tik ) Xt<po>s;) T (Tik ) Xt<po>e;) (T(po) — Tl (p)).
t=k+1 t=k+1

Since

On(po —p)xn

o) 2 (H(P)—FQ(P)_IQM'H(PIPU)) |
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7 (p) is Op(1), so that the last two terms above converge in probability to 0. Meanwhile,

we can see that

T
(I(po) — Iz (p))’ (Tik > Xt(po)Xt(po)'> (I(po) — Iz (p))
t=k+1

EN —Q(p)'Qi2-II(p : po) /Q —Q(p) Q12 I(p : po)
I(p: po) (p: po)

-1
=T1(p:p0) - (~QuQP) ™" ) ( ?12) I(p : po)
n(po—p

=11(p: po) [Q(p: o) — Q1Q(p) ' Qua| TL(p : po) = Q.

Since Q(p: po) — Q21Q(p) 'Q12 is the Schur complement of @, a positive definite matrix,
it is also positive definite. Therefore, Q is an n(py — p) X n(po — p) positive semidefinite
matrix with at least one positive eigenvalue (otherwise, II(p : pg) must be equal to 0,

which contradicts the fact that pg is the true lag order). Together, we can see that

The log-likelihood ratio of a model with p lags and one with pg lags is given by
log ‘iT(P)’ —log ‘ET(pO)‘-
By the consistency results derived above,
log|£1(p)| ~og |21 (po)| & log S + Q| ~log Sl

Since X is positive definite and Q is positive semidefinite, the preceding lemma tells
us that there exist a nonsingular P € R™*™ and a diagonal matrix D € R™*"™ with

non-negative diagonal elements such that
Yo=PP and Q=PDP.

Note that at least one element of D is positive, since otherwise Q = O, a contradiction.

We can now see that

log %% + Q| — log S| = log | P(D + I,) P'| ~ log | PP|
=log(|P[*|D+ L) = log(|PI*) =log| D+ 1] > 0,

where the last inequality follows because |D + I,,| > 1. Therefore,

log ’f)T(p)‘ —log‘fJT(po)’ Plog|D+1,| > 0.
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Since F — 0 as T'— oo by assumption, this tells us that
1C(p) — IC(po) = log| Er(p) |~ log | Er(po)| + (p—po) - T 5 log | D+ L] > 0.
By definition,
Jim P([(IC(p) —1C(po)) —log| D+ In|[ <€) =1

for any € > 0. Putting € =log|D + I,,| > 0 yields

%LH;OP(IC(]O) —IC(po) >0)=1.

Step 2: p > po
Now suppose that pg < p < k. In this case, the true model is a restricted version of the

model with p lags; that is, the solutions to the constrained maximization problem

n(T —k 1 L <
max _ T =k )log]Z\—ftr »L. Z (Y; — ' X4 (p)) (Y — 1" Xy (p))’
0€8(p) 2 2 Marwift
subject to ®p 41 =-=®,=0

are

n(p—po) Xn

ﬁT: (OHT(pO) ) and EA]T(pQ).

Here, no covariance terms enter into the solution for 3, so that the restricted estimators
are identical to the feasible restricted estimators. Therefore, as we derived for the LR

test statistic computed using FR estimators,
LRy =T (log|£1(po)| ~og [£1(p) ) 2 X2,
In other words,
log [Sr(po)| — log|[Sr(p)| = 0,(T7Y),

which implies that log ’f]T(po)‘ —log )f]T(p)’ =0p(1).

The difference between the information criteria for lags p and pg is given as

A

EﬂMD+@—m)

cr

1C(p) —IC(po) = — (log [ £1(po)| ~log -
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By the definition of boundedness in probability, for any € > 0 there exists an M >0
such that

B((p—po)-er = T(IC(p) ~ IC(po)) > M) = P (T (log | Ex(po)| ~ log|Er(p)|) > M) < e

for large enough T'. By assumption, ¢y — 400 as T — 00, and p— pg > 0, so for large

enough 7" we have (p—pg)er > M +1 and as such
P(T(IC(p) —1C(po)) <0) <P(T(IC(p) —1C(po)) < (p—po)-cr —M —1) <e

for any T that is large enough. Thus,

limsupP (T'(I1C(p) — IC(po)) <0) <¥,

T—o0
and since this holds for any € > 0,

Jim B(T(IC(p) ~ IC(po)) < 0) =0,
or equivalently,

Jim P(T(IC(p) —IC(po)) > 0) = 1.

Finally, for any T' > k+1,

{TIC(p) = 1C(po)) > 0} = {IC(p) = IC(po) > 0},

so that
lim P(IC(p)—IC(pg) >0)=1
T—o0

as well.

Q.E.D.

We have thus seen that the condition % — 0 is required to ensure that lag orders smaller than
po are not chosen; in effect, it does not penalize lag orders that are smaller than pg. On the other
hand, the condition ¢y — +oo is required to preculde lag orders greater than pg; heuristically,
because lag orders greater than py actually yield higher log likelihoods than pg, they must be

penalized heavily.
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Examples of information criteria include:

AIC:

BIC:

HQ:

Akaike Information Criterion

This is perhaps the most widely used information criterion, and is given as

2

AIC(p) = log| S (p) | +np(np+1) i

where np(np+ 1) is the number of freely estimated coefficient parameters (n(np+ 1))

multiplied by the lag length p.

Despite its renown, it is inconsistent for lag orders higher than the true lag length pg, since
cp =2 for any T € N, and therefore % = O,(T~') in this case. It follows that AIC(p) —
AIC(pp) is the sum of two O,(T 1) terms for any p > po, so that AIC(p) — AIC(pg) > 0
does not hold in the limit with probability 1.

Bayesian Information Criterion

This is a widely used consistent information criterion, and is given as

log(T')
-

BIC(p) = log[Sr(p)| +np(np+1)
Clearly, % — 0 but log(T) — 400 as T — oo, so that it is consistent in light of the

preceding theorem.

Hannan-Quinn Information Criterion
This is an information criterion that is strongly consistent, or in other words, pr “3 po (we

omit the proof):

A

ET(p)‘-i-np(np-i- 1)-M.

HQ(p) =log T

The penalty term also satisfies the conditions of the preceding theorem.
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Chapter 5
Spectral Analysis

In this chapter we study the frequency domain representation of time series through the spectral
representation theorem. In addition, we introduce the spectral density and investigate some

consistent non-parametric estimators of the spectral density.

5.1 The Spectral Distribution and Density

So far, we have presented time series as a doubly infinite sequence {Y;};cz of random vectors
taking values in euclidean space. We can instead express this time series in terms of its fre-
quencies, that is, weighted averages of sinusoidal waves of the form ¢+ exp(ir-) for some r € R.
The spectral representation theorem, the proof of which is the main objective of this section,
shows that every weakly stationary and well-behaved time series possesses both time domain
and frequency domain representations.

First, we start with the spectral distribution, which is another way of summarizing the
information in a given weakly stationary time series up to second moments. Let {Y;}icz be an
n-dimensional weakly stationary time series with mean 0 and autocovariance function I' : Z —

R™*™. The autocovariance function I'(:) is Hermitian:

for any 7 € Z. Furthermore, it is positive semidefinite in the sense that, for any k € N, and

real-valued vectors ay,---,ar € R™, we have

k k
S AT - Dar > 05
j=11=1
this follows because we can write the left hand side as the variance of the random variable
Zle a}Yt_ j+1. The first of our two main results states that we can decompose any such positive
semidefinite complex and matrix valued function into the weighted sum of sinusoidal functions

of different frequencies.
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Theorem 5.1.1 (Herglotz’s Theorem: Scalar Case). A complez-valued function ~v:7Z — C is
Hermitian and positive semidefinite if and only if there exists a finite measure A on (R,B(R))

concentrated on [—m, | such that

(1) = /7r e™d\(w) VT eZ.

—T

Proof. Necessity
Suppose first that (-) is hermitian and positive semidefinite, so that (1) =~ (—7) for any
T € Z and

Kok
> > apG—la >0
j=11=1

for any k € Ny and aq,---,a; € C. It follows immediately that v(0) > 0.
For any n € N, define

yn=1) - ~(0) et
and the function f, : (—m,7] — C as

(e = 5 () Tain(e) 2 0

for any w € (—m, 7. Rearranging the terms in f,(w), we can see that

1 an
ﬂzz —i(j—Dw ]—l)

j=1li=1

Note that
| e =50,
and define the finite measure A, on (R,B(R)) as
An(A) = /( (s YA BE),m

where A, (-) is a well-defined measure since f,(-) is continuous (so Borel measurable) and non-
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negative valued. By implication, for any 7 € Z

/R e d\, (w) = / " i f(w)dw

—Tr

1 = ( |j|> T e
LS (1= W) ([ e
27Tj:—n+1 n -

_ (1_'%')7(7) if |7] < n

)

0 otherwise

since
/ 9w =0 Vj#0.

We now consider two distinct cases. If 7(0) =0, then A, (-) is the zero measure for any n € N
and y(7) =0 for any 7 € Z, so that this zero measure satisfies the conditions of the theorem.

Suppose now that 7(0) > 0. Then, we can define the probability measures

on [—m, 7] for any n € N.. Since \,((—m,7]) =1 for any n € Ny by definition, it follows that
{Mn}nen, is a tight sequence of probability measures on [—,7]. [~7,7] is a compact subset
of the real line R endowed with the eucliean metric, so by Prohorov’s theorem {S\n}ne N, 18
relatively compact, that is, there exists a subsequence {S\Rk Yeen, of {S\R}ne N, that converges
weakly to a probability measure A on (R, B(R)).

irw

For any 7 € Z, since w — €7 is a bounded and continuous function, by the definition of

weak convergence

/eimdj\(w) = lim [ €™d\,, (w)
R

k—oo JR
i (1l 20 2t
_kloo(l nk>’y(0) 2 (0)°

Furthermore, for any x € R, the set [—m, 7] is closed and therefore, by the Portmanteau theorem,

1 = limsup Ay, ([—7,7]) < XM([—7,7]) <1,

k—o0

so that A\([—m,7]) =1 and X is concentrated on [—m,7].

As such, defining

A(A) =y (0)A(A) VA€ B(R),

205



it follows that

y(r) = /F dNw) VT EZ

—T

and A is concentrated on [—m,7].

Sufficiency
Now suppose that there exists a finite measure A on (R, B5(R)) such that

N(r) = / T ddNw) Ve .

—Tr

We can immediately see that

1) = [ W)

= [ A w) =5 (7).

so that 7(-) is Hermitian. Furthermore, for any k € Ny and aq,---,a; € C,
>3-t =YY ( [0 - Sz
j=11=1 j=11=1 (—m,m]

which proves that «(-) is positive semidefinite.

O

Given any scalar-valued weakly stationary mean zero time series {Y;}icz, its autocovariance
function v :7Z — R is Hermitian and positive semidefinite, so Herglotz’s theorem tells us that
there exists some finite measure A defined on the Borel measurable subsets of the real line such
that

(1) = /7; e\ (w).

A is called the spectral distribution of {Y;};cz, and heuristically A([a,b]) is the contribution the
frequencies in the interval [a,b] make to the variance v(0) of the stationary time series {Y; }1ez.

If A admits a density f, : (—m, 7] = Ry with respect to the Lebesgue measure, then we call
fy(+) the spectral density of {Y;}+cz: by definition,

(1) = /(_7r . eimfy(w)dw.

We can easily generalize these concepts to multivariate time series. Let {Y;};cz be a weakly
stationary n-dimensional time series with autocovariance function I' : Z — R™*"™. In general, we

define the spectral density of {Y;};cz to be any complex-valued function f, : (—m, 7] — C™*"
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such that
F(T):/ e f (w)dw VT € Z.
(_ﬂ-vﬂ—]

In the case that the autocovariance function I'(-) is absolutely summable, we can obtain a very

convenient expression for the spectral density:

Theorem 5.1.2 (Spectral Density in terms of the Autocovariance Function). Let {Y;}iez be an
n-dimensional weakly stationary time series with absolutely summable autocovariance function
I': Z — R™". Defining f,: (—m,m] = C"*" as

1 (e.¢]

fu@) =5 3 T(r)ei

T=—00

for any w e (—m, x|, f,() is the spectral density of {Y:}icz.

Furthermore, in this case tr (fy(w)) >0 for any w € (—m, 7| and f,(0) is positive semidefinite.

Proof. Choose any 7 € Z. Note that, for any T' € N,

T

Z F(s)ei(Tfs)w

s=-T

< D TG < +oo

S§=—00

for any w € (—m, 7] by absolute summability. Defining the function gr : (—7,7] — C™*" and
g:(—m,m] —[0,400) as
T .
gT(w) — Z F(S)el(Tfs)w

s=—T

and

gw)= > IT(s)l

S§=—00

for any w € (—m, 7],

T o0
/ g(w)dw =2 - ( Z ||F(S)||> < +o00.
- s=—00
Since {gr}ren . is a sequence of complex matrix valued functions with limit
o
Z F(S)ei(T—s)w

S=—00

such that ||gr|| < g for any T'€ N, and g is a non-negative function that is integrable on (—m, 7]
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with respect to the Lebesgue measure, so by the DCT,

27T-/_7;eimfy( dw—/ < Z I(s)el(™™ Sw)dw

S§=—00

— 1 " i(t—s)w
jlgréo ( Z ['(s)e ) dw
T T .
F(s)e‘(Ts)‘”dw> .
T —T

For any s # 7,

/ [(s)elT9)9dy = F(s)-/ T dy

—T —T

— I(s) - ——— (=7 _=i=97) — 0,

i(T—s)

because r — €l is a function with period 27, while

[(s)elT)%dw = 27 - T(s)

—T

if s = 7. Therefore,

/7r eimfy(w)dw =TI(7),

as desired.

To prove the statements about the sign of tr(fy(-)) and f,(0), For any 7" € N, define
fy i (—m,m] = C™™ as

fyT 2 TZZF S—’l“ —isw 1Tw

s=1r=1
= — I T)€e
27TT:_T+1 T

for any w € (—m,7]. Fixing w € (—m, 7],

1)~ fyr@) = 5= 3 Tnmee g L3 nrje.

|T|<T |T|>T

so we have

1£@) ~ fyr@] < o= 3 T+ 3 2.

|T\>T \7’|<T

Choose some € > 0. The absolute summability of the autocovariances tells us that there exists
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some N € N, such that

> () H<*

|T|>T

for any T' > N. For such T', we also have

> Hireie ¥ Dieeie e

|T|<T \T|<N N<|7|<T
<* YT+ Y T
|T\<N ITI>N
N N €
R G
T, i 3

The first term here goes to 0 as T'— oo, so there exists some Ny > N such that

= Tl <3
T T=—N+1 3

for any T' > Ny. Therefore, for any T' > Ny, since T' > N as well, we have

1 (N = ¢
| fy(w) = fyr(w ZHF HJF%(T (e )!+3>

|T|>T
< 16+1 (e+e)_ 1 <
=2r3 7 27\373) 27 °©
Such an Ny € N exists for any € > 0, so it follows that

lim f, r(w) = fy(w).

T—o00

For any w € (—m,n| and T' € N4, we can show that tr(f, r(w)) > 0. To this end, note that

we can write

tr (fyr(w)) = T Zztr(r(s _ r))efis‘“ T
s=1t=1
1 tr(I'(0)) -+ tr(I'(T'—1)) ol
=57 (eﬂw e*lTw) : ‘ : :
tr(M(T—1)) ---  tr(T(0)) oiTw
Defining
=11 |

eiTw
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we can rewrite tr(f, r(w)) as

Y/
1 —
tr(fny(w)):ﬁE B (Yl YT)IB
Y7
1

__ 1
- — _E|Z/Zy| = —E|Z7)> >0
o2nT [T T} 27TT|T‘_7

where we define the n-dimensional random vector Zr as
Zp = (yl YT)ﬂ-

Similarly, we can show that the n xn real valued matrix f,7(0) is positive semidefinite.
Choose any a € R", and define y; = o'Y; for any t € Z. Then, {y; }+cz is a univariate mean zero

weakly stationary process with autocovariance function v :Z — R defined as
(1) =Elyyi—r] = 'E [Yth’,T] a=dT (1)

for any 7 € Z. Then,

1 I.r
o fyr(0)a=— Z Z (@'T(s—7)a)
27T
s=1t=1
, 7(0) 1(T—-1)
_ !/
N 27rTLT ‘r
VT -1) 7(0)
1 - 1
- o _ 2
27TTE ‘T (yl yT) = 27T [ZT} 20,
yr
where we define zp = (yl yT) iy = Zthl y¢. This holds for any o € R", so by definition

fy,7(0) is positive semidefinite.

We showed that f, 7 — f, pointwise on (—m,7], that tr(f, ) is non-negative valued for any
T € N4, and that f,, 7(0) is positive semidefinite for any T'€ N.. Therefore, tr(f,) is non-negative
valued on (—m, 7] and f,(0) is positive semidefinite by the continuity of the trace operation and

(ordered) eigenvalues of real symmetric matrices.
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5.2 The Spectral Representation of Time Series

Given an n-dimensional time series {Y;}ez, our goal in this section is to express each Y; as a
stochastic integral of the mapping r — e with respect to some stochastic process on the index
space (—m, 7| with orthogonal increments. To this end, we first rigorously define the stochastic
integral of deterministic functions; because we only deal with non-random integrands, the de-
velopment of this particular theory of stochastic integration is much simpler than that of the

Ito integral, for instance.

5.2.1 Orthogonal Increment Processes

Let {Z;}_r<t<x be a stochastic process with index set [—m, 7] such that each Z; is a random

vector taking values in C. Suppose that {Z;}_r<i<, is in L2(#H,P), that is,
N
1Zel,5 = (EIZe)* < 400

for any —m <t <. In this case, we say that {Z;}_r<;<r is a mean-zero process with orthogonal

increments if
E[Z)] =0 forany —7w <t<m, and
(Zy—Zs, 2, — Zowyno2 =B [(Zt — Zs) (Z— Zw)] =0 forany —m<w<u<s<t<m.

In light of the mean-zero assumption, the second condition is equivalent to requiring that the
trace of the covariance of Z; — Z; and Z,, — Z,, is 0 if the index intervals do not overlap.
{Z:} _r<t<n is said in addition to be right-continuous in mean square (or simply just right-

continuous) if, for any —7 <t <,
o1
2
|Zess = Zillz = (ElZers — Zi7)* =0

as ¢ | 0. From here on, we will be working with stochastic processes {Z;}_r<¢<, that are square
integrable (that is, is a process in L2(H,P)), with mean zero and orthogonal increments,
that are also right-continuous. When we refer to orthogonal increment processes on [—m, 7],
we will be referring to a process {Z;}_r<i<r that possesses all the above properties.

Brownian motion is a famous example of a square integrable, right-continuous and mean
zero stochastic process with orthogonal (in its case independent) increments. In fact, Brownian
motion also has the added condition that the increments are stationary, that is, the distribution
of the increments only depend on the difference between the time indices. Furthermore, in the
case of Brownian motion, the entire paths themselves are continuous, that is, each realization
t — Zy(w) of the process is a continuous function, which implies the kind of right-continuity in
mean square discussed above.

The right continuity property of an orthogonal increment process {Z;} _r<¢<, actually allows
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us to construct a finite measure on R whose value on any interval (s,t] C [—m, 7] coincides with

the variance ||Z; — ZSHi2 = E|Z, — Z|*. This result is formalized below:

Lemma Let {Z;}_r<i<r be an n-dimensional orthogonal increment process. Then, there exists
an increasing, right-continuous and bounded function F': R — R, a g-algebra £r on R and a

finite measure Ar on (R, Lr) such that:
i) Lp contains every Borel set on R, that is, B(R) C L.
ii) (Completeness) (R,Lp,Ar) is a complete measure space.

iii) (Regularity) Ar is a regular Borel measure, that is,

Ap(A) =inf{Ap(V)|ACV, V is open}
=sup{Ap(K)| K C A K is compact}

for any A € Lp.

iv) (Approximation Property) For any A € L and € > 0, there exists an open set V' and
a closed set K such taht K C ACV and

Ar(V\K) <e.
v) For any half-open interval (s,t] C [-m, 7],
Ae((s,8]) = F(t) = F(s) = |2 = Zs|3, -
vi) The entire mass of Ar is concentrated on (—m, ], that is,

Ar((—m, 7% =0.

Proof) Define F: R — R as

1Zx=Z |7y ift>m
F(t) = ”Zt*Z77r||iy2 if —r<t<m

0 ift<—m

for any t € R. Then, F' is bounded above by E|Z, — Z_N\Q < 400, which is finite by the

square integrability of {Z;}_r<i<r. It is clearly increasing because, for any —m < s <
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F(t) = ”Zt - Z—WH%Q = H(Zt - ZS) + (Zs - Z—Tf)”i,z
=[Zi— 28”3,2 +1Zs — Z—WH%J +2-Re({(Zt—Zs,Zs — Z—ﬂ>n72)
=[Zi— 25”3,2 +[|Zs — Z—x| i,Z =1z - Z8”3L,2+F(5)7

where the fourth equality follows from the orthogonality of the increments Z; — Z5 and
Zs— Z_5. It follows that

F(t)=F(s) = 1Ze~ Zs |72 2 0,

and as such that F' is an increasing function on R.

Finally, F' is right-continuous because, for any —m <t <,

lim (F(t+0)— F(t)) = lim || Zirs — Zi||>, =0
im (F(t+0) = P(t)) =l | Ze5 = Zill 2

by the right-continuty property of {Z;} _r<i<r.

Given an increasing and right continuous function F': R — R, the theorem on the
construction of the Lebesgue-Stieltjes measure on R found in the probability theory
text shows us that there exist an o-algebra Lr on R and a measure A\r on (R, Lr) such

that properties i) to iv) are satisfied, and
Ar((s,t]) = F(t) = F(s)
for any half-open interval (s,t] C R. Ap must be finite because
= 1 < —Z ]?
Ar(R) 1t}lerooF(t) <E|Z;—Z_z|" < 400,

where the first equality follows from sequential continuity.

Choose any half-open interval (s,t] C [—m,7]. Then, by what we showed above,
Ap((s,1]) = F(t) = F(s) = | Ze = Zs|7 »-

Finally, note that the sequence {A}ren, of sets defined as Ay = (—7 — k&, —7] for any
k € N4 is an increasing sequence of Borel sets on R such that (J, Ax = (—oo, 7. For any
ke Ny,

Ap(Ag) = F(=m) = F(—=m— k) =0,
so by sequential continuity
)\F((—Oo,ﬂ']) = lim )\F(Ak) =0.
k—o0
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Likewise, let {Bj}ren, be defined as By, = (m, 7 + k| for any k € N. Then, {By}ren,

is an increasing sequence of Borel sets on R with union (7,400) such that
Ap(Br)=F(r+k)—F(r)=0
for any k € Ny. Sequential continuity again tells us that
Ap((m,+00)) =0,
so that
Ap((=m,7]%) = Ar((=00,7]) +Ap((m, +00)) = 0.

This completes the proof.

Q.E.D.

The function F' and measure Ar constructed above are called the distribution function and
distribution associated with the orthogonal increment process {Z;}_r<i<. Similarly, we refer to
L as the o-algebra associated with {Z;}_r<¢<. The term “distribution” is a bit of a misnomer,
since the total mass of A\r is not necessarily equal to 1, but we overlook this abuse in notation

for the time being.
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5.2.2 Stochastic Integration of Elementary Functions

Let {Z;}_r<t<x be an n-dimensional orthogonal increment process with associated distribution
function F': R — R and distribution pp on (R, Lr), where the o-algebra L associated with this
process contains B(R).

Let D be the collection of all complex functions on R taking values in C that can be written

as
k
f= ZTi’I(/\i)\iﬂLﬂ
i=0
for some partition —m =Xy < -+ < Agp1 = 7w of [—7, 7| and rg, -+, € C. In other words, D

collects complex functions on R taking finitely many values, which are equal to 0 at —m, and
have support [—7, 7]. These kind of functions are called elementary functions on [—m, 7], and they

are Borel measurable and thus £p-measurable because they are left-continuous. Furthermore,

k

/OO /1P dpr = /7r |fPdpr =" |ril? - e (N, Aig])
o -7 i=0
k
=3P (F(Aig1) = F(\)) < 400
i=0

by the definition of pp as the distribution associated with {Z;:}_r<i<x, so it follows that f €
L?(Lp,pur). Thus, D is a subset of the inner product space L?(Lp,ur) over the complex field.
Denote the inner product on L*(Lp,up) by {(-,-)r, and the L?-norm induced by this inner
product as ||| 5.

Note that D is a linear subspace of L?(Lp,ur); the zero function is trivially included in D,
and for any a € C and f,g € D, since af + g takes finitely many values, equals 0 at —7, and has
support [—7, 7], it must be the case that af 4 g € D.

We define the stochastic integral of the elementary function f with respect to {Z;} _r<i<x

as the n-dimensional complex valued random variable

k

I(f) = i (Zan — 2n,)-

=0

We also denote I(f) by
/_T;f(/\)dZ(A).

I(f) is well-defined for any two representations of an elementary function f € D by the same line
of reasoning used to show that the integral of a non-negative simple function is well-defined®.
Since I(f) is square integrable by the square integrability of {Z;}_r<i<r, we can view the

stochastic integration operation I as a mapping from the vector space D over the complex field

IFor the sake of completeness, we present the formal argument in this footnote. Let f,g be two elementary
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into the vector space L2 (H,P) over the complex field.
We can establish the following properties of the mapping I : D — L2 (H,P):

Theorem (Properties of the Stochastic Integral for Elementary Functions)

Let {Z:}_r<t<x be an n-dimensional orthogonal increment process with associated distribution
function F', distribution pp, and o-algebra Lp. Let the operation I:D — L2(H,P) denote
stochastic integation with respect to the orthogonal increment process {Z:}_r<t<x. Then, the

following hold true:

i) (Preservation of Inner Products)

For any f,g €D,

(L(f),1(9)n2=([f.9)F-

In particular,

2

15‘/7r FNAZ(N)

—Tr

= [ 1£O) Pdar ().

ii) (Linearity)
I:D — L2(H,P) is a linear transformation: for any a € C and f,g € D,

Iaf+g)=a-1(f)+1(g).

iii) For any f €D, E[I(f)]=0.

functions on [—m, 7] with representations

l m
d :ZO”'I<A5,A5+11 and gzz;s"'[%m
1= 1=

for partitions —7T=)\(J;<---<)\lf+1:7rand —71':)\8<---<)\%L+1=7rof[—7r,7r].Letting =A< <App1 =7

be the common refinement (for a definition, consult chapter 6 of PMA) of the two partitions above, we can express

k

k
f= zfi T g and g= Zgi Tox; Aiga)-
i=0 i=0
Suppose that f < g. Then, 7; < §; for any 0 <i <k, so it follows that

k

k
I(f) = Z?’i (Zxii1—2,) < Zgi (Zriis — 2Zx,) =1(9)
e

=0 [

everywhere on the sample space. Thus, if f = g, that is, if Zifo ri-I sy yand ZTZO si-I(/\g A7, ] are two
- ( i i+1] = 107041

different elementary function representations of the same function in D, then

I(f) = 1(9);

the stochastic integral of the function is invariant to the elementary function representation of functions in D.
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Proof) Let f,g € D. Then, there exists a partition —7m = Ao < -+ < A\gy1 = 7 of [—7, 7] and

complex numbers 7g,---,7, € C and sq,---,s; € C such that?
k k
f = Zri ’ I(Aiv/\i-kl] and 9= Z Si I(}\i,)\i+1] .
1=0 i=0
Note that

k
fg = ZT’LE : I(}\i,Ai_;'_l] N
=0

By the definition of the stochastic integral of f and g with respect to the n-dimensional

orthogonal increment process {Z;} _r<i<r,

k

I) =Y ri- (Zagy — Zn,)

~
Ve
N
N—
I

. -

Mw I

o

Si (Z)\i+1 _Z/\i) :

It follows from the linearity properties of the inner product that
E k
<I(f)7-[(g)>n,2 = Z ZW@ <Z>\i+1 - Z)\NZ)\J'_H - Z)\]->n,2-
i=04=0

Due to the orthogonality of the increments of {Z;}_r<i<r,

<Z)\i+1 - Z)\iaZ)\jJrl - Z)\j>n,2 =0
if 1 # j, so that
i 2
<I(f),f(g)>n,2 = ZTVST ||Z>\i+1 - Z>\i||n,2‘
=0

From the preceding lemma, we know that

125 = 202, = Fhi1) = F(A) = pr (N, Aia])

for each 0 <i <k, so

k

(I(f) L2 =">_riSi- ur((Ai; Ait1])

=0

T k
:/ (Z”Si'l()\i,/\uﬂ> d,uF
T \i=0

2For the existence of this common partition, consult the preceding footnote.
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= /7; (f9)dur.

The last integral is precisely the inner product of f and g on the space L?(Lr,ur), S0

our first result has been proven.

Now choose a € C. Using the same representation for f,g as above, we can see that

k
af +9= Z (CLT@' + Si) 'I(A@)\iﬂ]a
1=0
so we have
k
af+g :Z ar’+5 7.+1_Z>\i)
=0
k
- G'ZTZ' ' (ZA”l —2Zxn)+ Zsi ’ (Z/\¢+1 ~2Zy,)
=0 i=0

=a-I1(f)+1(g)-

This establishes the linearity of the mapping I.

Finally, let f € D have the representation
k
f = Z’ri ’ I()\i)\i-s-l]
i=0
for some rg, -+, € C and partition —m = X\ < -+ < Agp1 = 7 of [—7,7|. Then,
k
I(f) = Zri (Z>\i+1 - Z)\Z) 3
i=0

and since {Z;}_r<i<x is a mean-zero process,

E[I(f)]=0

as well.

Q.E.D.
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5.2.3 Stochastic Integration of Square Integrable Functions

Let D be the closure of D with respect to the metric induced by the L?-norm on L2(Lp,ur).
Consider an arbitrary function f € D. Then, there exists a sequence {fx }ren . of functions in D
such that

Jim Ilfx = fllm = 0.

Note now that the sequence {I(fy)}ren, of stochastic integrals in L2(#,P) is Cauchy in the
metric induced by (-,-)p 2; for any k,m € N,

IT(fe) = I 20 = IT(fr = fim) 2
= (I(fx = fm)s L(fx = fmn))n.2
= (fx = fos fo = Fn) P = | f&— fon |7

by the linearity of the mapping I : D — L2(H,P) and the fact that it preserves inner prodcuts
across D C L*(Lp,pr) and L2(H,P). Since {fx}ren, is convergent in L?, it is also Cauchy in
L?, so that

Jim 1) =1l = i fe= Fullp =0.

Therefore, {I(fx)}ren, is Cauchy in L? as well, and since L2 (#,P) is a Hilbert space under the
inner product (-,-)n 2, it follows that {I(fx)}ren, converges to some unique (up to almost sure
equivalence) random vector in L2 (#,P) in mean square. We choose to denote this limit by I(f),
that is,

1(f) == msdim I(fy).

We can verify that [ (f) is well-defined in the following two respects:

« I(f) is invariant to the choice of convergent sequence
Suppose that {gi}ren, and {fi}ren, are two sequences in D converging to f € D in L%

Denote
I, =m.slim [ d If=m.slim I(f).
g =mslimI(gy) and Iy =mslim I(fy)
Then, for any k € N,
1L = Ifll,, 0 < g = (gl 0 + I (gr) = L(fi)llp 2 + 1 (fr) = L, o-
By assumption, the first and third terms go to 0 as k — co. As for the second term,

11(gk) = I(fi)llno = 119k = fi)llno = llgk — frllp
<lgk = fllp +11f = fell ps
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where the first equality follows from the linearity of the mapping I : D — L2(H,P), the
second from the fact that it preserves inner prodcuts, and the last inequality is Minkowski’s
inequality. Both terms on the right hand side go to 0 as k — oo, so [[1(gx) — I(fk)||,, o also
goes to 0 as k — oo. It follows that

g =15ll,,2 =0,

so that I, = Iy = I(f) almost surely. This shows us that I(f) does not depend on the

choice of sequence in D that converges to f.

o I(f) is I(f) for elementary functions
Suppose f € D. Then, {fi}ren, defined as fi = f for any k € Ny is a sequence in D
converging to f in L?, so

I(f) =m.s.lim I(f) = I(f).

k—o0

Therefore, I(f) is precisely the stochastic integral of f with respect to {Z;}_n<ir if f is

an elementary function.

The two remarks above allow us to define, for any f € D, the stochastic integral of f with respect

to {Z¢} _r<i<n as
I(f) = m.s.lim I(fy),

where {fi}ren, is any sequence in D converging to f in L?.

Now it remains to see which functions in L*(Lp,ur) are included in D, which is a sub-
set of L?(Lp,ur). Fortunately, it turns out the space L?(Lp,ur) is exactly D; D is dense in
L?*(Lp,pr) in the L2-sense thanks to the fact that up is concentrated on (—,7], so we can de-

fine the stochastic integral for every function in L?(Lp, jurr). The formal result is presented below:

Lemma (D is dense in the set of all Square Integrable Functions)
Let {Z;}_r<t<x be an n-dimensional orthogonal increment process with associated distribution
function F, distribution pp, and o-algebra Lr. Denot by D the collection of elementary functions

defined above. Then, for any f € L?(Lp,ur) and € > 0, there exists a g € D such that

If=gllr<e

Proof) Let C.(R,C) be the set of all continuous complex valued functions on R with compact
support. Every function in C.(R,C) is continuous and continuous functions are Lp-

measurable, so C.(R,C) is a collection of £p-measurable functions. In addition, for any
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f € C(R,C), letting K = {f # 0} be the compact support of f, f is bounded on K by

the extreme value theorem. Letting M > 0 be this bound, we can now see that
L 1P = [ 1P < 22 (1) < oo,

where the final inequality follows because jur is a finite measure. Thus, f € L?(Lr,ur),
so that C.(R,C) C L*(LF, pF).

The proof wil proceed in two steps. First, we will show that D is dense in C.(R,C) in

the L2norm. Afterward, we show that C.(R,C) is dense in L?(Lp,ur) in the L%norm,
at which point the proof will be complete.

Step 1: D is dense in C.(R,C)

Choose any f € C.(R,C), and let € > 0. Since f is a complex valued continuous function
with compact support, it is uniformly continuous® on R, and as such there exists a § > 0
such that

€

f @) = TW)l < (=)

for any z,y € R such that |z —y| < J. Choosing k € N, so that 2?” < 0, define
A= Tt

for any 0 <j <k+1. Then, —m = X\g < A\; <--+ < Ag41 = 7 is a partition of [—m, 7] such

that A\jy1— X\ = ,f—j_rl < ¢ for any 0 <i < k. Now define the function g: R — C as

k
g= Zf()‘l) 'I()\i)\wl]'

=0

Clearly, g € D, and for any z € (—m,x], letting \; <z < A\;41 for some 0 <i <k,

because |x — ;| < Ait1— A; < J. Therefore,

2
p— 2. 6
|f g| I(—WJF] < <1+ uF((—T{‘,Tf‘]))

3For a formal proof, consult the theorem in chapter 4 of the measure theory text that constructs the Lebesgue
measure using the Riemann integral and the Riesz representation theorem.
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and since pp((—m,7]¢) =0, we can see that

) e Vo VmCmA)
Hf—gllp—</(_m’f 4 dﬂF) =T ()

Such a g € D exists for any € > 0, so D is dense in C(R,C).

Step 2: C.(R,C) is dense in L*(Lp,ur)

Choose some A € L and € > 0. Focusing on the regulariy property of g, since

pr(A) =inf{ur(V)| ACV, V is open}
=sup{ur(K)| K C A, K is compact}

and pp(A) < 400, by the definitions of the infimum and supremum there exist an open
set V and a compact set K such that K C ACV and

€ €
pr(V) <pr(A)+5, ur(d) -5 <pr(K).
Putting these results together, we have

ue(VAK) = (V) = pp(K) < pr(A)+ 5 +5 = pe(4) =e.

By Urysohn’s lemma for locally compact Hausdorff spaces, since R is locally compact
Hausdorff, K C V', V is open, and K is compact, there exists a function g € C.(R,C)
such that

{1} ifzeK
g(x)€q0,1] ifzeV\K
{0} ifz¢V

for any = € R. In other words, Ix < g < Iy. If x € K, then
[a(x) —g(z)| =0
because v € A and g(x) =1; if z ¢ V, then
[La(z) —g(z)| =0
because x ¢ A and g(x) =0; if z € V'\ K, then

[La(z) —g(x)] <2
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since both I4 and g are bounded above by 1. It follows that

11a=gl3 = [ Ta=oPdur = [ 1Ta=gfdur
R V\K

<4-pup(V\K) < 4e.

Thus, we can find a continuous compactly supported function g on R that approximates

14 arbitrarily closely in mean square.

Let f be a non-negative £p-measurable simple function; then, there exist ai,---,ar €
[0,+00) and disjoint Ay,---, A € L such that

k
f=> a;-Ia,.
i=1
Choose any € > 0. For each A;, we saw above that there exists a g; € C.(R,C) such that

€
Iy —qgilln < —mM8M8—.
H A; ngF = k(ai—l—l)

Defining

k
9= _aigi € C.(R,C),
=1

we can now see that, by Minkowski’s inequality,

k k
1 a;
— < a;-||La, — <€ — < €.
I =0l < Y- Wa, =gl k(ZH)
It follows that any non-negative Lp-measurable simple function can be arbitrarily

closely approximated in mean square by a continuous compactly supported funciton.

Now let f be an arbitrary non-negative function in L?(Lp,pur). Then, there exists a
sequence { fi }ren, of simple non-negative £p-measurable function that increases point-
wise to f. {|f — fk|2}k€1\z+ is a sequence of £ p-measurable functions such that | f — fi|* <
4\f|2, where 4|f|2 is pp-integrable due to the assumption that f € L?(Lp,ur), and
which converges pointwise to 0. Therefore, by the DCT,

k—o0

lim /R\f—fk\QduFZU,

or equiavlently, || f — fx||» — 0 as k — co. For any € > 0, there thus exists a k € N such
that

€
| fe— fllp < 37
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and since this f; is a simple non-negative L£p-measurable function, by the preceding
result there exists a g € C.(R,C) such that

€

— <

Putting these two results together, we can conclude that || f —g|| < €; a non-negative
square integrable function f can be arbitrarily closely approximated in mean square by

a continuous compactly supported function.

Moving onto real-valued functions, suppose f € L?(Lp,pur) is real valued. Then, its
positive and negative parts f* and f~ are also up-square integrable £p-measurable

functions. For any € > 0, by the preceding result, there exist g1, g2 € C.(R,C) such that

_ €
|7 =] ol = g2lle < 5.
It follows that, defining g = g1 — g2 € C(R,C),

1 =glle =] =)= (F =92, <[[/T=ar]| .+ 1 =gl <

Finally, let f € L?>(Lp,ur) in general. Then, its real and imaginary parts Re(f) and
Im(f) are real-valued functions in L?(Lg,ur), and a process similar to the proof for
real valued functions in L?(Lg, ur) shows that, for any € > 0, there exists a g € C.(R,C)
such that

If=gllr<e

Q.E.D.

With the above lemma, we can formally claim that, for any f € L?(Lp, i), there exists an

almost surely unique stochastic integral
s
1) = [ 1z

of f with respect to the orthogonal increment process {Z;}_r<i<r, defined as the L2-limit of
the sequence {I(fy)}ren, C L%(H,P), where {fx}ren, is a sequence of elementary functions
converging in mean square to f. The domain of the mapping I as now been extended from D

to L*(Lp,ur). The following are some properties of the mapping I : L?(Lp, ur) — L2 (H,P):
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Theorem (Properties of the Stochastic Integral)

Let {Z:}_r<t<x be an n-dimensional orthogonal increment process with associated distribution
function F, distribution up, and o-algebra Lp. Let the operation I : L?(Lp,ur) — L2(H,P)
denote stochastic integation with respect to the orthogonal increment process {Z;} _r<¢<x. Then,

the following hold true:

i) (Preservation of Inner Products)

For any f,g € L*(Lp,ur),

(L(f),L(g))n2= ([ 9)p-

In particular,

2

E‘/W FONAZON)

—T

= [ 1) Pdar ().

ii) (Linearity)
I:L2(Lp,pr) — L2(H,P) is a linear transformation: for any a € C and f,g € L*(Lp, ur),

I(af+g)=a-1(f)+1(g)

iii) For any f € L*(Lp,ur), E[I(f)]=0.

Proof) Let f,g € L*(Lp,pur). Then, because f,g € D, there exists sequences {fi}ren, and
{gr}ren, of elementary functions that converge in mean square to f and g. For each

k € N, the properties of stochastic integration for elementary functions tell us that

(L(fr), 1(gk))n2 = (fir Gh) -

By the definition of stochastic integrals,

L (fr) = L(flpo =0, [L(gk) —I(9)l,0 =0
as k — oo. Note now that

[(T(£1): T(gr))m2 = T, T(9))m2| = [{T(fr) = I(£), I(g) = 1(@))m2 + (T () = I(£), 1(@))m2 + (T(£), I(gk) — 1(9))n.2]
<ISR) =Tz 1 (k) = T(9) 1.2
+ HI(g)Hn,Z : ||I(fk) - I(f)”nj + ||I(f)||n,2 : ”I(gk) - I(g)Hn,%

where the last inequality follows from the Cauchy-Schwarz inequality. Taking k — oo

on both sides now yields

lim <I(fk),I(gk')>n,2 = <I(f)vl(g)>n,2‘

k—o0
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Likewise,
klim (frsg1)F = (f.9)F,
—00

so we can see that

(L(f),1(9)m2=(f.9)F-

Now choose some a € C and f,g € L?*(Lp,ur). Then, as above, there exists sequences
{fx}ren, and {gi}ren, of elementary functions that converge in mean square to f and

g, and by definition

I (fx) = I(P)lln2 =0, [[11(gx) = L(9) ]l .0 = O-

By the linearity of stochastic integration for elementary functions,

I(afk—l—gk) = a-I(fk) +I(gk)

for any k € Ny. Since {afi+ gk }ren, is a sequence of elementary functions converging

in mean square to af +g € L?(Lp, iur), by definition
12
Iafr+9x) = I(af +9).
Similarly, because I(f) N I(f) and I(gx) » I(g), we can conclude that

a-I(fk)—l-I(gk)EG'I(JC)"‘I(Q)

as well. By the almost sure uniqueness of L-limits, we can conclude that

I(af+g)=a-1(f)+i(g)

almost surely.

Finally, let f € L?(Lp,pur) and {fx}ren, asequence of elementary functions converginig
to f in mean square. Recall that E[I(fx)] =0 for any k € N,. Thus,

BN = [EL) - 1) < B ~ 10l < (BIIG) ~ 1GE)* =115~ TG
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for any k € N, where the second inequality is Holder’s. Taking k — oo on both sides
now tells us that |E[I(f)]| =0, that is, E[I(f)] =0.

Q.E.D.

5.2.4 Trigonometric Polynomials

Before moving onto the spectral representation theorem, we take a brief detour to prove that
the space of trigonometric polynomials is dense in the space of all functions on R that are square
integrable with respect to a finite measure on R that assigns all of its mass to (—m,7]. Note
that this is precisely the type of measure that is naturally associated with orthogonal increment
processes on [—, 7|, hence the usefulness of the result we are about to show.

We first review the Stone-Weierstrass theorem, which plays a central role in the exposition
this section. A vector space V over a field F' is said to be an algebra over the field F' if it is
equipped with a product operation x : V2 — V satisfying the following properties:

¢ The Distributive Law
For any z,y,z € V,

(r+y)xz=xXxz+yxz
X (x4y)=zxzr+2XxY

o« Compatibility with Scalars
For any a,b€ F and z,y €V,

(a-2)x (b-y) = (ab)- (x x y),

where - is the scalar multiplication operation.

Given any set F and a field F, the collection F of all functions f: E — F' is an algebra over
the field F' under the product x : F? — F defined as

(f xg)(x) = f(x)g(x)

for any x € E. In particular, if (F,7) is a topological space and F = R or C, then the space
Cy(E,F) of all bounded continuous functions from E into F' is a subalgebra of F equipped
with the same product operation; this can be easily seen since the product of bounded con-
tinuous functions is also bounded and continuous, and scalar products obey the distributivity
and associativity properties. Recall that the space of bounded continuous functions can itself be
considered a metric space under the supremum metric de, which is the metric induced by the

supremium norm ||-||; : Cy(E,F) — R defined as

[flle = sup |f(x)].
el

227



for any f € Cy(E,F).
Let F be a set, I' a field with additive identity O, F the algebra of all functions from FE to
F, and A a subalgebra of 7. We say that A:

e Separates points on F
If, for any z1,z9 € F such that x1 # 2, there exists an f € A such that f(x1) # f(x2).

e Vanishes at no point in F
If, for any = € E, there exists an f € A such that f(x) #Op.

o Is Self-Adjoint
If F =C and, for any f € A, its conjugate f is also contained in A.

The Stone-Weierstrass theorem can now be stated as follows:

Theorem (The Stone-Weierstrass Theorem)

Let (E,7) be a topological space, F =R or C, Cy,(E, F) the set of all continuous and bounded
functions from E to F, and d¢ the supremum metric on Cy(E,F). Let A be a subalgebra of
Cy(E, F) over the field F. Then, the following hold true:

i) If A separates points on F, then (E,7) is a Hausdorff space.

ii) (Real Version of the Stone-Weierstrass Theorem)
Suppose (F,T) is a compact space and that F' = R. If A separates points on E and vanishes
at no point in E, then A is uniformly dense in C(E, F), that is, C(E, F) is the closure of
A under the metric dc.

iii) (Complex Version of the Stone-Weierstrass Theorem)
Suppose (F,7) is a compact space and that F' = C. If A separates points on F, vanishes at
no point in F, and is self-adjoint, then A is uniformly dense in C(FE, F), that is, C(E,F)

is the closure of A under the metric de¢.

Proof) Consult chapter 6 of the probability theory text.

Q.E.D.
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The complex version of the Stone-Weierstrass theorem can now be used to show the first

part of our desired result. Let T be the unit circle on C, that is,
T={xeC]|z|=1}.

Clearly, T is compact under the euclidean metric on C. Furthermore, functions on T are equiv-

alent to periodic functions on R with period 27 in the sense below:

Lemma (Characterization of Periodic Functions)
Let f:T — C be a continuous function on T. Then, there exists a continuous periodic function
g : R — C with period 27 such that

f(exp(iz)) = g(z)

for any = € R.
Conversely, suppose f : R — C is a continuous periodic function with period 27. Then, there

exists a continuous function g : T — C such that

g(exp(iz)) = f(x)

for any = € R.

Proof) First choose some continuous f: T — C, and define the function g: R — C as

9(x) = f(exp(iz))

for any = € R. g is well-defined because exp(iz) € T for any x € R, and it has period 27

because, for any x € R,

g(z+2m) = f(exp(i(z +2m))) = f(exp(iz)) = g(x)
by the periodicity of the mapping = — exp(ixz). Furthermore, it is continuous because

it is the composition of two continuous functions.

Conversely, let f:R — C be a continuous function with period 27. Let 6 : R — T be
defined as 6(z) = exp(iz) for any = € R. By Euler’s formula, the real and imaginary

parts of 6 are continuous, so 6 is also itself a continuous function. Define g: T — C as

gz) e F (071 ({=])

for any z € T, where 0~ !({z}) is the inverse image of the singleton {z}, and f (6~ ({z}))
is the image of the set 71({z}). ¢ is a well-defined function because the periodicity of

f ensures that f (07! ({z})) contains one and only one element. It is also easy to see
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that the relationship

holds for any x € R.

It remains to show that g is continuous on T. To this end, let V' be a subset of C; we

initially note that

To rigorously establish this result, first choose some z € g~!(V). Then, since g(z) € V
and f(0~'({z})) = {g(2)}, it follows that

6 ({=}) C £V,

By definition, there exists a x € 8~ ({z}) such that §(x) = z, and since this z is contained
in f~1(V), we have

2€0(f7H V),

which implies that ¢~ (V) C 0(f~1(V)).

Conversely, choose some z € O(f~(V)). Then, there exists some x € f~1(V) such that
z = 0(x), which shows us that z € 71 ({z}). By definition, g(z) = f(z) € V, so it follows
that z € g~1(V). This establishes the reverse inclusion, and we are able to conclude
that

To establish the continuity of g on T, it suffices then to show that

o(f~1 (V)

is an open subset of T for any open subset V of C. Since the set of all open intervals
on R forms a base generating the standard topology on R, we can express U as the
arbitrary union of open intervals (a,b). The proof will therefore be over if we can show

that the image

0((a,b))

is an open subset of T for any open interval (a,b) on R.

Choose any such interval (a,b); note that 6((a,b)) forms an arc on the unit circle. Let
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z € 0((a,b)). Then, there exists an = € (a,b) such that z = 60(x), and using this we can
choose a 0 < § < 7 such that

(x—0d,z+0) C (a,b).
We will now search for an € > 0 such that
B(z,e)NT C §((x — 6,2+ 9)).
For any y € R, note that

16(z) —6(y)|* = |expl(iz) —exp(iy)[*
— (cos() — cos(y))? + (sin(z) —sin(y))?
=2—2(cos(x)cos(y) + sin(z) sin(y))
=2(1—cos(x—vy))

o)
= 4sin’ (x;y> .

Therefore, for any 0 < € < 4, if w € B(z,¢) N'T, then there exists some y € R such that

w = 0(y), where the y is chosen so that |x —y| <. This y then satisfies
4sin? <$;y) =10(z) — 0(y)|* < €,
which implies that
. (€
|z —y| < arcsin (2) ,

where we can employ the inverse sine function because —5 < z—gy < 5. It follows that,

)
€ sm(2> >0,

if we set

then since 0 < g < g, we have
|z —y|<§
and therefore

w=0(y) €0((x—5,z+9)).
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We have just shown that
. [0
B [Z,QSIH (2” NT C O((x—d,x+0)) CO((a,b)).

Therefore, any point z in 6((a,b)) has a neighborhood open in T that is once again con-
tained in 6((a,b)). This shows us that 6((a,b)) is open in T, and we can now conclude

that ¢ is a continuous function.

Q.E.D.

The main functions of interest in this section are trigonometric polynomials. A trigonometric

polynomial is a function P : R — C of the form
k
P(z) =ao+Y_ (a;-cos(tx) + by - sin(tx))
t=1

for any x € R, where ag,---,a,b1, - ,br € C. By Euler’s formula, we can formulate the cosine

and sine functions in terms of the complex exponential as follows:

cos(tx) = = (exp(itx) + exp(—itz))

‘,_.L\D\»—t

sin(tx) = — (exp(itr) —exp(—itx))

[\
<

for any t € Z and = € R. Therefore, the trigonometric polynomial above can be written in terms

of the complex exponential as

k
P(z)=ao+ Z [C;t - (exp(itz) + exp(—itz)) + % - (exp(itz) — exp(—itx))
t=1

k , k .

—ib b

=ap+ E @ 2Z L. exp(itz) + E at—;l L. exp(—itz)
t=1 t=1

k
= Z ¢t -exp(itx)

t=—k

for any = € R, where

acibe §f ] <t<k
Ct =4 ap ift=0

actibe i —k<t<-—1
Euler’s formula also tells us that we can write any finite partial linear combination of complex
exponentials as a trigonometric polynomial, so from here on we write trigonometric polynomials

as a doubly finite linear combination of complex exponentials, which is more convenient for our

purposes.
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The preceding characterization of 2w-periodic continuous functions, combined with the Stone-
Weierstrass theorem, produces the following result central to the ubiquity of trigonometric poly-

nomials in mathematics:

Lemma (Density of Trigonometric Polynomials for 27-Periodic Functions)
Let T be the space of all trigonometric polynomials on R. Then, 7 is uniformly dense in the

space Ca,(R,C) of all complex periodic and continuous functions on R with period 2.

Proof) Define A as the set of all polynomials from the unit circle T to the complex field C. A is
clearly an algebra over the complex field, since the linear combination of polynomials,
as well as the product of polynomials are still polynomials. A also separates points on
T; for any distinct z1, 22 € T, the simple linear function P € A defined as P(x) =« for
any x € T separates z1 and zy. For any z € T, the polynomial P € A defined as P(z) =1
for any x € T satisfies P(z) =1 # 0, and therefore A vanishes at no point in T. Finally,
for any polynomial P € A defined as

k
P(z) = Z a2
t=0

for any z € T, its conjugate P is defined as

for any z € T and is thus also a complex-valued polynomial on T, meaning that it is

contained in A. In other words, A is also a self-adjoint algebra.

The properties of A shown above, together with the compactness of T, allow us to
use the complex version of the Stone-Weierstrass theorem; we can conclude that A is

uniformly dense in the space C'(T,C) of all complex continuous functions on T.

Now choose any function f € Cy,(R,C). The preceding lemma tells us that there exists
a g € C(T,C) such that

f(z) = g(exp(ix))

for any x € R. Since A is uniformly dense in T, there exists a sequence {P,}nen, of

polynomials on T, where each P, is defined as

kn
Po(z) =3 a2
t=0
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for any z € T, such that

lim sup|P,(z) —g(2)| =0.
N0 2eT

Define the sequence {7, }nen, as

T, (z) = Py(exp(ix) Zat -exp(itx)

for any x € R and n € Ny; {T,,}nen, is, by definition, a sequence of trigonometric

polynomials on R. Since g(exp(iz)) = f(x) for any = € R, it follows that, for any n € N,

sup | P, (2) — g(2)| = sup [T (x) — f(2)].
zeT z€R

Therefore,

lim sup|T),(z) — f(z)],

and since this holds for any continuous 27-periodic function f:R — C, the space T of

trigonometric polynomials on R is uniformly dense in Cor(R,C).

Q.E.D.

We can now show that trigonometric polynomials are dense in certain kinds of L2-spaces.

Lemma (Density of Trigonometric Polynomials for Square Integrable Functions)
Let T be the space of all trigonometric polynomials on R. Let £ be a o-algebra on R that
contains the Borel o-algebra B(R), and p a finite measure on (R,&) concentrated on (—m,7],
that is,

u((—=m,7]) = 0.

Then, 7 is dense in L?(€, ) in the mean-square sense, that is, L?(€,u) is the closure of 7 with
respect to the L2-norm |||, on L*(&,p).

Proof) We first show that 7 is dense in the space of all complex continuous functions f on
R such that f(—=n) = f(7), in the mean-square sense. Let f: R — C be a continuous
function such that f(—m) = f(r), and choose any € > 0. Define f as the restriction of f
to (—m, 7], and construct g : R — C by connecting an infinite number of f side by side.

Then, g is a continuous periodic function on R with period 27. By the previous result,
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there exists a trigonometric polynomial P € 7 such that

€

EEEIP(:C)—Q(%)I DY (et

By implication, we have

sup |P(z) = f(z)] = sup |P(x)—g(z)]

x€(—m,m] x€(—m,m)

§22E|P(x)—g($)| < 1+ M((—Tr 7T])

€

)

since f and g agree on (—m,7|, and since the measure y is concentrated on (—m,7],

1=l = ([ 1500 - P Pas)

1

_ ptoan) <o VECEA)
—</(_M]\f(x) Pl W) <o <e

(C))

Now we show that the sapce of all complex continuous functions f on R such that
f(=m) = f(m) is dense in the space C(R,C) of continuous complex functions on R in
the mean-square sense. Choose any f € C'(R,C) and € > 0. Since f is continuous on the
compact set [—m, 7], by the Weierstrass theorem it is bounded on this set; let M > 1
be an upper bound of |f(x)| for x € [—m,7]. Define

K= (r*+1)2M? >0,
and choose § € (0,1) so that

ul(=m, =7 4-8) + pl(r —0,7]) <

such a § exists due to sequential continuity and the finiteness of y. Having chosen this

6, since

. 2 2h 2\h | _
l}ﬁ}(l—i-(w) —2(27r5—5))_o,

there exists an h € (0,1) such that

€

<1 + (7r2>2h —2(2m5 — 52)h) < T

Now define g: R — C as

for any x € R. We can clearly see that ¢ is a continuous function on R such that
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f(=m) = f(m) =0, with upper bound

sup }|g<x>|<< sup f(sc)r) (v)" <pr-7?

z€[—m,m x€[—m,m]

on [—m,7]. It follows that

sup|f(x)— g(o)* < M2 (2 +1) = K,

z€|—7,7]

and since

we can see that

s [f@)—g@)P=  swp (1-@ =2 |f (@)

z€[—m+6,7m—0] z€[—m+d,m—0)

:M2l sup (1—1—(77 —x2)2h—2<ﬂ2—x2>h>]

zE€[—m+6,m—0]
e <1+ (7r2)2h_2 <2ﬂ5—52)h> < m

by our choice of § >0 and h > 0. We can now see that

17 - g!b—/lf 2)Pdp()
=/ . () du(a)
= [ @) —g@Pdu@)+ [ 1) - e(@)Pda)
(—=m,—7+0) (m—6,7]

2
i /[w+5,7r5] |f(z) —g(z)["du(x)

< K (u((=m, =7 +6)) + p((m — 6, 7]))

o s @ —g<x>\2> 7+ 67— )
rE€|—m+0,m— 6

Putting these two results together, we can see that, for any continuous function f: R —
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C and € > 0, there exists a trigonometric polynomial P € 7 such that
|f=Ply <e.

In other words, 7 is dense in C(R,C) in the mean square sense. Since we already saw in
the previous section that the collection C.(R,C) of all continuous compactly supported
functions on R is dense in L?(£,u) in the mean-square sense, it now follows that 7 is

dense in L?(&£,u) in the mean-square sense.

Q.E.D.

5.2.5 The Spectral Representation Theorem

Now we return to the main objective of this section, namely furnishing a representation of some
time series as the stochastic integral of sinusoidal functions. Let {Y;};cz be an n-dimensional
mean zero weakly stationary process with autocovariance function I' : Z — R™*"™,

We first note that the function tr (I'(-)) is Hermitian and positive semidefinite, since
tr(T(7)) = tr ([(7)") = tr (T(-7))

and, letting v1(-),---,v(-) be the autocovariance functions of Yi,---, Yy, for any k € Ny and
ai,- - ,a € C

j=1i=1 i=1

k& n E k
YD aitr(CG—)ar=) (Zz%w(j—zm) >0

by the positive semidefiniteness of each ~;(+). By Herglotz’s theorem, there exists a finite measure
Ay on (R,B(R)) such that A\, is concentrated on [—m, 7], Ay([—m,7]) = tr(I'(0)) >0, and

™ .
tr(T(7)) = / TN (w)
—Tr
for any 7 € Z. Let A, be the trace spectral distribution of {Y;}scz.

Our goal is to first and foremost construct an n-dimensional orthogonal increment process
{Z;}_r<t<x with respect to which each Y; can be expressed as a stochastic integral. To this end,

we first consider the linear subspaces
Wy C L2(H,P), and T C L*(B(R),\,)
defined as

Wy =span{Y; |t € Z}, and T =span{w s ™ |t € Z}.
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Note that 7 is simply the space of all trigonometric polynomials; similarly, for any X € W5, we

can write

N
X=)> aY
t=—N

for some N € N; and ay,---,ay € C. Let (-,-), be the inner product defined on L?(B(R),\,):
(foghy= [ fadx,

for any f,g € L*(B(R),\,). Let [[Il, be the norm induced by (-,-)y.
Define the mapping T : Wy — T as

N N .
T Z a-Y; | = Z a; - et
t=—N t=—N

for any Zi\; Nt Ye € Wo, where el represents the complex exponential function z — ei**. The

following is our first result concerning the operation 7"

Lemma 5.2.1. Let {Y;}1ez be an n-dimensional mean-zero weakly stationary time series with
autocovariance function I' : Z — R™ ™ and trace spectral distribution A, .

Define the linear subspaces Wo C L2(H,P) and T C L*(B(R),)\,) as above, and let T : Wy —
T be the operation introduced above. Then, T is an inner product space isomorphism from

<W27 <'7‘>n,2) onto (Tv <7>y)

Proof. We first establish a key result. Choose any

N N
YoaYy Y bYieWs.
t=—N t=—N

Then, we have

N 2 2
T(Zat-Y})— (th Yt> Zate Zbe‘t
t==N Yy Y
N 2
:/ S (ar—b)e™| dr,(w)
Rii——nN

-3y ¥ (at—bt)m./ﬂ =g ()

[t|I<N[s|<N o
Z Z ay — bt b) ( (t—S))
[tI<N[s|<N
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n,2

As such,

)

n,2

T(ti]vat~¥}> T(ti]vbt-}/t)

if Zi\f:_ Nat - Y and Zi\i_ N bt - Yy are two representations of the same random vector X € Wa,
then the right hand side is 0, so that

N N
Z ag- Yy — Z by - Yy
t=—N t=—N

Y

N N
T( > at-Yt) :T< > bt-Yt) =T(X)
t=—N t=—N

almost surely. This shows us that T is a well-defined operation.

Another way to express the above equation is that, for any X, Z € W5, we have
1T(X)=T(2)|l, = X = Zl[,,»-
Putting Z =0, we can see that
IO, = 11X, 2,

so that T'(X) = 0 if and only if X = 0. This shows us that the operation T is injective. In
addition, for any X,Z € W5 and ¢ € C such that

N N
X = Zat'Yt, Z= th'Y%a
t=—N t=—N

since
N
X+Z=Y (ca+b)-Yi,
t=—N
we have
N .
T(cX+7Z)= Z (c-ap+by)e”
t=—N

N N ‘
:c( > ateit') + ( > bte‘t') =c-T(X)+T(2),
t=—N t=—N
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which demonstrates that T is a linear transformation. This, together with the injectivity of T,

shows us that T is a vector space isomorphism from W5 onto 7.

It remains to show that T preserves inner products. This is seen below; for any
N N
Z ag- Yz, Z by - Yy € Wa.
t=—N t=—N
we have
<T Z ar Ye |, T Z by - Y: > :< Z ateit', Z bteit'>
tI<N <N YN lt|<N 4

s

= Y b [ w)

<N s|<N o

= Z Z atbstr (T'(t —s))
[tI<Ns|l<N

S Y wh R
[tI<N|s|<N

Therefore, T' is an inner product space isomorphism from W5 onto 7.
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Now, we want to extend the domain of T to Ws and its target space to T, where W5 is the
L?-closure of W5 and T the L?-closure of 7. Note that, since 7 is the set of all trigonometric
polynomials and )\, is a finite measure on (R, B(R)) concentrated on (—m, 7], by the result shown
in the previous section the L?-closure T is precisely the space L?(B(R), ;).

T is extended to W5 in almost the same manner as the stochastic integral. For any X € W,

there exists a sequence { X} }ren, € Wa such that
Jim [|X — X[, , =0.
Since the operation 1" on Wy preserves norms, we can see that
1T (Xk) = T(Xo)ll, = 1 Xk — Xinll,, 2

for any k,m € N. Since the right hand side goes to 0 as n,m — oo (all convergent sequences are
Cauchy), so does the left hand side; this tells us that {T(Xy)}ken, C L?(B(R),),) is Cauchy
in L2, and by the completeness of L?-spaces as Hilbert spaces, it follows that this sequence

converges to some quantity in L?(B(R),\,) = T. We then define

T(X)=m.s.limT(Xy).

k—o0

As during the construction of stochastic integrals, we must verify the following to see that T'(X)
is well-defined:

« T(X) is invariant to the choice of convergent sequence
Suppose that { X} }ren, and {Z;}ren, are two sequences in Wy converging to X € Wy in
L?. Denote

Tx =m.slim T(X;) and Tz =m.slim T(Z).
k—o0 k—o0
Then, for any k € N,
1Tx =Tzl < 1Tx = T(Xi)ll, +IT(Xe) = T(Zp)ll, + 1T(Z1) =Tz |-
By assumption, the first and third terms go to 0 as k — oo. As for the second term,

1T(Xk) = T(Zp)l, = [ Xk — Zkll .2
< ||Xk _X||n,2 + HX - Zk||n,2'

Both terms on the right hand side go to 0 as k — oo, so ||T'(Xy) —T'(Z)||, also goes to 0
as k — oo. It follows that

|Tx —T%l[, =0,

so that Ty =Ty = T(X) almost surely. This shows us that 7(X) does not depend on the
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choice of sequence in W that converges to X.

o T(X)is T(X) for X € Wy
Suppose X € Ws. Then, { X} }ren, defined as Xj, = X for any k € Ny is a sequence in W»

converging to X in L?, so

T(X)= H}Ci(l)lom T(Xg) =T(X).

Therefore, T(X) is precisely T'(X) if X € Wh.

As in the case of stochastic integration, these two remarks allow us to define the operation
T: Wy — L*(B(R), \,) as

T(X)=m.slim T(X})
k—ro0

for any X € W5 and sequence {Xj}ren, converging to X in L2
The extended operation T : Wa — L*(B(R),\,) is actually an inner product isomorphsim
from Wa onto L?(B(R), ), ), as we show below:

Lemma 5.2.2. Let {Y;}1ez be an n-dimensional mean-zero weakly stationary time series with
autocovariance function I : Z— R"*™. Let A, be the trace spectral distribution of {Y;}iez.

Define the linear subspace Wo C L2(H,P) as above, and let T : Wo — L?(B(R),\,) be the
operation introduced above. Then, T is an inner product space isomorphism from (Wa,(-,")n.2)
onto L2(B(R),\).

Proof. Let c € C, X,Z € Ws, and {Xktren,, {Zr}ren, sequences in Wy converging to X and
Z in L?. Then, since {cX} + Zi}rken, is a sequence in Wy converging to cX + Z in L?,

T(cX +Z)=m.s.lim T(cXy + Z)
k—o0
=c <m.s.lim T(Xk)> +m.s.lim T'(Zy)
k—o0 k—o0

= I(X)+T(Z),

where the second equality follows from the linearity of T" on Ws. Therefore, T is a linear trans-

formation on Ws.

In addition, we can see that, because inner products are continuous functions,

(T(X),T(Z))y = lim (T(X),T(Zy))y

k—o0

= lim (Xk,Zk>n,2 = <X7 Z)”LQ;
k—o0
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the second equality follows because T' preserves inner products on Ws. Therefore, T preserves

inner products on Ws, and as a special case, when X = Z,
1T X, = 11Xl 2-

This shows us that the operation T is injective, and as such 7' is an inner product space isomor-
phism from Wa onto L?(B(R), ).

O]

The inner product space isomorphism T': Wo — L*(B(R), \,) defined above can be used to

construct the orthogonal increment process of interest.

Lemma 5.2.3. Let {Y;}iez be an n-dimensional mean-zero weakly stationary time series with
autocovariance function I' : Z — R™ ™ and trace spectral distribution \,.

Define the linear subspace Wo C L2(H,P) as above, and let T : Wa — L*(B(R),\,) be the
operation introduced above. Letting T~ : L?(B(R),\,) — Wa be the inverse of T, define the

process {Z)}—r<r<n a8
2y =T" (I-r)

for any —m < X <. Then, {Z\}_r<r<x IS a mean-zero, square integrable and right continuous

orthogonal increment process.

Proof. {Z)}_r< < is clearly square integrable, since each Z) takes values in Wy C L2 (H,P). In
addition, since 7, is an element of W, there exists a sequence {Xk}ken . in Wy that converges
in mean square to Z). Each X} has mean zero because it is the linear combination of random

vectors with mean zero. Since
[E[Z)]| = [E[2)\] - E[X3]| < E[Zx — Xi| < [|12x — Xkell,,
for any k € Ny by Holder’s inequality, taking £k — oo on both sides shows us that
[E[Z)]] =0,
or that Z), has mean zero.
Forany - n<w<u<s<t <,

<Zt - Zsa Zu - Zw>n,2 — <T(Zt) - T(Zs)a T(Zu> - T(Zw)>y
= <I(s,t]7 I(w7u]>y = /\y((wﬂd N (Sat])a
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where the first equality follows because the operation 7' is linear and preserves inner products.

Since (w,u] N (s,t] =0, it follows that
<Zt - Zsa Zu - Zw>n,2 = 07
so that {Z)}_r<<r has orthogonal increments.

Finally, for any —m < A < 7, note that

E|Zy—Z—al? =120 — Z—xll3 5

2
= 1723 = T(Z-r)lly = [ Femg]|, = M (= XD

By implication,

| Zats = Zalln = /Ay (=7 A+3]) = Ay (=, A])

for any —m < A < 7 and sufficiently small § > 0, so by the sequential continuity of the finite

measure \, and the fact that

() (=7 A+1/k] = (—m,Al,
keN4

wwe have
lim||Zy1s —Z =0.
i 1Zx+5 = Zxll0
This demonstrates that {Z)}_r<i<r is a process that is right continuous (in mean square).

O

Finally, we can show that each Y; can be expressed as the stochastic integral of e'* with
respect to the orthogonal increment process constructed above. This is the formal statement of

the spectral representation theorem.

Theorem (Spectral Representation Theorem)
Let {Y;}1ez be an n-dimensional mean-zero weakly stationary time series with autocovariance
function I' : Z — R™*™ and trace spectral distribution A,,.

Then, there exists a mean-zero, square integrable and right continuous (in mean square)

orthogonal increment process {Z)}_r<x<r such that

K:/eWMW)

for any t € Z.
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Proof) Let Wy C L2(H,P) be the linear subspace and T : Wy — L?(B(R), \,) the inner prod-
uct space isomorphism defined above. Furthermore, let {Z\}_r< <r be the orthogonal

increment process constructed in the preceding lemma as

Zy = 7! (I(,m/\})

for any —m < A <.

Let the operation I : L?(B(R),\,) — L2 (H,P) denote stochastic integration with respect
to the process {Z)}_r<i<x, that is,

1= [ fw)azw)

for any f € L?(B(R),\,). Recall that I is a linear transformation that preserves inner
products. We must show that / =T~ on L?(B(R),\,); then,

th — T—l(eit-) _ I(eit-) — [Z eitde(w)

for any t € Z, as we desired.

To this end, choose some elementary function f € D C L?(B(R),\,), and represent it

as

k
f = Zri . I(wi7wi+1]7
=0

where —m = wg < -+ < wg41 = 7 is a partition of [—m,7]. Then,

k

T_l(f) = Z?”z‘ Tt (I(wuwiﬂ])

() 7 ()

. @. &
M» I M» I
o o

so that I =T~! on the space D of all elementary functions on [—,7].

Now choose some f € L?(B(R), )\,). Since D is dense in L?(B(R), \,) in the mean square
sense, there exists a sequence { f}ren, of elementary functions that converges to f in
L?. By definition,

I(f) =mslim I(f) = mslim T(fy).

245



Note that, for any k € N,

| =17 ), = [rE T ) @ )| = e 11

by the linearity and inner product perserving property of T. Thus, taking kK — co on
both sides shows that

T’l(f) = m.s.lim Tﬁl(fk),

k—00

and by the almost sure uniqueness of L2-limits,

In other words, I =7T~! on L?(B(R), \,), which completes the proof.

Q.E.D.
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5.3 Time Invariant Linear Filters

Let {Y; }1ez be an n-dimensional, mean-zero, square integrable and weakly stationary time series
with absolutely summable autocovariance function I' : Z — R™*". A sequence {¥;};ez of n xn
matrices is referred to as a time-invariant linear filter (TLF'), and the process {X;}:cz defined

as

Xy =V(L)Y; = Z Wj-Yij

j=—o0

for any t € Z is said to be obtained from {Y; };cz via the filter ¥ = {¥;};cz, given that the series
on the right hand side exists (either as an L?-limit or an almost sure limit). The filter ¥ is said
to be causal if ¥; = O for any j <0.

TLFs arise often in time series analysis; for instance, the h-period moving average process
{Xi}iez defined as

1 h
Xi= g 22 Vi

j==h

for any t € Z is obtained from {Y;};cz via the filter H = {H;} cz defined as

1 . .

@) if [j]| > h

Similarly, the first difference process {AY; }4cz defined as
AY; =Y —Yi

for any t € Z is obtained from {Y;};cz via the causal filter D = {D;}cz defined as

I, ifj=0
Dj=4q-1I, ifj=1
0] otherwise

However, one should exercise caution when employing TLFs because they have the effect of
eliminating wavelengths of certain frequencies from the original time series; this may leave us
only with the trend or cycle components of the original series. This is formally articulated in

the following theorem:
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Theorem 5.3.1 (Spectrum of Filtered Series: Scalar Case). Let {Y;}icz be an scalar valued
mean-zero weakly stationary time series with autocovariance function I' : Z — R, spectral distri-

bution Ay, and spectral representation

Y; = / e dZ(w).

Suppose {V;}jez a time-invariant linear filter such that the mapping
k ..
W Z U eV
j=—k

converges in mean square with respect to the L*-norm on L%*(B(R),\,) to some function we

denote

W U(el) = Z el

j==o0

Then, the process { X} ez defined as

o
Xe=U(L)Y,= ) VY

j=—o00

is a well-defined mean zero weakly stationary time series with spectral representation
m . .
X, — / D () dZ (),
—T

If, in addition, Ay has a density f,(-) with respect to the Lebesque measure, then the spectral
density of {X}iez is defined as

Proof. For any k€ N,

k a0 . k ..
Z VY :/ el ( Z \I/je”w) dZ(w)

j=—k j=—k

by the linearity of stochastic integration. Defining fj : [-m,7] — C as
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elementwise to the function f € L?(B(R),\,) defined as
f(w) — eitw\ll(eiiw).

Therefore,

k s 2 ™ ™, .
3 \Ile;_j:/_ﬂfk(w)dZ(w)L—>/_7rf(w)dZ(w):/ U (e )47 (w),

j=—h o

so that X, is well-defined as the L2-limit of Z?:—k V;Y;_; with spectral representation

X, — / SO () dZ (w).

The mean of the stochastic integral with respect to an orthogonal increment process is 0, so

{Xi}tez is a mean zero process. Furthermore, since stochastic integrals preserve inner products,

™

st - e

—T

. 2
(e )| dAy (w)

for any t,7 € Z, so {X;}icz is a weakly stationary process. Let ', : Z — R denote the autoco-

variance function of {X;}iez.

Now suppose that A, admits Lebesgue density f, : (—m, 7] — [0,400]. It follows that

T, () = /7r oiTw

—T

\II(e_i“)‘zfy(w)dw,

so that, by the defintion of the spectral density,
—iw 2
wir |[U(e™)| " fy (w)
is the spectral density of {X}iez.

O]

This theorem has the following application, which shows that any MA (co) process constructed
using square summable coefficients and a white noise innovation process admits a spectral den-

sity despite the autocovariances not necessarily being absolutely summable:

Theorem 5.3.2 (Spectral Density of Square Summable MA(co) Process). Let {€ }icz be a
scalar valued white noise process with variance o® >0 and {¥;}jez a square summable sequence
of coefficients. Define the weakly stationary process {Y; ez as Yy = W(L)e;. Then, the mapping

W Z|j|§k: \Ilje_ij“ converges in mean square with respect to the spectral distribution of {€;}icz
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to some square integrable function we denote by
. i ..
w Pe ) = Z Ve
j=—00
and { X} ez admits a spectral density f, : (—m, 7] — [0,+00] defined as

o2 2

folw) = 5| (™)

for any w € (—m, 7).

Proof. Since {€}tcz is a pairwise uncorrelated process, its autocovariances are trivially abso-

lutely summable and as such it admits a constant spectral density defined as

2
o
w)=—.
fE( ) 27T
Furthermore, since
/W imUQd o2 ifr=0
e —dw = ,
- 2 0  otherwise

the finite measure A, defined as

0_2

Ae(A) = %I[—W,ﬂ'] (A)m(A) VAeB(R),
where m is the Lebesgue measure on R, is the spectral distribution of {¢; }iez.
For any ki,ke € Ny such that k1 < ko,

2

2 L
dXe(w) = ;— Z Z Vg (/ e_l(j_l)“’dw>

T
k1<|j|<k2 k1 <|l|<k2

Z \I/je_ijw

k1<[|j1<ke

R

—o? Y R

k1 <|j<ko

Taking ko, k1 — oo sends the right hand side to 0 because {¥;};cz is square summable, and as

such the sequence of functions

{x ‘I’je_ij‘}kem

lil<k

is a Cauchy sequence in the Hilbert space L?(B(R), ). As such, there exists some function in
L?(B(R),\.) we denote

\I/(e_i'): Z \Ifje_ijA

j=—o00
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such that

Z Ve L—2> \Il(e*i')
J
l7|<k

As such, we can immediately apply the preceding theorem to conclude that

is a weakly stationary time series with spectral density
—iwy |2 o N
fo() = |2(e)| felw) = - |u(e™)

for any w € (—m, 7).

O]

Similar results hold for multivariate time series and absolutely summable TLFs, which is made
easy because we can obtain an explicit form for the spectral density in terms of the autocovari-

ances. It includes the scalar case as a special case.

Theorem 5.3.3 (Spectrum of Filtered Series: Multivariate Case). Let {Y; }iez| be an n-dimensional
mean-zero weakly stationary time series with absolutely summable autocovariance function T :
Z — R™™ and spectral density f, : (—m,n] — C"*".

Suppose {V;}icz is a sequence of absolutely summable coefficients. Then,

Xy =V(L)Y, = Z ;Y

j==o0

1s a weakly stationary time series with absolutely summable autocovariance function Uy : Z —
R™ ™ and spectral density fy : (—m,x] — C"*" defined as

folw) = W(e™™@) fy(w)¥(e)*
for any w € (—m, 7).
Proof. Given an absolutely summable coefficient process {¥;};cz and absolutely summable au-

tocovariances I'(+) of the underlying process we know that X; = ¥(L)Y; is mean zero weakly

stationary with autocovariances defined as

L= 3 UG-

j=—o00l=—00

for any 7 € Z that are also absolutely summable. It follows that we can define the spectral density
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of X; as

1 o

folw) = Py T, (T)e_im.

T=—00
Using the expression for I';(-) we derived above, we can see that

@)= X D 3 W (-

T=—00j)=—00l=—00

ZQL Z Z \Ifje_ijw< Z F(T_(j_l))e—i(T—(j—l))w> \Ilgeilw
T

j=—o00l=—00 T=—00

— (e ) (;ﬂ ) F(T)e—im> (e

= U(e™¥) fy(w) (™),

where we can freely interchange the order of summation thanks to absolute summability.
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5.4 The Periodogram

Given the many uses of the spectral density, we want to find a way to estimate it. We begin
with the sample periodogram, which is a very simple estimator of the spectral density that relies
on very elementary linear algebraic methods. The periodogram has many uses, especially in the
form of the discrete Fourier transform, which is a linear transformation of a given sample that
replaces its autocorrelation with heteroskedasticity. In addition, it turns out that, in the limit,
these heteroskedastic limits are exactly spectral densities at certain frequencies, which motivates

the use of the periodogram in spectral density estimation.

5.4.1 The Discrete Fourier Transform for Complex valued Vectors

Consider first an arbitrary T-dimensional space of complex valued vectors, CT. Let (+,-) be the

dot inner product on CT defined as
T
<:C 7y> = Zx]' Yj
j=1

for any 2,y € CT, and let |-| be the norm induced by this inner product.
The value 2% is referred to as the fundamental frequency of the space CT. We define the set

Fr as

Fr={en| Tje-mmy={-115 ) 5]

that is, as the collection of integers such that 2% j lies in the interval (—m,7|. The T frequencies
wj € (—m, 7] for j € Fr are referred to as the Fourier frequencies of the space CT. For any j € Fr,

define the vector e; € CT as

€j = \%(exp(iwj)f“ sexp(iT'wy)),

and let E7 be the collection of all these vectors e;. We can show that Er is an orthonormal
subset of CT":

o For any j € Fr,

T
1 . .
le;|? = eje; = T Zexp(ztwj)exp(—ztwj) =1.
t=1
e For any j,k € Fr such that j # k,
1 . 1o o '
(ej,er) = T Zexp(ztwj)exp(—ztwk) =7 Z {exp (z . ?(] - k))}
t=1 =1
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(2 ) ol )

=P\t 1—eXp(i'2Tﬁ(j*k)>

Y

T

where the last equality follows because 2% (j —k) # 0 and 2% (j —k) € (—2m,27) implies that

exp(i-?(j—k)) # 1.

Since j — k is an integer, we now have

L2 . T . .
exp(l-T(j—k?)> =exp(i-2m(j—k)) =1,
and therefore
o'mr 1-1

1 . .
<ej,ek>:Texp<Z.T(J_k))'l—exp(i (- k)) -

FEr is an orthonormal and thus linearly independent set with cardinality 7". This indicates that
Er is an orthonormal basis for the T-dimensional vector space CT, and as such that, for any
z € CT, there exist loadings {a; | j € Fr} such that

xr = E aj‘ej.

JEFT

For any j € Fr, taking inner products on both sides with respect to e; show us that

(x,e;5) Z a - e, €j) Z ai - (ex,ej) = a; - (ej,€ej) = aj,
keFr keFr

so it follows that

x = Z (z,€5) -€;j.

JjeEFT
1))

This can be seen as a sort of spectral representation theorem for vectors in C corresponding
to the spectral representation we obtained above for stochastic processes, in that it decomposes
x into a linear combination of sinusoids of various frequencies.

Each loading #(j) is given as

T
Z @y - exp(—itw;)

ﬂ\

T
Z [cos(tw;) — i -sin(tw;)].

ﬂ\
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This is the discrete Fourier transform (DFT) of the vector x; note how it is basically the Fourier

transform of a function taking values on a finite space with cardinality T'. The decomposition
Xy = Z -exp(itw;)
\/>JEFT

for 1 <t < 7T is then the inverse DFT that lets us recover the original vector from the DFT.

The periodogram for frequency w; is defined as

T 2

th -exp(—itw;)

t=1

vy 1
In(wzio) = |6()* = 7

The equation

e = (D &) ej0 D 2(5) )

JEFT JEFT
=Y Y @()ak)-(ejen)
jeEFr keFT

JjeEFT JEFT

now shows us that the jth periodogram I7(w;;x) represents how much of the variation in the
vector x can be attributed to the jth frequency wj, that is, the proportion of wavelengths of
frequency w; to be found in the signal of x.

There exists a very useful alternative representation for the periodogram that makes clear

the connection between it and the spectral density.

Lemma Consider the space CT, and let It (wj;x) be the periodogram of the vector = € CT at
the jth Fourier frequency w; € (—m,w|. Let p € C, and define 4 : {—(T"—1),--- ,(T—1)} = R as
1 T—1
A1) = 72 Y (@sr — ) (o= 10

t=1

for 7 >0 and 4(7) =4(—7) for any 7 < 0. Then,

r(wj;x Z A(7) - exp(—iTw;)
|T|<T

for any j € Fr such that w; # 0, and

Ip(0;2) = T+ |pr () .

Proof) The expression for I7(0;x) follows directly from the definition of the periodogram.
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Choose any j € Fr such that w; # 0. Then, by definition

1 /I T
It(wjx) = T (thexp(—itwj)> : (Z%exp(iswﬂ) .
t=1 s=1

Since exp(—iwj),exp(iw;) # 1 by the fact that w; # 0, it follows that

XT:GXp(ist = XT: [exp(iw;)]° = exp(iw;) 1 —exp(iTw;) _ 0
s=1 ’ s=1 ’ 77 1 —exp(iw;) ’
and likewise, Z?:l exp(—itw;) = 0. Therefore,
1 (& T
Ir(wjsr) = T (Z (2 — p) exp(—itw;) > <Z ) exp( zsw])>
t=1 s=1
1 I.T
= 72D (= p) (w5 — ) - exp(—i(t = s)wy)
t=1s=1
T-1 1 T—1
- [T Z (Tt — ) (2t — ) 'eXp(—iij)‘| ,
r=—(T-1) L" t=1

where the final equality follows from a simple rearrangement of terms. This is precisely

our desired result.

Q.E.D.
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5.4.2 The Discrete Fourier Transform for Real valued Vectors

Now let z € RT be a real vector. Define the vectors {c;,s; | j € Fr} as

cos(w;) sin(w;)
2 ) 2

Cj = 2l . y S5 = T

T T
cos(Tw;) sin(Tw;)

for each j € Fp. Then, the periodogram for the jth Fourier frequency can be written in terms

of these sinusoidal vectors as follows:

T 2
Ir(wjz) = —th exp(—itw;)

\/>

2

x¢ - sin(tw;)

IIMH

3\

2

T
= g - COS tw] T

= (\/> xy - cos(tw;) )

<:1:,Cj>2+<:c,sj)2
5 )

IIMﬂ

T
Z Ty - sin twj >

Thus, we might want to furnish special notations for the inner products (z,c;) and (x,s;). We
define

ar(wj;z) = (x,¢5) =1/ = Z$t cos(twy)

Br(wj;z) = (x,sj) =1/ = th sin(tw;)

for j € Frr, and using this, the periodogram at frequency w; can be written as

o (wyia)] + [Br (wjia))*

In(wjs) = .

To see how these new factor loadings affect the DFT of x, suppose that T is odd. Then,
using the fact that the imaginary component of x must equal 0, the inverse DFT of x can be

organized as

JEFT
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cos(w) sin(w;)
= *Z% Z cos(tw;) — isin(tw;)) - : i

= Jebr cos(T'w;) sin(T'w;)

cos(tw;) cos(wj) + sin(tw;) sin(w;)

*th 2

Tid j&kr cos(twj) cos(Tw;) +sin(tw;) sin(Tw;)

(z,eq) -eq+ Tzl/2[<[2xt cos(tw;) )c] ([Zwt -sin twj> ]

(T-1)/2
(x,eq)-eg+ Z (x,cj)ei+(x,s5)s5].

Denoting by fir(x) the sample mean of z, for each 1 <t <T we now have

L(T-1)/2]
= fr(z)+ Z [aT(wj;x)-\/zcos(twj)+ﬂT(wj;:r)-\/zsin(twj)].

This decomposition and the frequency loadings ar, 81 are collectively referred to as the discrete
Fourier transform of the vector z € R”.
Thus, in this case we may think of the collection {fir(z),{ar(wj;), Br(wj;T) h<j<(r—1)/2}

as the DF'T of the real-valued vector x, and

[(T-1)/2]
= fr(z)+ Z [aT(wj;x) . \/gcos(twj) + pr(wj;x) - \/gsin(twj)]

as the inverse DFT. In order for this analogy to hold completely, it must be the case that the
collection of vectors {ep,{c;j,s;j}1<j<(r—1)/2} is an orthonormal basis of RT. This is indeed the

case when T is odd, as we show below:

Lemma For any 7' € N, define

% if T is odd

q= .
%—1 if T is even

Then, the collection {eg,c1,51, - ,¢q,54} is an orthonormal set in CcT.

Proof) We first show that the {eg,c1,s1, - ,¢q, 8¢} is an orthogonal set. First, for any 1 < j #
k<gq,
T

2
(cj,cr) = T Zcos tw;) cos(twy,)
t=1
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1z
TZ exp(itw;) +exp(—itw;)) (exp(itwy) + exp(—itwy))

t=1
1 T
= o7 > lexp(it(w; +wy)) + exp(it(wg — w;)) 4 exp(it(w; — wy)) + exp(—it(w; +wg))] .
t=1
Note that
wj—i-wk:Q%(j—{—k)E(O,?W), wj — wg 2;(] k) € (—2m,2m)\ {0}

because j # k, so that the usual geometric series argument shows that

T o _ Lo 1 —exp(iT(wj +wg))
;exp(zt(wy +wy)) = exp(i(w; +wy)) - [ —oxp(i (w]j+ wr)

and likewise for the other terms. This demonstrates that (c;,cx) = 0.

Similarly, for any 1 < j # k <q,

T
(sj,5%) = T Zsm tw;) sin(twy,)
t=1
1 T
ﬁz exp(itw;) — exp(—itw;)) (exp(itwy) — exp(—itwy))
t=1

[exp(it(w; +wy)) — exp(it(wr —w;)) — exp(it(w; —wy)) +exp(—it(w; +wg))] =0

I
N

1

|
5[ =
M=

because the sum involves the exact same terms as above.

Finally, for any 1 < j k <g,

T

(cj,s) = ZCOS tw;) sin(twy,)
TH

.‘H

I
¥
~
M=

(exp(itw;) + exp(—itw;)) (exp(itwy) — exp(—itwy))

I
15

MH
={I
™=

lexp(it(w; +wy)) —exp(it(w; — wy)) +exp(it(wg —w;)) —exp(—it(w; +wy))]

~
I
—

w”
={I
M=

lexp(it(wy, —w;)) —exp(it(w; —wy))],

~
Il
i

since wj +wy, € (0,2m). If wy, —wj # 0, then the same applies to the last two terms and

the inner product is equal to 0. If wj, = w;, then the inner product is also equal to 0
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because the two summands are equal at 1. Therefore, (c;,s;) =0.

Finally, choose any 1 < j < ¢ and note that

(eo, c] E cos twj

exp (itw;) +exp(itw;)) =0

IIMH

because w; € (0,27). Likewise,

(eo, sj Zsm tfwj

1 T
= NoRT Z (exp(itw;) —exp(itw;)) = 0.

This completes the proof that {eg,c1,s1, -+ ,¢q, 8¢} is an orthogonal set.

It remains to show that the vectors in {eg,c1,51, - ,¢q, 54} have modulus 1. This is

clear for eg. For any 1 < j <gq,

¢l = (cj,c4) cos(tw,)
’]‘ 70 %] Z J

1 T

ﬁtﬂ (exp(itw;) + exp(—itw;))?

!

1
ﬁz exp(2itw;) + exp(—2itw;) + 2)
t=1

since 2w; € (0,27). Similarly,

si|" = (sj,s5) smtw
’]| FARK] 5)

T

- _LT ; (exp(itw;) — exp(—itw;))”

1 T

T =

(exp(2itw;) + exp(—2itw;) — 2)
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and the proof is complete.

Q.ED.

Since all the vectors in {eg,c1,51,---,¢q,54} are real valued, the above lemma implies that this

set is an orthonormal basis of R? when T is odd.
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5.4.3 Asymptotic Unbiasedness of the Periodogram

Now let X = {X;}+cz be some real valued stochastic process of interest. Suppose that X is
weakly stationary with absolutely summable autocovariances, and let u be the unconditional
mean and ' : Z — R the autocovariance function of X. Then, we can define the spectral density
fz:(—m,m] = C of X as

1 o0
ulw) = 52 3 T expl—irw)
for any w € (—m,n]. Let X7 = (X1, ---, X7) represent the sample up to the Tth observation;

XT is a random vector taking values in R”. Let {wr; = (27/T)j | j € Fr} be the collection of

Fourier frequencies on C”', and define

r(wr;; X)) =1/ = ZXt cos(twr ;)

/6 wT,]v \/ ZXt sin thJ

{OZT(wT,j; XT)} i + [5T(U’T,j3 XT)} 2

IT(wT,j;XT) = 9

for j € Fr. In the case where T is odd, the inverse DFT

[(T-1)/2]
2 2
X;=Xp+ Z [aT(wTJ;XT)-\/;cos(thJ)—kﬂT(wT?j;XT)-\/;Sln(th,j)]

holds for 1 <t < T, where )_(T is the sample mean.
Defining 'y : {—(T'—1),--- ,(T—1)} = R as

1 T—7

I'r(r)=7 > (Xigr — ) (X — 1)

t=1

for any 7> 0 and T'p(7) = I'p(—7) for any 7 < 0, we saw above that
_ 2
T"XT‘ if wTyj:O

IT(wT,j;XT) =

Z_E(T 1 [(7)-exp(—iTwy;) otherwise

Naturally, we want to find conditions under which Ir(wr j; XT) is a well-behaved estimator for
27 - fz(wT,j).
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To this end, we first extend the periodogram so that it is no longer a function on just
{wr,; | j € Fr}, but rather the entire interval [—m,7]. This is achieved by defining the function
g: Ny x[—m,7] = (—m, 7] so that, for any T'€ Ny and w € [—7,7],

wr; if wp;—7 <w<wr;j+%, and wel0,7]

g(T,—w) if we[—m,0).

g(T,’U)) =

In other words, ¢(T,w) is equal to the Fourier frequency closest to w (and equal to the smaller
frequency if there are two Fourier frequencies to which w is closest). Note how, for any w €

(—m, ], because
7r
Tow)—w| < =
o) —wl < T
we have

lim sup |g(T,w)—w|=0,

T—=00ye(—m,7]

that is, the sequence of functions {g(T’,-)}rcn, converges uniformly to the identity function on
(—m,m]. By implication, for any w > 0, g(T,w) > 0 for large enough T'.

We now extend the domain of the periodogram so that
Ip(w; XT) = Ip(g(T,w); XT)
for any w € [—m,7]. Note that I7(-; X7T) is symmetric on [—7, 7], since
Ir(—w; XT) = Ir(g(T, —w); XT) = Ir(g(T,w); X 1) = Ir(w; XT)
for any w € [—m,7|. Going one step further, since
Ir(—m XT) = Ir(9(T,m); XT) = Ir(m; XT),

we can extend I7(-;X7) to the entire real line by letting it be a 27-periodic function. Going
forward, we therefore treat I7(-; X7) as if it is a function on R.

The following is our first glimpse at the asymptotic properties of the periodogram:
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Theorem (Asymptotic Unbiasedness of the Periodogram)
Let X = {X;}1ez be a weakly stationary process with mean p, absolutely summable autocovari-

ance function I': Z — R, and spectral density f; : (—m, 7] — C. Then,

lim (E[Zr(0; X7)| =T p2) = 27 £,(0)

T—o00

and
Jim B |17 (w; XT)| = 27 fo(w)

for any w € (0,7].

Proof) We first show that the sequence of functions {Br}ren, on [—m, 7| defined as

T-1
7]

Brw= > (1= )00 expl-irw)

T=—(T-1)

for any T'€ N4 and w € [—m, 7| converges uniformly to 27 - f,. To see this, choose any
e > 0. Because the autocovariances of X are absolutely summable, there exists some
N € N, such that

Z F(T)<§

I|=T

for any "> N. For any w € (—m, 7| and T' > N, we can now see that

|Br(w) — 27 - fr(w)]| = Z ( —’TT‘) (1) - exp(—iTw) Z (1) - exp(—iTw)

|T|<T T=—00

=|- Z |;‘ (1) -exp(—iTw) Z (1) - exp(—iTw)

IT|<T [7|>T
<> e+ 3 e
|T\<T |7|>T
<Y M+ 3 e
|T|<N |T|>N

(g )

where the second to last inequality follows because | | <1 for any |7| < T. Now, since
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< |T[|T(7)] is not dependent on T', there exists some N; > N such that
1 €
2 rrel) <
|T|<N

for any T' > Nj. Finaly, since N; depends only on € > 0 and not on the specific choice
of frequency w € (—m, 7], it follows that, for any 7' > Ny,

sup | Br(w) —2m- fuluw)] < ( > |T|-|r<f>|> +5<e

we(—m,m] Ir|<N

Such an N; € N, exists for any € > 0, so it follows that

lim sup |Br(w)—27-f,(w)|=0.

T—00 e (—mm)

Now we move onto the proof of the theorem. Defining I'p: {—(T' —1),--- (T —1)} = R

as

() = 2 3 (Ker — ) (X1 0

for any 0 < 7 and I'p(7) = I'p(—7) for any 7 < 0, notice how

E [P (r)] = ( - ‘;') T'(r).

forany —(T'—1) <7 <T-1.
For any j € Fr such that wr; # 0,we have
T-1 .
IT(wij;XT) = Z I'(7) - exp(—iTwr;).
T=—(T-1)
It follows that, for any w € (0, 7] and large enough T' € Ny, g(T,w) > 0 and
T-1
Ip(w; XT) = Y T(r)-exp(—it-g(T,w)).
T=—(T-1)

We can now see that, for large enough T,

E |Ir(w; ")) = Tf E |Pr] -exp(—ir-g(T,w))
r=—(T—1)
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ISONANL
_ Z < — T) (1) -exp(—iT-g(T,w)) = Br(g(T,w)).

T=—(T-1)

For any € > 0, by the continuity of the spectral density, there exists some § > 0 such
that

127« fo(w') =27 - fo(w)] < %

for any w' € (—m, 7] such that |w—w’'| < 0. Furthermore, since g(7,w) — w as T — o0

and {Br}ren . converges uniformly to 27 - f,, there exists some N € N such that

lg(T,w) —w| <§ and sup |Br(w') =27 fp(w')] < %

w'e(—m,m]

for any T' > N. Consequently, for any T'> N,
| Br(g(T,w)) =2 - fo(w)| < |Br(g(T,w)) =2 - fo(9(T,w))| + 27 - fo(g(T,w)) — 27 - fa(w)|

< sup [Br(w))—2m- folw!)| 412 folg(Tw)) — 27 fol(w)| < c.

w’ €(—m,m]

Such an N € N, exists for any € > 0, so by definition
lim Br(g(T,w))=2n- fz(w).
T—o0

This completes the proof of the second statement.

Finally, we shift our attention to the long run variance term. We can expand the

expectation of I7(0; X7) as

E |Ir(0; X7)] :T~E’XT’2

Therefore,

1TT

E[fr(0:X")| ~T-u* = 233 T(t—s)

t=1s=1

= D(0)+ 27 T (1) ++ 4 27 T(T 1)
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By the uniform convergence result we saw earlier,

Jim (E|Ip(0;X")| =T -4%) = lim Br(0) =2r- £(0).

Q.E.D.

This result shows us that the mean of the extended periodogram at every non-zero frequency
converges to 27 - f, (and even at the zero frequency if u =0). It also follows that the spectral
density is always non-negative; for any w € (—m, 7], since the periodogram for frequency w is

non-negative valued, so is its mean E [IT(w;X T)}, and since
lim E [IT(w;XT)} =27 fo(w),
T— 00

it follows that 27 - f,(w) > 0 as well.
We are able to make a far stronger assertion when the mean p of the process X is equal
to 0. In this case, not only does the expected value of the periodogram Ir(w;X7) at frequency

w € [—m, ] converge to 27 - f,(w), but this convergence is uniform over [—m,7]:

Theorem (Uniform Asymptotic Unbiasedness of the Periodogram)
Let X = {X;}1ez be a weakly stationary process with mean zero, absolutely summable autoco-

variance function I': Z — R, and spectral density f, : (—m, 7] — C. Then,

lim  sup ‘]E {IT(w;XT)} —27r-fw(w)’ =0.

T—00 ye[—m,n]

Proof) Define the sequence of functions {Br}ren, on [—m, 7] as in the preceding theorem,

that is, as

Br(w) = TZ_I (1—;‘) I(r) - exp(—irw)

T=—(T-1)

for any T'€ N4 and w € [—m, 7. Recal that, in this case,

lim sup |Br(w)—27- f,(w)|=0.

T—00 ye[—mm]

Furthermore, recall that the sequence of functions {g(7,-)}ren, also converges uni-
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formly to the identity function on [—m,7]:

lim sup |g(T,w)—w|=0.

T—o0 we[—,7]

Finally, because the spectral density f; is a continuous function on the compact interval
[—7, 7], where we define f,(—7) = f(7), it follows that f, is uniformly continuous on
[—7,7], that is,

lim sup  [falw) — falw)] =0,

0=0 ' e[—mm], jw—w'|<8

Define I'p : {—(T'—1),--- , T—1} - R as
. T T
I'r(7) =7 ZXt+TXt

t=1

for any 7> 0 and I'p(7) = I'p(—7) for any 7 < 0. Note that, this time around,

Ir(w; XT) = Ir(g(T,w); XT) = Y Dyp(r)-exp(—it-g(T,w))
|T|<T

for any w € [—m,7] and

E [Pr(r)] = (1 - ’TT‘) I'(7)

for any |7| < T because X has mean zero. Therefore, for any w € [—m, 7],

‘E{IT(w;XT)} —27rfx(w)‘ = Z ( _|TT|> (1) -exp(—it-g(T,w)) — 27 f(w)

|7|<T

<|Br(9(T,w)) =27 fu(g(T, w)) |+ |27 f2 (9(T, w)) — 27 for(w)]

< sup [Br(w') =2 fo(w)|+ 27 fo(9(T,w)) — fo(w)].

w'€[—m,7]
For any € > 0, choose § > 0 so that

[Folw') = fulw”)] < 1

for any w’,w” € [—m, 7] such that |w’ —w”| < §. We can then choose N € N, so that

sup |Br(w') =27 fu(w ')}<§

w’ €[—m,m]
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and

sup |g(T,w')—w'| <§

w' €[—7,m]

for any 7' > N. Note that this N only depends on ¢ and not w due to the uniform

continuity of f,.

Now, for any 7' > N, because |g(T,w) —w| < §, we have |f.(9(T,w)) — fz(w)| < § and

therefore

[ [ (w; XT)] =20 fo(w)| < sup  [Br(w) = 2mfu(w)| + 27| £o(g(T,)) = fulw)| < e.

w'€[—m,m]

This holds for any w € [—m, 7|, which tells us that, for any T'> N,

sup ‘E [IT(w;XT)} —27rf:c(w)‘ <e.

wE[—m,7]

Such an N € N, exists for any € > 0, so by definition

lim  sup ‘E {IT(w;XT)} —27T'fgc(w)‘ =0.

T—=00 ye[—m,n]

Q.E.D.

5.4.4 The Periodogram for IID Processes

Our next objective is to now find the asymptotic distribution of the periodogram at each fre-

quency. We first focus on the asymptotic properties of the periodogram for i.i.d. processes. Let

Z = {Z}1ez be a real valued i.i.d. process with mean 0 and variance o2 > 0. Define its extended

discrete Fourier transform as

T
ar(w:z") = /2 > Zcos(t-o(T0)

P ,
BT(w;ZT) = \/;;Zt-sm(t-g(T,w))

[ (w: 27+ [Br(w; 27)]

Ip(w; Z7) = 5

for any w € [—7,7]. Note that,for any j € Fr, we have

E [aT(wj;ZT)} =FE {ﬁT(wj;ZT)} =0,
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and for any 1 < 7,k < L%J such that wr j,wr ) € (0,7),

T T

2
E [aT(wT,j; ZD)ar(wr; ZT)} =7 Z ZE [Z:Z) - cos(twr ;) cos(swr k)
t=1s=1

T
=02 = Z cos(twr ;) cos(twr k)

T t=1

2 . .
oc ifj=k
=0 (cj ) =
0  otherwise

where the vectors {c;,s;}1<j<q C RT are defined as in the previous section. Similarly, we have

o ifj=k

E [BT(U)T,]‘;ZT)/ST(U)T,MZT)} =02 (sj,81) =
0  otherwise

and
E[ar(wr,; 27)8r(wrg; 27)] = 0%+ (cj, 58) = 0.

This unique covariance structure among the Fourier coefficients of an i.i.d. process leads

naturally to the following asymptotic result:

Theorem (Asymptotic Properties of Periodogram for ITD Processes)
Let Z = {Z;}1cz be an i.i.d. mean 0 process with variance o2 > 0 and finite fourth moments,
and define the extended DFT of Z as above. Let i be the sample mean of Z1,---, Zp. Then,

i) For any frequency A € (0,7) and a fixed bandwidth m € Ny,

VT fir Z

[

Ir(g(T.N) —wrm; Z7) | 4 | Di/2
. %O- .

IT(g(T7/\)+wT,m;ZT) D2m+1/2
where Z, D1, -+, Doy,+1 are independent random variables such that Z is standard normal

and each Dj is chi-squared with 2 degrees of freedom.

ii) For any fixed m € N, the periodograms for the first m Fourier frequencies converges in
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distribution to the limiting distribution

VT - jir A

g

Ir(wr; Z7) | 4 | D1/2
) =0 ) ,
IT(wT,m;ZT) Dm/2
where Z, D1,---, D, are independent chi-squared random variables such that Z is standard

normal and each Dj; is chi-squared with 2 degrees of freedom.

4
iii) Defining n = % > 0, for any T'€ N, and Fourier frequencies wr ;,wr ; € [0,7] such that
Wr,j # WT ks
(n=3)c* 4 e
=+ 20" ifj=0o0r T/2
T
Var |7 (wr5 27)] = (=3)0" | 4 .
4ot if0<j<T)/2
and
—3)o?
Cov [IT(’UJT’]'; ZT), IT(wT’k; ZT)} = (77T)

Proof) Choose any frequency A € (0,7), choose any bandwidth m € Ny, and define ¢ =2m+1.

Define the array {Vr }i<i<rren . of 2¢+ 1-dimensional random vectors as

1

cos(t- (g(T,\) —wrm))
sin(t- (g(T,\) —wr,m)))

[\

Ve = V27 x

cos(t- (g(T,\) +wr,m))
sin(t- (g(T,A) +wr,m))

For fixed —m < j <m, wrj — 0 as T'— oo, while g(T,\) = A € (0,7) as T'— o0, so for
large enough T', (T, \) +wr ; € (0,7) for —m < j < m. Moreover, becuase g(T',\) +wr ;
and g(T', \) +wr j, are different Fourier frequencies in (0, 7) for large enough 7" and j # k,
it follows from what we saw above that {V7;}1<i<7 ren, is an array of random vectors
such that

1 & 1 o
E ZVT,t] =Opg+1)x1, E [ZVT,tVft] = 0" Iog41
[ﬁtl ! r=

for large enough T'. {Vr;}1<i<71en, is an independent but not identically distributed

array of random vectors. Therefore, it is trivially a vector valued martingale difference
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array with respect to the filtration it generates, and we can think of applying a MDS
CLT-type result.

To this end, note that

V|2 =2 (; - f [cos?(t+ (g(T, ) +wr,;)) + sin?(t- <g<T,A>+wT,j>>}> z;

Jj=—m
=(2q+1)-Z}%.

Since {Z; }ez has finite fourth moments by assumption, it follows that {Vr }1<i<rren,
is L*-bounded. Furthermore, since Vra, -, Vrr are independent with bounded fourth
moments and o2 - I. 2¢+1 is the covariance matrix of each V7, Chebyshev’'s WLLN shows
us that

1z
T Z VT,tV’I,“,t £> O'2 . 12q+1-
t=1
Thus, the MDS CLT implies that

T
7ZVT,t gN[O(2q+1)><17 02'12q+1]-

Let N = (N, -+, Nagy1) NN|:O(2q+1)><17 ng+1}; Ni,---,Nog41 are independent stan-

dard normally distributed random variables. Then, by the continous mapping theorem,

1
2 LS v

- N
\/T Hr (L ET V(2))2+ (L ZT V(3))2 2 i
Ir(g(T,\) —wrm; Z7) | 1| VT &=t=17T1 VT =1 T g o> | N3+N3
= — —
: 2 : 2 :
Ir(g(T\) +wrm; Z7) N22q+N22q+1

(G )+ (Gt i)’

where V}JB is the jth component of the random vector Vr;. Defining Z = N; and
D;= N22j —|—N22j+1 for1<j<2m+1,Z,D1,--+,Dopyq are independent random variables
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such that Z ~N'[0,1] and D;j ~ x3 for 1 <j <2m+1.

Similarly, defining

Sl

cos(t-wr1)

sin(t-w
UT’t:\/iti ( ' T71> ,

cos(t - wr,m)

sin(t - wr,m)

we can see that {Ur ¢ }1<t<7 7>2m+1 is an array of random vectors such that Uz 1,--- ,Ur

are independent and
i ]
E UTi} - O(2m+1)><17 E [ UT,tUT ,;| =0 - 12m+1
\/thl T —

for any T'> 2m+1 (the frequencies wr,1,- -+ ,wr,, are always distinct and in (0,7) for
any 7' > 2m+1). By the same line of reasoning as above, we can conclude from the
MDS CLT that

\/»ZUTt —H\/[ (2m+1)x 15 0% Iom+1,

and the same transformation as earlier shows us that

VT fir Z

g

Ir(wr; Z7) | 4 | D1/2
. %0- .

Ir(wrm; Z1) D)2

where Z, Dy, -+, Dy, are independent random variables such that Z ~ N'[0,1] and D; ~
X3 for 1 < j <m.

To show the result concerning the covariances of the periodogram, choose any T' € N

and wr j,wr ) € [0,7]. Then, because

2

ZZZtZ -exp(—i(t—s)-wr;)

tlsl

]T(wT,j;ZT) ‘\FZZt eXp —1t- ’LUTJ

2

and Ir(wr j; ZT) has mean o2, we can see that

COV {IT(U)TJ‘;ZT), IT(wk;ZT)} =K [IT(wTJ;ZT),IT(wT’k;ZT)} —0’4
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T T T T

= Y S BIAZ A expl—ilt — s)ur ) exp(—ilu—v)ur) —

t=1s=1lu=1lv=1

The only cases where E|[Z;Z,Z,7Z,] # 0 is when all four indices are the same, of which
there are T instances, or when the indices are pairwise equal. In the latter case, there

are again three possible cases:

Case 2-1: t=sandu=v
Case 2-2: t=wand s=v

Case 2-3: t=wv and s =u.

There are T2 instances of each case arising, of which T overlap with the case of all four
indices being the same. It follows then that

COV {IT(wj;ZT), IT(wk;ZT) +O’4

T
_ L - 4 2 4 4 o
= [ T(n—3)o + T°0" +o ZZexp i(t—s)(wr; +wr k))
Case 1 minus Overlap Case 2-1 t=1s=1

Case 2-2

T T
+04~ZZe i(t—s)( wT7j—wT7k))].

t=1s=1

Case 2-3

Suppose wrj # wr . Then, wr; +wry € (0,27) and wrj —wry € (—2m,27) \ {0}, so

that the sums disappear and we have

(n—3)o*

Cov {IT(U)TJ;Z ) IT(U)Tk,ZT)} T

Meanwhile, suppose wr ; = wr . If wr; € (0,7), then 2wy ; € (0,27), so that only the
sum in case 2-2 disappears, while the sum in case 2-3 beceoms equal to 72, and we have
n—3)o 4

Var {IT(wTJ,ZT)] (T—i—a .

Finally, if wr; =0 or wy; = 7, then the sums in both case 2-2 and case 2-3 equal T2

and we have

4

— 3ot
u+20 .

Var [IT(U)TJ';ZT)} = T

Q.E.D.
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5.4.5 The Periodogram for Linear Processes with IID Innovations

Using the results obtained above, we can now study the asymptotic properties of the periodogram
of linear processes with i.i.d. innovations and absolutely summable coefficients. Formally, let Z =
{Z;}1ez be a real valued i.i.d. process with mean 0, variance 02 > 0, and finite fourth moments.
Let ¥ = {¥;};cz be an absolutely summable sequence of real numbers and X = {X;},cz the

mean 0 linear process constructed from the innovations Z and coefficients ¥ as

oo
X, =V(L)Z = > V;-Zj,
Jj=—00
where, as usual, the convergence is almost surely and in mean square. Letting I' : Z — R be the

autocovariance function of X,

o0
I(r)=0?- Z VW,
j=—00
for any 7 € Z and I is absolutely summable.

Letting the spectral densities of X and Z be denoted f, and f,, respectively, recall from the

earlier discussion on time invariant linear filters that
—iw | o —iwn |2
folw) = W) falw) = | w(e™))

for any w € (—m, 7], where the second equality follows from the fact that Z is an i.i.d. process with
variance o2. Recall from the earlier result on the asymptotic unbiasedness of the periodogram
that f; is non-negative valued.

Define the extended DFT of X as

T
ar(w; XT) = \/EZXt -cos(t-g(T,w))

t=1
5T
BT(w;XT) = \/;;Xt -cos(t-g(T,w))

[ar(ws xT)]" + [Br(ws xT)]°

Ip(w; XT) =
2
for any w € (—m, 7], and likewsie for Z. Since %WXT) is the sample analogue of the value f;(w)
Ir(w;ZT) a?

of the spectral density at w, and “=5>>— is the sample analogue of f.(w) = §-, we might expect
a relationship similar to f,(w) = |¥(e~) ]2 - f.(w) to hold between the periodograms I7(w; XT)
and I7(w; ZT). Indeed, this is the content of the next theorem:
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Theorem (Effects of TLF on Periodograms)

Let Z ={Z;}tez be an i.i.d. mean 0 process with variance 02 > 0 and finite fourth moments, and
U = {U,};cz a collection of absolutely summable real-valued coefficients. Define X = {X;}1ez
as the linear process constructed from innovation process Z and coefficients V. If ¥ is 1/2-

summable, that is,

ST W[k < oo,

k=—o00
then for any T'€ N4 and j € Fr, we have
T —iw|? T
Ir(wry; XT) = |(e™™)[ " Ir(wr: 27) + Re(wry),
and there exists some ¢ < +00 such that
c
max E|Ryr(wr ;)| < T for any T'e N,..

Furthermore,

1 T
N X, = U(1)——=S"Z,+ Ry,

Ll
where Ry = 0 as T — oo.

Proof) Choose any T € Ny and j € Fp. Then, we can see that

1 I T
fZXt exp(—itwr ;) = (Z Z Uy Zy k) exp(—itwr ;)

t=1k=—o0

i U, - exp(—iwr k) [\FZZIE k- exp(—iwr ;(t — k)))]

k=—00

:\I’(eszTj (fZZt exp —it- ’lUT])>

Jr(wr,;)

1 X XL A .
+— 0, - e—ztk Z (Zt—k . e_sz’j(t_k) — 7 e—lt'wT,j)
VT,

t=1

Utk

Yr(wr,;)
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It follows that

2
1 T
IT(wTJ-;XT) = |ZXt-eXp(—ith’j)
VTS
—‘\I/ —twr,; 2 7T
=|W(e™)| Ir(wr;Z7)

+ \I’(e_i'wT’j)JT(wT,j)YT (wTJ-) + \I/(ei'wij)JT(—wTJ-)YT(wT,j) + |YT(wT’j) |2 .

Rr(wrj)

We study each of the terms comprising Rr(wr ;) one by one.

The Third Term: The Terms Ur,

We first start with the term Y7 (wr ;). For any k € Z, we can consider the following five

cases:

Case 0 k=0
In this case, Uy, = 0.

Casel 0<k<T

In this case,

0 T
UT,IC = Z Zt . eflthJ — Z Zt . eflth,j
t=1—k t=T—k+1

is the sum of 2k independent random variables with mean 0.

Case 2 k>T
In this case,
T—k A T A
UT,k — Z Zt . €_thT’j _ ZZt . €_thT’j

t=1—k t=1

is the sum of 27" independent random variables with mean 0.

Case 3 —-T<k<0

In this case,

|| T+|K|
UT,k:_ E Zy-e "I 4 E Zy-e T
t=1 t=T+1

is the sum of 2k independent random variables with mean 0.
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Case 4 k< -T

In this case,

T+ k| T
UT,k’ —_ Z Zt X €_zth’j _ ZZt X €_thT‘j
1=k +1 =1

is the sum of 27" independent random variables with mean 0.

In any case, Ury, is the sum of 2-min(|k|,T") independent mean 0 random variables.
Given some k € Z, let Nj C Z be the set of cardinality 2-min(|k|,7) on which the

summation over the terms in Urj occurs. Then, we can write

Upp= Y Zi-e "7,
teN

It follows that

tENg tENK

‘UTJg‘Q: (Z Zt'e_it‘wT’j) (Z Zt'eit.wT’j>

=3 Z}+ Y ZiZg-eTovrs
tENy t,s€Ng,t#s

and

Ur " = Z 227342 Z Z 222, 7 e ts)vr;
t,5€ N, UEN}, t,5€ Ny, t#s

+ Z Z ZUZUZtZS.e—i((t—s)+(u—u))wT,j‘
u,vEN,u#v t,s€E Ny, t#s

By the independence and mean 0 property of the process Z, it now follows that
E[Uri|” = 0% - |Ni|
4_ 4 4
ElUr|” =no" - [Ng|+ 20" - [Ni| (| Ni| = 1)
2
<ot |Nel+2 (0% INk)

4
where we define n = E'fj‘ > 0. By the definition of N, we have

E|Ur > = 0% - 2min(|k|,T)
2
E|Ur | <not-2k|+2 (02 -2/k|)

for any k € Z.
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The Third Term: The Term Y7 (wr;)

Now we return back to our original objective. We can expand |YT(11)TJ)|2 as

k=—o00

2
Yr(wr)[* < (\F LR |UTk\)

1
k—fool—foo

we have

Yy (wr)[* Sf Z > > Z W5 [ W3] ||| ] - |

k=—00l=—00Mm=—00p=—00
and, by the MCT for series and Hoélder’s inequality,
E|Yr(wry)|*
1 00 00 o] 00 1 1 1
o 2 2 2 1l (EIUrl*) * (BIUz*)* (BIURMl")* (BT,
k=—00l=—00M=—00p=—00

1

kX_: \\I/kl[na 2/k|+2 (o - 2[k]) }1/4] .

For any k € Z, since |k| < |k|*, we have
not 20k +2 (0% 20k])" = o* [20- k] + 8]k ]
< 0" max(20.8) - |kl +|Kf°)
< 20" - max(2n,8) - |k|?,

so that

1
EYr(wry)|* < 5 (20* - max(2n,8)) [ 3w ||1<;\1/2]

k=—o00

¢

Note that ¢ > 0 does not depend at all on j.

280

S



The Other Terms

Moving on to the other terms that comprise Ry (wr ;), note that
[ Jr(wr)* = Ir(wr 3 27) = Ir(—wrj; 27) = | Jr(—wr )"

The periodogram of Z for frequency wr ; has mean equal to o2 and second moments

bounded above by M +30*, which we saw in the preceding theorem, it follows that

(n—3)o*

T +30* <ot

E|lJr(wr;)|*, ElJr(—wr;)|* <

for any T' € N,. In addition,

wiem )|, w(etvn)

2 i ?
< Z Wkl | <400
k=—0o0

by the absolute summability of W.

Putting Everything Together

Now we combine all the preceding results to obtain an upper bound of the quantity

E|RT(wTJ)|2. Because
E|Ry(wr )| = W(e™"7) Iy (wr) Yr (wrg) + ¥ () Jr (—wr ) Y (wrg) + Y (wr ),
we can bound IEJ\RT(wT,j)]2 above as follows:

. 2
E|Rr(wr)|” < E [2]W(e™05)| - [Jr(wry)|- [Yr(wr)| + [Yr(wr,)[]

. 2
:4.EU‘IJ(6‘”’T’J‘) NI (wr )P Ve (wr,)[?

14.E H\p(e—i'wm

T (wr )| [Yr(wrg) P+ E[Yr (wr)*

1

<afwevnn)* (Bt ))* (2¥r(or))

NI
~lw

+a|w(eor)

) <E|JT(wT,j)’4> (E|YT(’LUT,j)|4>

+E| Yz ()|,

where the last equality follows from successive applications of Holder’s inequality.
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Therefore, putting together the results we have derived so far,

r 2
= ~1]1 > sl 1
E[Rr(wr;)[* < |40 | 30 [0l | @] 5+ 4010 | 30 Wl | (@7 | 75
k=—00 k=—o00
(e} 2 o0
1 1 3 |1
< [0tV | D el | @i+dnio| D0 (W] (@ +¢| o
k=—o00 k=—00
(&
The term on the right hand side does not depend in any way on j, so
2 C
max B Ry (wr)|” < 7.
Moving onto the second result, note that
= — = V;Zi—;
\/thl \/thl j=0
) 1 T
j=—00 \/thl
1 T
ZZtJr Z v; <Z (Zy— Zy— )).
j=—o00 \/thl
For any j > 1, note that
T 2 TR
72 (Zi— 2y g :*ZZE[(Zt_thj)(Zs_Zsfj)]
\/> =1 =4
1T
*ZE|Zt Zi— J| += ZE Zt Zy— ])(Z — Zs— ])]

t;ﬁs

~20t LS 7] +EI27, )

t#s
T—j
=202 (1— 0
a( m[ - D
_ 2024 ifj<T
202 if j>T
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As such,

T

f: v; (\% > (Zi— th)>

jzfoo t=1

1 T
—=> (Z—Z;y)
T t=1

< Y IGE

JE€Z\{0}

T
TZ(Zt—Zt—j)

2)§

d 1/2
NEELZ]

Jj=1

< > I‘I’!(

JEZ\{0}

—FZW|+2< )

lj|>T

<F21w+( )(ZWM)

|7|>T J=—00

.11/2

— oo 1777 |¥ | converges, and because 1/2-summability

By 1/2-summabiliy, the series > 72

implies absolute summability,

> 1w =0

l71>T

as T — oo. Therefore, sending T — oo on both sides implies that

lim E

T—o00

Zw( ET: Z”>‘o

and therefore

Ll
where R — 0.

Q.E.D.

Thus, we have successfully obtained a representation of the periodogram of a linear process in

terms of the squared gain times the periodogram of the underlying innovation, plus an additional

remainder term that converges uniformly to 0 at the rate % The key condition here is the

1/2-summability of the coefficients, which is implied by one-summability but is slightly stronger

than absolute summability. Since we normally assume one-summability when dealing with linear

processes, as will be made abundantly clear when we study non-stationary processes, the 1/2-

summability assumption is largely innocuous.

By the way we have defined the extension of the periodogram to the interval [—m, 7], it
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follows that, for any w € [—7, 7],
vy . _ —i-g(T,w) 2 . 7T
Ip(w: XT) = Ip(wig(T.w) = [W(e 90 . Ip(g(T,w): 27) + R (9(T,w)

Ip(w; Z7) + Ry (w),

= ‘\p(e*i-g(T,w)) ’2

where we define Rr(w) = Ry (g(T,w)) and

Nl o

sup  E|Rr(w)[® = max E|Rr(wr;)|* <
wE[—7,7] JEFr
for any T'€ N..
Armed with the approximation above, we can now establish similar asymptotic results for

the periodogram of the linear process X as we did for the i.i.d. process Z:

Theorem (Asymptotic Properties of Periodogram for Linear Processes)

Let Z ={Z;}tcz be an i.i.d. mean 0 process with variance 02 > 0 and finite fourth moments, and
U = {U,};cz a collection of 1/2-summable real-valued coefficients. Define X = {X;};cz as the
linear process constructed from innovation process Z and coefficients W. Let f, : (—m, 7] — R4
be the spectral density of X, and assume that f;(w) > 0 for any w € (—m,n]. Finally, let pr =
4521 X;. Then, the following hold true:

i) For any frequency A € (0,7) and a fixed bandwidth m € Ny,

VT iy z
Ir(g(T,\) —wr,m; XT) q (m le(zmﬂ)) Dy /2
: O@m+inyx1 27 fz(N) ’
Ir(g(T,\) + wrym; XT) Doma1/2

where Z,Dq,-+,Dopi1 are independent random variables such that Z ~ A[0,1] and

Djrvx% for 1 <j<2m+1.

ii) For any fixed m € N, the periodograms for the first m Fourier frequencies converges in

distribution to the limiting distribution

_ 1
\/TMT Qsz(O)Z
Ip(wrp; X7 Dy/2
( : ) 4ot (0). 1‘/ ’
Ir(wrm; XT) Dy /2

where Z, D1, , Dy, are independent random variables such that Z ~ N[0,1] and D; ~ x3
for 1 <j<m.
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E|[z}
iii) Defining n = % > 0, for any T' € N, and Fourier frequencies wj,wy, € [0, 7], there exists

some constant ¢ > 0 such that

202m)? fu(wrj)* + 7t ifj=k=0o0r j=k="T/2
Cov {IT(wTJ;XT), IT(wTJ;XT)} =1 @m) 2 fa(wr )’ + = Hf0<j=k<T/2
e if j#k

Proof) Note from the preceding theorem that, for any T'€ N; and w € [—m,7], we have

Ir(w; XT) = |W(e 9T 1y (w; 27) + Re(w),

where
2 _C1
sup E|Rp(w)|" <=
w'e[—m,m] T
for some constant ¢; > 0. Since
£olg(Tyw)) = 2 [w(emiatTan)|
T g 9 271' I

it follows that

Similarly, defining

1T
:ZLZ,T - T Z Zt7
t=1
we saw that the relationship
VT - fir = \/T'ﬁZ,T+RT

holds, where Ry = o0,(1).

Choose any A € (0,7) and a fixed bandwidth m € N,. The asymptotic properties of the
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periodogram for i.i.d. processes tells us that

VT fizr z
IT(g(T, )\) —wT7m;ZT) d 9 D1/2
. — 0 . s
IT(g(Ta)‘) +wT,m;ZT) D2m+1/2

where Z,D1,--+, Doy are independent random variables such that Z ~ N[0,1] and
Dj ~ 3 for 1 <j <2m+1. For large enough T, g(T,\) —wr,m, - ,g(T,\) +wr,, are
distinct Fourier frequencies in (0,7), so that

VT - jip
Ip(g(T,\) — wrm; X7T)

IT(g(T7 )\) +wT,7n§XT)

27 fx (O)
o ’ VT iz Ir(9(T,\) —wr m; Z7)
0 Zﬂ'fz(g(Tﬁg‘)fwT,M) ’ . s
: : . : T
0 0 2T N Fur ) Ir(g(T ) +wrm; 27)
0-2
Ry
Rr(g(T,\) —wr,m)
+ )
Rr(g(T,\) +wr,m)
Rt
Define
Ry (g(T, \) —wr m)
Roar= :
RT(g(T7 )‘) + wT,m)
Since

ER-1r[>= 3 EIRT(Q(T,w)erT,k)IZ§(2m+1)'< sup E|RT(W')\2>,

k——m w’ €[—m,m]

2
it follows that R_q 7 L O@m+1)x1- Since Ry = 0,(1) as well, we have Rr = o,(1).
Furthermore, by the uniform convergence of {g(7T’,-)}ren, to the identity function on
[—m, 7], as well as the fact that wr; — 0 as T'— oo for any fixed —m < j <m, we have

\ /L&,(O) 0 0
27 fo (g(T,N) =W, m) Tfa
0 TN wrm) 0 %<~/2f,2(0) O oms1) >

O@m+1)x1 %

A
3 ) “Tom1

0 0 2W'fz(g(7;;\)+wnm)
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as T — oo. From Slutsky’s theorem, we now have

VT - jir Z
Ir(g(T,\) — wpm: XT) %(m 01x(2m+1)) D /2
: O@m+yx1 27 fz(N) :
Ir(g(T, \) + wrm; XT) Dami1/2

Now fix some m € N4 and consider the vector of periodograms evaluated at the first
m Fourier frequencies:

VT - fir 250 0 0 VT -fiz Rp
Ir(wr;X7T) 0 2”'f””(g(7;;\)*wT=”) 0 Ip(wr;Z7) Rr(wr,1)
IT(’LUT,m;XT) 0 0 . 27"'fz(9(7;§\)+wT,m) IT(wTJn;ZT) RT(wT,m)

—_————
Rt

Once again, Ry 5 O(m+1)x1, while the fact that wr ; = z%j — 0 for any fixed 1 <j<m
implies by the continuity of the spectral density that

li )= :
Jim fo(wr,;) = f2(0)
Therefore, by Slutsky’s theorem,

\/T-/ZT _Z

T QWfI(O)
I (wr,1; X D1/2
7 o ) 4 9 £,(0) 1_/
Ir(wrm; XT) Dy /2

To prove the asymptotic result pertaining to the covariances, note first that, because
the spectral density f, is a continuous function and [0,7] is a compact space, by the

extreme value theorem there exists a w* € [0, 7] such that

fx(w*) = Sup fx(w) € [07+OO)‘
wel0,m]

Now choose any 0 < j < |T'/2]. The variance of the periodogram I7(wr ;; X7T) is given
as
2 T

IT(U)TJ; 7 ) + RT(’IUTJ)

Var [IT(wT,j;XT)] = Var [ (e T
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4 2
-Cov I:IT(wT,j;ZT)7RT(wT,j):| + Var [RT(U)TJ')]

= [t

o i 20 o)

4 ) 2
-Var [IT(wT’j;ZT)} +2"1/(eﬂ'wT7j) ~\/Var [IT(wT,j)] - Var [RT(wT’j)] + Var [RT(wT’j)]

< [w(emrmr)

by the Cauchy-Schwarz inequality.

By what we proved in the preceding theorem,

Var [Rp(wr,;)] = E| Ry (wr)|* — (B[ Rp(wr,)|)?

C
< E[Rp(wr,)* < =

The first term can be written as

L Var [IT(wTJ-; ZT)} = (W) 2 - Var [IT(wT,j; ZT)}

oo
o

(2m)? fo(wrj)? - L;?’ +2(27)? fp(wr;)? if j=0o0r T/2

(27r)2fm(wT7j)2-"—_3+(27r)2fx(wT,j)2 if0<j <T/2

using the derivations for the variance of the periodogram of the i.i.d. process Z. By

implication, for j =0 or j = %7

Var [IT(U)T,]';XT)] - 2(27T)2f:r(wT,j)2

< (2m)* fu(wr ) % +2027 fu(wr,j)) 77;3 +2} 5 \/\/g + %

< [(@m)? fulw")2(n = 3) +2(2m fu (")) (1= 1)2 Ver + 1 ;T

Cvar

.. . T
Similarly, for 0 < j < 3,

Var [IT(wT,j;XT)] — (QW)zfx(wT,j)2

NI

& Cvar

<

_3
1 +1}

< P futwr; P 22 v2emfutwr) 110 +1] T V2

Finally, we move onto the covariances. For any 0 < j # k < |T/2],

Cov | Ir(wr ;: X7, Ir(wr; XT)
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= Cov |: \I!(e_i'wT’j)

2 .
IT(wT,ﬁ ZT) +RT(wT,j)7 )\P(e_z.wT’k)

2 T
Ir(wrp; Z° )+ Re(wr k)

. 2 . 2
= e tern [ |we

-Cov [IT(wT,j§ZT)7 IT(wT,kQZT)} + “I’(e_i'wT‘k)

2
-Cov [RT(wT,j), I (wr g ZT)]

+ ‘xp(e—i'wm)

2
- Cov [RT(wT,k), IT(wT,ﬁZT)} +Cov [Rp(wr;), Rr(wry)].

The last term can be expanded via the Cauchy-Schwarz inequality as

N
D=

Cov[Rr(wr,;), Rr(wr k)] < (Var[Rr(wr;)])2 (Var [Rr(wr)])

< sup E|Rp(w)?<
we|—7,7] T

In light of the properties of the periodogram of the i.i.d. process Z, the first term can
be written as

[w(emvrs) (e

2 -3
-Cov [IT(wT,jQZT), IT(wT,k;ZT)] = (277)2fx(wT,j)fx(wT,k)’nT
N -3
< @nfo(w))? T2
Finally, another application of the Cauchy-Schwarz inequality shows us how

|w(eture)

[NIE

2 -Cov [RT(IUTJ‘), IT(’U}TJC;ZT)} S W . (Var [RT(QUTJ)])% (Var [IT(IUTJC; ZT)})

< (2 fa(w)? va. (77_3 +2)é

JT T
< nflw) P14
By symmetry,
wiers)[* - Con[Rr(wna). Irlwnys 27] < (nfulw) 2~ D2
as well, so that
Cov [Erwr: XT), Tr(uwrsa XTY] < B +20molw) P - 13V + om0

This completes the proof.

289



Q.E.D.
The above theorem tells us two things. First, for any given frequency A € (0,7), the periodogram
Ir(\ XT) = Ir(g(T,\); XT) is asymptotically unbiased but not consistent for 27 f,(\), in that
lim E [IT()\;XT)] =27 f,(\)
T—o00
but
Ir (N XT) S wfa(N) D

where D ~ x3.
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5.5 Estimating the Spectral Density

In the previous chapter, we defined and derived the asymptotic properties of the periodogram.
Given the close connection between the periodogram and the spectral density, we can now make
statistical inferences about the latter by constructing statistics based on the former. So far,
we have established that the periodogram converges to some limiting distribution centered at
the spectral density, but have not found a consistent estimate of the spectral density itself. As
such, we start by presenting ways to construct confidence bands around the spectral density and
conduct inference on the population mean using the results we have obtained so far. Afterward,
we show how a smoothing method can be used to construct a consistent estimator of the spectral
density out of the sample periodograms.

In what follows, we let Z = {Z;}4cz be a mean zero i.i.d. process with variance o2 > 0 and
finite fourth moments, ¥ = {¥;},cz a 1/2-summable sequence of real numbers, and X = {X; }4ez
the mean 0 linear process constructed from the innovation process Z and the coeflicients W. Let
v : Z — R be the autocovariance function of X, and f, : (—m, 7] — R its spectral density. Defining
the DFT and periodogoram of X as

T
ar(w; XT) = \/gZXt -cos(t-g(T,w))

t=1
2 < _
ﬁT(w;XT) = \/;;Xt -sin(t- g(T,w))

{OZT(U);XT)}Q + [BT(UHXT)}Q
2

Ir(w; XT) =

for any w € [—, 7], and extending f,. and I7(-; XT) to the entire real line so that they become
2m-periodic functions, note that our assumptions on X ensure that the asymptotic results de-

rived in the preceding theorem all hold.

5.5.1 Set Estimation of the Spectral Density

Suppose we want to construct a confidence interval around f,(\) for some A € (0,7). Then,

because

Ir(g(TA\); XT) a4 -
’7fo(>\) 4)X2’

we can easily obtain an asymptotic confidence interval for f,(\) with confidence level (1 — ) as

Ip(g(T,2\); XT)  Ip(g(T,A); X7)

) = i a/22) rol(a/22) |

where x2(q;v) represents the gth quantile of a chi-squared distribution with v degrees of freedom.
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In practice, the periodogram I7(\; X7) at the frequency A tends to be a very noisy estimate
of 2 f(N). It is often the case that smoothing the periodogram yields less noisy confidence
bands for the spectral density on the interval (0,7). To this end, we fix a bandwidth m € N

and consider a sequence of non-negative weights {W(—m),---,W(m)} such that

> Wi(k)=1.

[k <m

The smoothed estimate of f;(\) using the above weights and the periodogram of the linear

process X is now defined as

FrOuXTom) = = S0 W) I [g(T )+ wras X7

™
[k <m

Since this estimate can be expressed as the vector inner product

1 IT[g(T,)\) —wT7m;XT]
fT()\;XT,m) =3 (W(—m) W(m)) : ,
I7[g(T,\) + wpm; X T

the weak convergence result in the preceding theorem tells us that

frOsxT m) % fxé)\) ( > W(k)Dk> ,

[k|<m
where D_,, -+, D,, are independent chi-squared random variables with 2 degrees of freedom
each. Then,
fr(XT,m) 4
_— = Z W (k) Dy,
20s() |k|<m

where the distribution on the right hand side is a pivotal non-negative distribution, and whose

critical values can often be obtained via simulation. Letting the § and 1— § quantiles of the

distribution 374 <,,, W (k) Dy be given as cvi(a) and cvz(a), it follows that an asymptotic 1 —«

confidence interval around f;(\) can be constructed as

_ [ fruXTm) fr(u X" m)

Cr(Asm) 2-cva(@) T 2-cva(a)
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5.5.2 Inference on the Mean of Linear Processes

Suppose now that there exists some process Y = {Y; };¢cz such that Y; = p+ X; for some p € R,
and that we want to make inferences on the population mean p. Y and X have the same

autocovariances, so they have the same spectral densities: f, = f,. Furthermore, because
T T
ZCOS(th,j) = Zsin(thJ) =0
t=1 t=1

forany 1 <j < L%J, the periodogram of Y and X =Y — i are exactly the same for all non-zero
Fourier frequencies. This means that, even if only have access to the data in Y and do not know
the mean p of Y, we can still obtain the periodograms Ir(wr,;; XT) for 1 < j < |T/2], since
Ir(wrj; XT) = Ip(wr;;YT) for 1< j < |T/2].

Now recall the second result that we proved above, namely that, for any fixed m € Ny and

the sample mean pur = % E;le X4,

\/T'ﬂT Z/\/m
wri: XT
R O T I
[T(wT7m;XT) Dm/2

where Z,Dy,---, Dy, are independent random variables such that Z ~ N'[0,1] and D; ~ X3 for
1 <j <m. Suppose we define

R 1 1o
Jr(0;Y" m) = EZIT(WTJ;YT) = EZIT(wT,j;XT),
j=1 j=1

so that fT(O;YT,m) is simply the sample mean of the first m periodograms. Furthermore, note
that

T
_ 1 B
Yr-—p=7 > (Vi —p) = fir-
t=1

Then, the asymptotic result above, combined with the continuous mapping theorem, implies
that

VT [Yo—p|\ | (y/275,(0)-2
—

Fr(0; YT m) () ),
where Z and V are independent random variables such that

ZNN[()?l], VNX%m

We can initially see that the asymptotic distribution of the sample mean of the linear process
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Y is given as
VT [V =] S N[0, 2mf,(0)],

where

e}

2mf,(0)= Y I(7).
T=—00
This quantity is called the long run variance of Y, and this result will be generalized to vector-
valued linear processes in the next chapter using the Beveridge-Nelson decomposition.
The result
N 27 f,(0
r(0y™,m) 4 2710,
2m

then shows us how we can obtain an asymptotically valid test for u. By the continuous mapping
theorem once again, we have

-1 3
Yo —pu | fr0 YT m) \/T[YT_“} i Z

LFr(0;YT,m) 2mfy(0) /27 1,(0) e

Because Z,V are independent random variables such that Z is standard normally distributed

and V is chi-squared with 2m degrees of freedom, it follows that

The limiting distribution of % is pivotal, and as such we can construct tests and
confidence intervals for p based on this test statistic.

This is a remarkable result because it shows us that we do not necessarily need a consistent
estimator of the long run variance to be able to make inferences about the mean p. It is sufficient
for there to be an estimator that converges in distribution to some chi-squared random variable

centered at the long run variance.
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5.5.3 Consistent Estimation of the Spectral Density

Based on what we have discussed so far, we can construct consistent estimates of the spectral
density. The intuition is to smooth the periodogram similar to what we did above when con-
structing confidence intervals around the spectral density; but this time, we let the bandwith
grow to infinity at an appropriate rate as the sample size increases. This ensures that, at the
limit, a law of large numbers-style result holds so that the estimator converges to a single point.

Consider a sequence of bandwidths {br}7cn,, and a corresponding sequence of weighting
functions {{Wr(k)} x<p, }Ten, - For any A € (0,7), our estimator of the spectral density f.(A)

is given by

2 1
FrXTbr) = o= 37 Wr(k)- Iy [g(T,N) + wrps X7
|k|<br

We call this the discrete spectral average estimator. This expression is well-defined for every A €
(0,7) because Ir(-; X7 is well-defined for every integer multiple of the fundamental frequency
2= and each g(T,\) +wry is an integer multiple of 2Z.

Note that this is precisely the smoothed estimator we used above to cnostruct the confidence
interval around f,()), except this time the bandwidth varies with the sample size. We show
below that, if the sequence of weighting functions {Wz}ren, are well-behaved in the limit, then

Ffr(\; XT bp) is a consistent estimator of f,(\):
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Theorem (Consistency of the Discrete Spectral Average Estimator)

Let Z ={Z;}tez be an i.i.d. mean 0 process with variance 02 > 0 and finite fourth moments, and
U = {U,};ecz a collection of 1/2-summable real-valued coefficients. Define X = {X;};cz as the
linear process constructed from innovation process Z and coefficients W. Let f, : (—m, 7] — R4
be the spectral density of X, and assume that f,(w) > 0 for any w € (—m,7].

Consider a sequence of bandwidths {b7}rcn, and corresponding weighting functions
{{I/VvT<k)}|k|§bT}Te]\f+ such that

Wr(k) =Wr(—k), Wr(k)>0
for any 7' € N4 and |k| < by, and satisfies the following conditions:

b
br - +o00 and TT%O as T — oo

Z Wr(k)? =0 asT — o0
|k|<br

> Wr(k)=

|k|<br

Then, the discrete spectral average estimator is uniformly asymptotically unbiased for the spec-
tral density of X:

lim  sup ’E [fT w; X7 bT)} —fx(w)‘ =0

T—o0 we(0,m)

Furthermore, for any w € (0,7),

lim Var {fT(w xT bT)}

T—o0

Proof) We first establish uniform convergence of the expected discrete spectral average esti-

mator. Choose any w € (0,7). By definition,

Frw: XT by) = — Z Wi (k [ (T, w) +wp s X©
|k|<bT
As such,
B [ fr(w; X7 ,br)] - f \_ > Wr(k)-E |Ir [g(T,w) + wr X7| | = fo(w)
\k\<bT

- 277 Z Wr(k)- ’E [IT [g(T,w) —|—wT7k;XTH —27rfm(w)‘
|k|<br
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|k|<br
+ W (k) - f2(9(T,w) +wrk) — fo(w)]
|k|<br
1 ’ /
< %wles[lia ; E [[T [w ;XT” =27 fp(w')
+ Y Wr(k)- [ fo(9(T,w) +wr k) = fulw))],
k| <br

where we repeatedly used the property that 33 <p, Wr (k) =1. For any |k| < by,

T+ 2whyp

27
19(T,w) +wrp —w| < [g(T,w) —w| +7\k| < T

Finally, note how, for mean 0 processes, which X is, we showed that the following

uniform asymptotic unbiasedness result holds:

lim  sup ‘E[IT [w’;XTH —orf(w)| = 0.

T—o0 w'€[—,m)

Choose any € > 0. f, is continuous over the entire real line, and [—27,27] is a compact
subset of R, so f, is uniformly continuous on [—2m,27]. By definition, there exists a
9 € (0,7) such that

|f:c(w,> _f:c(w”)‘ <

N

for any w’,w"” € [~2,27] such that |w’ —w”| < §. Now, by the assumption that 2 — 0
as T — oo, there exists an N € N, such that

27h 1
mt2mbr <5,2>

T
sup ‘E [IT [w';XTH =27 fp(w')| < e
w! €[—m,m]
for any T' > N. As such, for any T'> N,
2mb
max |g(T,w) +wry—w| < Tt embr < 6.

|ki<br T

By implication, for any k € Z such that |k| < by, we have
|9(T,w) +wr k| < [w]40 < 2m,

so that g(T,w)+wr  and w are frequencies in [—2m, 27] such that |g(T,w) +wr; —w| <
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0. By the uniform continuity of the spectral density on [—2m,27], it now follows that

€
|fx(g(T7w) +wT,k) - fx(w)| < 5
This holds for any k € Z such that |k| < bp, so

ax | f2(g (T,w)+wT,k)ffx(w)|<;

and we have

’E [fT(w; XT, bT)} - fx(w)’

S% sup ‘E{IT{WSXTH—%J% ‘ > Wr(k): | folg(T,w) +wrk) = fo(w)| <e.
w'€[—m,m] k| <br

Note that our choice of N depends only on e. Therefore, what we have actually shown

is that

sup ‘E {fT A\ xT bT)} —fw(w)’ <e
we(0,m)

for any T'> N. Such an N € N exists for any € > 0, so by definition

lim sup |E [fT(w xT bT)] —fm(w)‘ =0.

T—o0 we(0,m)

It remains to prove the statement about the variance of the discrete spectral average

estimator. Again, choose some w € (0,7) and expand Var {fAT(w;XT,bT)} as

Var [fT(w;XT,bT} Var Z Wr(k [ (T, w)—l—wTk,XT}
|k\<bT

( 5 > Walk )2 Var [ Ir(g(T, w) +wr s XT)]

[k|<br

72 X WrlWr(i)-Cov |Tr(g(Tw) + wrys XT), rlg(Tyw) +wry XT)]
|k|<br |j|<br, j#k

Recall that we showe earlier how

li T,w) +wry —w| = 0.
Jim ﬁgg;\g( ,w) +wrk —w)|
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Thus, there exists some N € N, such that
lg(T,w) +wrk —w| < min(m —w,w)
and, in particular,
9(T,w) +wr —w € (0,m),

for any T'> N. For such T, g(T,w)+wr ) and ¢g(T,w)+wr; correpsond to different
Fourier frequencies if k # j for some |k|,|j| < by. In light of the theorem on the asymp-
totic propreties of periodograms for linear processes, there exists some ¢ > 0 such that,
for any T'> N and k,j € Z such that |k|,|j| < by, we have

Cov [ Iz (g(T,w) +wrs XT), Ir(g(Tw) +wr; XT)| =17
T2

Therefore, for any T' > N, we have

Var | fr(w; XT,br)| = 30 Wr(k)2 £, (g(T,w) +wrp)? + QW)vﬁ,E: S Wk

|k <br [k|<br |7]<br

Z WT Tw)—{—wTk) (QW)QI( Z WT )

|k|<br k| <br

C
Z Wr(k g(T w)—i—wTk) + .
K| <br (271')2\/T

Since g(T,w)+wry, € (0,7) and there exists some w* € [0, 7] such that

fz(w*) = Sup fx(w) < +oo
w’€[0,m]

by the extreme value theorem, it follows that

Var{fT(wX bT}_(Z Wr(k )f:v ) W

|k|<br

for any T'> N. Taking T'— oo on both sides now reveals that

lim Var [fT(w xT bT)} 0.

T—o00

Q.E.D.

Note how the above thereom implies the mean square consistency of the discrete spectral average
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estimator whose weight satisfy the conditions above. For any A € (0,7) and T' € N, we have
2 T 2 2 T 2 ; T 2
E| fr(3 X7 br) = foV)| =E[fr(5 X7,b0)| = 2£00 B [fr(5 X7, b1)| + £ ()
7 T ; T 2 ; T 2
= Var [ fr(5 XT,br) | + (E[frs XT.br) | )" =200 -E [ fr (6 X7 b0)| + £ (V).
Taking T'— oo on both sides now yields
N T 2
lim E|fr(\X7,br) = f.(V)] =0,
T—00
or equivalently,

FrouxT o) B 100,

Notice how we have suspiciously left the discrete spectral average estimator at frequency 0
undefined. This is because the periodogram at frequency 0 depends heavily on the mean, or
level, of the underyling process, while the periodograms other frequencies are unaffected. For
example, returning to the case we studied in the previous section, consider we have data on a
linear process Y = {Y;}icz with unknown mean p defined as Y = p+ X. Then, Y and X share
the same spectral density and the same periodogram values at non-zero frequencies, so that we
can obtain IT(wTJ;XT) simply as IT(wij;YT) for 1 <j < |T/2]. This means that there is no
problem estimating fT()\;YT,bT) for any A € (0,7). For large enough T' and given that bTT -0
as T — oo, g(T,\) +wry, € (0,m) for any |k| < by,s0 we can see that

fT(A§YT»bT):% > Wr(k)-Ir [Q(T’A)+MT,1¢;YT}

|k|<br

= o 3 W) I [oT ) s X7 B £o3) = ().
|k|<br

This is not the case with the above expression evaluated at A = 0, since it now always includes
I7]0;YT] as one of its summands, which is in general different from I[0; XT].

To avoid using the periodogram at frequency 0, then, we define the estimator of f,(0) as

by
A 1
Jr(0: X7 br) = o (WT(O)IT wr; X | +2 3 W (k) I [wr s XT}) ,
k=1
that is, we simply act as if the first Fourier frequency is frequency 0. This approximation be-
comes more and more accurate as the sample size increases, since wr; — 0 as T' — 00; thus, we
would expect this expression to converge to f;(0) in the limit. Below we confirm that this really

is the case:
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Theorem (Consistency of the Frequency 0 Discrete Spectral Average Estimator)
Let Z ={Z;}tez be an i.i.d. mean 0 process with variance 02 > 0 and finite fourth moments, and
U = {U,};ecz a collection of 1/2-summable real-valued coefficients. Define X = {X;};cz as the
linear process constructed from innovation process Z and coefficients W. Let f, : (—m, 7] — R4
be the spectral density of X, and assume that f,(w) > 0 for any w € (—m,7].

Consider a sequence of bandwidths {b7}rcn, and corresponding weighting functions
{{I/VvT<k)}|k|§bT}Te]\f+ such that

Wr(k) =Wr(—k), Wr(k)>0
for any 7' € N4 and |k| < by, and satisfies the following conditions:

b
br - +o00 and TT%O as T — oo

Z Wr(k)? =0 asT — o0
|k|<br

> Wr(k)=

|k|<br

Then, the discrete spectral average estimator at 0 is asymptotically unbiased and its variance

vanishes in the limit:

lim E [fT(o xT bT)} = f+(0), lim Var [fT(o;XT,bT)} = 0.

T—o00

Proof) The proof is almost identical to that of the preceding theorem, but we state it in full
for the sake of completeness. For any T'€ N,

& [#r X7 b1)] - £:0)

% <WT(O)'E [-’T (wT,1;X ) —2mfz(0 } +QZWT [ (wT,k+1§XT) —Qme(O)}> ‘

2i <WT ‘]E [IT(U/T 1,XT)] —27sz(wT,1)‘ +2bZTWT(k) : ‘E |:IT (wT,kJrl;XT)} _Zme(wT,kJrl)D

k=1
<WT | fo(wrp) +2ZWT | fo(wrpg1) - fz(0)|>
S% S[up ]E[IT(U’X )}*%fm ’JF(WT | fo (wr 1) = +22WT | fo (wrpg1) = fx(0)|>-
we|—mw,T

For any € > 0, there exists a § > 0 such that

[Fo(w) = £(0)] < 5
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for any w € [0,7] such that w < §. In light of the uniform asymptotic unbiasedness of
the periodograms and the fact that bTT — 0 as T — o0, there exists an N € Ny such
that, for any T'> N, we have

27T(bT + 1)

T <9, sup ‘IE [IT(w;XT)] - 27rfm(w)‘ < Te.

wE[—7,7]
Now note that, for any T'> N
Wr g1 = -5k <
and therefore
€
|f:(:(wT,k+1) - fx(0)| < 5
for any 0 < k < bp. It follows that
E [fr(0: X7 ,br)| - £(0)] < e.
Such an N € N, exists for any € > 0, so by definition

lim [E [f7(0; X7,br)] - £.(0)] =0.

T—o0

Now expand Var [fT(O;XT,bT)] as

Var {fT(O;XT,bT)} = Var

% (WT(O)IT {U)T,IEXT} +2 bZT: W (k)17 [wT,k+1§XT]):|
k=1

br
1 2 T 1 T
= Ve O Var [T (wrs XO) 4 5 Var | 3 Wr ()1 (wrsens X7)

1 &
+ ﬁ Z WT(k)WT(O) -Cov {IT (wT,k+1;XT) s IT(wT,l;XT)}
k=1

_ (271r)2WT(0)2var [IT(UJT,l;XT)]

+ ﬁ Z WT(]{I)WT(O) -Cov [IT (wT7k+1;XT> s IT(U)TJ;XT)}
t3 > > Wr(k)Wr(j) - Cov [IT(wT,k—i-l;XT)a IT(wT,j-H;XT)} :
By the asymptotic results for the periodogram for linear processes, there exists a ¢ > 0

302

|



such that, for any 0 < j,k < by, we have

©2m)? fo(wrjs; XT)2+ 28 ifj=k
Cov {IT("UT,J'H;XT), [T(wT,kH;XT)} = / T1/2 T
ﬁ if j £k

Substituting these results into the formula above reveals that

by by by

Var [fT(O X7 bp) } <4y Wr(k)? fo(wrp; XT) le/z > Wrlk)Wr(j
=0 k=035=0
br c
T2
<4;;>WT *fo(wrps X1 4 s

As before, there exists some w* € [0,7] such that

fo(w*) = sup fi(w)<+oo
w’€[0,7]

by the extreme value theorem, so we have

Var[fT(OX bT} (ZWT )x w)? + 2;1/2.

|k|<br

Taking T'— oo on both sides yields

lim Var [fT(O xT bT)}

T—o0

Q.E.D.

Again, the content of the above theorem implies that
. P T 2
lim E| fr(0; X7, br) — £2(0)| =0,
T—o0
or that

Fr(0; X7 00) B £,(0).

303



5.6 Heteroskedasticity and Autocorrelation Consistent Estima-

tion

So far, we have studied the implications of estimators of the spectral density, consistent or
otherwise, for statistical inference on the population mean of a linear process. It is possible to
easily extend this result to a linear regression framework where the errors are serially correlated;
the use of the spectral density in this context leads to heteroskedasticity and autocorrelation
consistent (HAC) standard errors.

Formally, we consider the following linear model

Yt = x;ﬁ‘i‘etv

where {y;}+cz and {z;}1cz are univariate and n-dimensional time series, respectively, and (§ €

R™*! We make the following assumptions:

A1 Stationarity and Ergodicity of Regressors
The regressors {x;}cz are fourth order weakly stationary. Specifically, {x;}icz is weakly
stationary with mean px € R™ and absolutely summable autocovariance function @ : Z —
R™ ™. Defining @ = ®(0) + px 'y, each entry in {z;z; — Q}iez is also a weakly stationary

process with absolutely summable autocovariances.

Furthermore, we assume that @ is positive definite and that {z;}cz is covariance ergodic,
so that

1 x
T Zt”«"tiﬁ; 5 Q
t=1

as T — oo.

A2 Exogeneity of Regressors
{€t}tez is a zero mean process such that x; and €; are uncorrelated for any ¢ € Z: E [x4¢,] =

On><1'

A3 Serial Correlation Structure
We assume that, for any 1 < k < n, letting ¢, be the kth standard basis vector of R"”,
the process {zp; = L;Qflxtet}tez is a mean zero linear process with iid innovation process.
Specifically, there exists a univariate iid process {ugk)}tez with finite fourth moments and

a sequence of 1/2-summable n-dimensional vectors {w](-k)}jez such that

2t = 1 Q aper = ) wj(k)uili)]

j=—o00

Letting f : (—m, 7] — R4 be the spectral density of {zxt}tcz, we assume that fi(w) >0
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for any w € (—m, .

We briefly study the implications of the assumptions before moving on.

5.6.1 Implications of Stationarity Assumption

By assumption 1, because each entry of {z:z} — Q}icz is a mean zero weakly stationary pro-
cess with absolutely summable autocovariances, the uniform asymptotic unbiasedness of the

periodogram tells us that

2

A e B D (@jiwr — Qi) - e~ | =21 fop ik (wrm)| =0

for each 1 < j,k <n, where fy, ji: (—m, 7] = Ry is the spectral density of the weakly stationary

process {x Ty — Qjk }rez-

Let {br}ren, be a sequence of integers such that

b
%—)0 as T — oo.

Then, for any 7' € N1 and m € Fr, we have

2 2

1

T
7 D (@jewke = Qjr) e e Tm
t=1

brE

‘ \/72 LjtLht — ng)

2

T
—27- fx$,jk(wT,m)a

b
—2m- fa:x,jk(wT,m) + T

T
br i
< o |E E Tjrar — Qjk) - T

it follows that

2

T
1 .
lim max by -E|= TirTir — Qar) - e~ HWT,m 0.
I max by - &) ;( ekt — Qjk)
By implication,
T
lim max b T T e~ Mtwrm|l — 0,
T—ocomeFr T H g vt
Note in addition that, for any non-zero m € Fr,
1 T 1 T ]
il Z(xtif;: _ Q) — W, _ Z$t$t — Wy _ Q- — Z e_thTvm,
o= =
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where

T T-1 —iTwr, m 1 —i2rm

) ) ) . 1—e ; —e
} :6 W m —e WL m § :6 1w m —e W m i —e TWT m i — 0,
1 1—e "WTm 1—e "WTm
t=

since e~WTm £ 1 and e~2™ = 1. Therefore,

T 1 T

— / —7
§ : xtl't zth,m — T E 1T} e W m
t=1 t=1

and we can conclude that

T
1 .
lim max br-E|= E zyx) - e Tm
T—00 me P\ {0} T =

For our purposes, we define

1 & ,
=7 E xtxg-e_”wTvm
t=1

for any m € Fr.

We can derive one more result pertaining to QQ7(m). Note that

o, 1QT(M)Il] < > IEIIQT(m)HSbT< max  E[|Qr(m )H)-

mEFT\{O} ‘ meFr\{0}, |m|<br SFri{o}

By the result above, the right hand side goes to 0 as T' — oo; therefore,

1Qr(m)| 0,

mEFT\{O} |m|<bT

and by implication

1Qr(m)]| = 0p(1).

mEFT\{O} |m‘<bT

Now we move onto the implications of the assumptions for the process z;. Using assumption
3 and the results derived earlier for the asymptotic distribution of linear processes, we can see
that, for any 1 <j <n,

\FZzﬂ—u\/o 21 £;(0)],

so that % Z;‘FZI zjt = Op(1). Defining z; = Q tzies = (214, , 2nt)’, it follows that
1 T
-1
— ) et | =0p(1) as T — oo,
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and by implication, ﬁ Zthl xrer = Op(1) as well.
We will now define an object that will crop up often later on. For any T € N4 and k € Frp,

2 2 n

szt e~ wT R :ZIT(wT7k;z]»T).

- j=1

= —thT k
VT

t=1

5.6.2 Approximation using Residuals

Letting BT be the OLS estimator of 3, by assumption Al BT is asymptotically well-defined

almost everywhere as

. T /T
Br = (Zﬂﬁtl‘;) (Z%%)
t=1 t=1

-1

=/~ (iwwé) (gl’tq) )

t=1

Defining

Qr:=Qr(0 Z»”Utf%

it follows that
. 1L
Br—pB= Q:Fl <T Zlftﬁt) .
=1
Because Q7 and ﬁ Zle xer are Op(1), we can see that
VT[p Ly
T \Br—B|=Qz' < $t€t> =0
pr-s]=ax VT ;

In particular, for any 1 < j <mn,

T

T
:L;(Q;I_Q )<\szt€t>+LJQ (\}T;xtet>.

Since Q:Fl — Q! =0p(1) by the continuous mapping theorem, and %Z?zl xrer = Op(1), it
follows that

\/T[B]T—,Bj} szt+0p _>N[O 27 £5(0)].
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This shows us that BjT has the same asymptotic distribution as z;;, and as such that we can ap-
proach statistical inference on the asymptotic variance of @T similar to how we would statistical

inference on the long run variance of a linear process. To this end, we can think of construct-

ing a consistent estimator QWfT(O;ij,bT) of 2m f;(0) using the periodograms IT(wT,k;z;fF) for
k=1,---,br+1:
A bT
27 fr(0;2] ,br) = Wr(0)Ir(wr; 2] ) +2Y Wr(k) Ir(wreia;2) ),
k=1

where by and the weights {Wr (k) }jx <p,. satisfy the conditions for the discrete spectral estimator
to be consistent.

The problem here is that the process z;; is unknown, since we know neither ¢ nor the true
errors €;. This can be rectified by using their sample estimators: that is, using the OLS residuals

€; defined as
& =y — 7} Br,
we can define
Zjt = L;Q:Flfﬂtgt,
and use the periodograms {I7(wr ; A]-T)}ke Fy to construct the feasible long run variance esti-

mator

by

27TfT(O; 2}1, br) = WT(O)IT(QUTJ; AJT) +2 Z WT(k)IT(wT,k+1§ 2}1)
k=1

It turns out that the periodograms It (wr k; QJT) and I (wrk; z]T) are approximately the same in
large samples, so that the usual results concerning the latter hold also for the former. This is

formalized in the next theorem:

Theorem (Asymptotic Behavior of Residual Approximation)

Suppose assumptions Al to A3 hold. Then, for any 1 <j <n, and k € Fp, we have

n 3
‘IT(U}T’k;fr) — ]T(wT,MZJT)‘ S MT(]C)2 +2MT(1€) (Z IT(“’T,k;%%;)) )
m=1
where My (k) =0,(1) as T'— oo for any fixed non-zero integer k.
Furthermore, for any by € Ny and set of non-negative weights {Wr (k) }x<p, summing to 1
such that

b
TT—>0 as T — oo

br Y Wr(k)?=0(1) as T — oo,
|| <br

308



we have

ZWT YMrp(k+1)2 = 0,(1)

(NI

ZWT YMrp(k+1) (Z IT(wTkH;z;‘Q)) =o0p(1) asT — oo.

Proof) First, fix any 1 <j<n, T € N; and k € Fp. Then, by definition,
Zjt = L;Q;Flﬂftét
= L}QElfUt (yt - fU;BT>
= L;Q:Flﬂftxé(ﬁ - BT) + L}Q:leth
= L;'QEIIEtﬂU;:(ﬁ —Br)+ L;‘(Q%l - Q MQz+ zjt.

It follows that

1 &, —itwr _ 1 1<1 i ) 3
— ) Zje k=150 =N mpahe7tTE | VT (B
L5 spertors g5 (1wt [V (1)

(QT _ ( Zz e zthk)+ZZ]t e zthk.

By the definition of the periodogram at the kth Fourier frequency,

2

. 1 K. 1 & By
IT(wT,k;z]T) _IT(wT,k‘;z]T) = 7Tzzjte TR ﬁz,zﬁ-e Tk
t=1 t=1
T
— i 5., oW K —itwr k
= Z jte szt e
T t=1
T
X<1Z’§J —twy, g | Zzﬂ e thTk)
T4 VT =
1 & 1 &
< |- 2 e wwr g P e wwT i
=~ T; Jt \/T; gt
T T
X i Z ;:,] e~ HwT K 4 i Z Zjt e~ WT K ,
T t=1 \/T t=1

where the final inequalithy is justified by the triangle inequality. Note that
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1 1
2 itw g twr g
— E Zjte t e — E Zjt-€ ’
v t=1 v t=1

1 & .
T 2 e_lth,k
VT

t=1

< |@z!| < QeI x |VT (8= Br)|+ Q7" — Q7| x Il x

and

<

iig e~ Wk LXT:Z .o HwT K
VT iz VT
+[@z!| < Qe < |vT (8- Br)|

+||lor' —@ 7| < llell x

1 T
2 : —itw
- Zi-€ W,k
VT i
For any k € Fr, since

1
2

1 L itw ( - T
I Z 2 e W k| — Z IT(wT,k; Zm)
\/T t=1 m=1

and
1 X

E :th . efzthyk
VT

t=1

< —itwr g

)

1 I
— Zt €
defining

Mr(k) = || Q7' |- 1Qr (k)] - |VT(8—Br)|

D=

+|er -7 llel- (Z fﬂwm;%))

for each k € Frp allows us to write
. :
’IT(wT,k;éjT) _IT(wT,MZJT)‘ < Mr(k) [MT(k) +2 (Z IT(”’T,M%E)) ] :
m=1

We will have shown our first claim if we can just show that M7 (k) = o,(1) for any
fixed non-zero integer k. However, this follows easily; for any T large enough so that
k € Fr\ {0}, since

' 2By Il =)
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for any by such that bTT — 0, we have ||Qr (k)| = 0p(1) by putting by = 1. Meanwhile,
G el

by the continuous mapping theorem and as such is Op(1), while we saw earlier how
VT (Br — B) = 0,(1) as well. Finally, because for fixed k and each 1 <m <n

IT(U}T,MZZL) £> ﬂfm(()) . D,

where D is a chi squared random variable with 2 degrees of freedom, by the properties

we proved for the periodograms of linear processes, it follows that

n

Z wTk, m :Op(l).

Finally, Q;l —Q! H = 0,(1) by the continuous mapping theorem again, so that

Mz (k) = Op(1) x 0p(1) x Op(1) + 0p(1) x |Q[] x Op(1) = 0p(1)

as T — oo.

To prove the second claim, let by and {Wr (k) }xj<p, satisfy 325 <p, Wr(k) =1, %T —0

and

br Y Wr(k)*=0(1)

|k|<br

as T — oo. First, note that, for any 1 < k <bp+1,

wMr(k)? <2[| Q7! QeI [VT(s — Br)|

T8 [oramon o] (Z IT<wT,k;Z%>>}
m=1

by the Cauchy-Schwarz inequality for finite sums. As such,

bZTWT(k)MT(kH)? §2HQ;1H2\ﬁ(ﬁ—5T \ (ZWT ) Qr(k+1)]| )
k=1

+HQ%1—Q_1H2||Q|I2' Zn: (2ZWT Mr(wr ;2 T)) :
m=1
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We know from the previous section that, for any 1 <m <mn,
br
WT(O)IT(wT’l; 237;) +2 Z WT(k)IT(wT,k-H; Z,j;l) LN 27Tfm(0).
k=1
Ir(wr1;2L) = Op(1), and since
br
2ZWT V(Wi i1 7)) < (Wr(0) I (wri520) +2 > Wr(k) I (wrp; 2n) | + ‘WT Vr(wrsz))|,

k=1

we can see that
2ZWT IT wTk+1, ;Z;L):Op(l)

as T'— oo. On the other hand,

2
ZWT NQr(k+1)|? _< IIQT(k)H> :

max
keFr\{0}, |k|<br+1

where we used the fact that

br
S Wrk)< Y Wr(k)=1
k=1 k| <br
Since we already saw that
max 1QT (k)| = 0p(1),

keFr\{0}, |k|<br+1

it follows that

ZWT Q7 (k+1)|I* = 0, (1).

Putting all these results together, we can see that

ZWT YMr(k+1) = 0,(1)

as T — oo.

Meanwhile,

[NIES

ZWT YMp(k+1) (Z IT(wT,k-‘rl;Zg;))

m=1
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br n
<||lQz|- VT (58— Br)]| <kEFT\{E??‘fé|ng+1 HQT<k)H> Lzl Wr(k) (Z Iﬂwnm;zﬁ))

m=1

+HQ}1_Q—1H.HQ|| [Zn: (ZWT VI (Wp ji1; 2 g))] _
m=1 \ k=1

We already know that the second term is 0,(1), and that

Jos|-[vts - - o)

k
ke Fr\ {0} Tk <bpt1 [Qr( )||>

[N

as well. As such, it remains to show that ZZTZI Wr (k) (anzl It (wr j41; z,ﬂ)) is stable

as T goes to infinity.

Using the Cauchy-Schwarz inequality for finite sums,

br n 3 3
> Wr(k) (Z Ir(Wr st 2 ) = Z (Z W (k) Ir(wr ;2 72))

k=1 m=1 k=1

1
2
k=1m=1

(bTZ > Wk Ir(wr s 2 ﬁ))

Choosing any 1 <m < n, for T large enough that br+1 € Fp, we have

[bTZWT )2 Ir(wr g1 2 m] —bTZWT [IT(wTk;H, 777;)}

(bT Z Wr(k ) (m%xE{IT(wTk, Z;)D

|k|<br kebr

The rightmost term is O(1) by the uniform unbiasedness of the periodogram of mean
zero weakly stationary processes with absolutey summable autocovariances, while the

first term is O(1) by assumption. Therefore, there exists some finite & > 0 such that

by
limsupE bTZ W (k IT(wT7k+1;z£)] < K < +o0.

To show that this implies the integrand above is Op(1), choose any € >0 and let § > 0
satlsfy < €. By Markov’s inequality,

1
(bTZWT ) I (W1 2) > 5) 5 [bTZWT ) Ip(wreq; 2 37;)] ;
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so taking T'— oo on both sides yields

by
K
limsupP [ br Z WT(/{)2IT(’LUT k+1;z3,;) >0 <—<e
T—o0 k=1 ' 0

By the definition of the limit superior and the infimum, there exists some N € N, such
thgat

b
sup P (bT > W (k) Ir(wrpsr; 7)) > 5) <e,
=N k=1

so that
br
P bTZ WT(k)ZIT(wT,Ic-H;ZZ;) >0 <e
k=1

for any 7' > N. Such a § > 0 exists for any choice of € > 0, so by definition
{br ZZT:l Wy (k) Ip(wrg41;25) ren, is bounded in probability and therefore Op(1).

This completes our proof.

Q.E.D.

In the next section we show how the result we proved just now implies that the usual results
for consistent and inconsistent spectral density estimators continues to hold under the residual

approximation.

5.6.3 Consistent and Inconsistent LRV Estimation

We first show that the first ¢ periodograms constructed using the residual approximation, where
q is a fixed integer, have the same asymptotic distributions as the periodograms that are con-

structed using the actual z;.

Theorem (Inconsistent LRV Estimation)

Suppose assumptions Al to A3 hold. Then, for any fixed ¢ € N4,

VT | Bir - 4] Z /27 ;(0)

Ir(wr;2]) & 9 f(0) Dy/2
. J . ’
. 2T
IT(ng,Zj ) Dq/2

where Z,D;,---,D, are independent random variables such that Z ~ N'[0,1] and each Dy, is

chi-squared with 2 degrees of freedom.
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Proof) Fix 1 <j <n, and recall that {2;; }+cz is a mean zero 1/2-summable linear process with
iid innovations. From the results derived for the periodogram for linear processes, we
know that

7 Y 2t Z/\/2mf;(0)

Ir(wr;2]) 4 9 f(0) Dy
. J . ’

IT(wT,q;ij) Dq

where Z,D;,---, D, are independent random variables such that Z ~ N'[0,1] and each

Dj is chi-squared with 2 degrees of freedom.

Now note that

\/T{BjT—ﬁg} LQT \/»Zfﬂtﬁt

szJt—H (QT - ) ( Z%)
where the second term above is 0,(1). In addition, for 1 <k <g,
I (wr; A;‘-F) = IT(wT,k;Z;‘-F) +o0p(1).

It follows that

\/T[BjT_ﬁj} ﬁZ'le Zjt Z/y/2mf;(0)
rlensE) =D dongo)|

IT(wT,qS'é]T) IT(wT,(Iﬂ ]T) Dq

Q.E.D.

Defining

Jr(0;2] . q) = ZIT wrks 2 )

the above result tells us that
ﬁ[BjT_Bj} q \/ 27 fi(0)-Z
fr(0;2] ,q) 727712”2(0) RV
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where Z,V are mutually independent with Z ~ A[0,1] and V ~ x2,. Therefore,

\/T[BjT_/Bj} i 2
= iy ———— th.

This allows us to conduct inferrence on 3; using a limiting t distribution instead of the usual

limiting normal distribution.

The standard way to conduct HAC inference is to use a consistent estimator of the long run
variance 27 f;(0), and this can be done similarly to inference on the population mean, specifically
through the use of the discrete spectral average estimator. That the discrete spectral average
estimator is consistent for the long run variance even when we use a residual approximation is

the content of the following theorem:

Theorem (Consistent LRV Estimation)

Suppose assumptions Al to A3 hold. Consider a sequence of bandwidths {br}rcn, and corre-
sponding weighting functions

UWr (k) }kj<bp yTen, such that

Wi (k) = Wr(—k), Wr(k) >0
for any T' € N, and |k| < by, and satisfies the following conditions:

b
br - +o00 and TT—>O as T — oo

br Y Wr(k)?=0(1) asT — oo
|k|<br

> Wr(k)=1.

|k|<br

Observe that this implies > <. Wr(k)? —0as T — oc.

Then, for any 1 < 5 <n, the empirical long run variance estimator defined as

br
Fr(0;2] br) = Wr(0)Ir(wra; 2] ) +2Y Wr(k)Ir(wres: 2))
k=1

is a consistent estimator for the long run variance of §;r:

2r fr(0;£7 br) B 27 £5(0).

Proof) This follows almost immediately from the fact, proven above, that the difference be-

tween the actual periodogram of z;; and its residual approximation is asymptotically
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negligible. Recall that the true discrete spectral estimator
Fr(0327 br) = Wr(0)Ip (wr,15 2] +2ZWT VI (wri152) )
k=1

converges in probability to the spectral density of zj; at frequency 0, f;(0). Furthermore,

we saw above that

1
n 2
’IT(wT,MZj ) — Ir(wr ;2 )‘ < My (k)* +2Mp(k) (Z IT(HJT,M%))

m=1

for any T' € N, and k € Fr. From that theorem we also showed that

ZWT YMz(k+1)? = 0,(1)

n 3
ZWT YMr(k+1) (Z IT(wT7k+1;ZZ;)> =o0p(1) as T — oo,

m=1

since the weights {Wr (k) }xj<p, satisfy the assumptions imposed on the weights in the

theorem in question. Therefore,

)fT(0;5f7bT)—fT(0 ZTbT)‘ <Wr(0 ‘IT (wp32] ) — Ip(wr; T)‘

br
+2> Wr(k ’IT w132 ) = Ir(wr ey ]T)‘
k=1
Since
br
> Wr(k ‘IT wrkt152; ) = Ip(wr e T)‘
k=1
bT n %
< ZWT MT k‘—|—1 —|—QZWT MT(k:—{— 1) (Z IT(wT7k+1;Z;IT;)>
k=1 m=1

for any T large enough that by +1 € Fr, and the right hand side is 0,(1), it follows that

[ Fr(0:2] br) = fr(0:2Fbr)| < W (0)|Ir(wras 2F) = Ir(wras 1) | +0p(1):

N

But we also know that Mp (1) is 0,(1) and that (2%21 IT(wTJ;zZ;)) = 0p(1), so that

‘IT wra;z; ) — Ir(wra; 2 ‘_Op(l)

Meanwhile, Wz (0) <1 for any 7" € N due to the requirement that the weights are
ip(0; 27 i ,br) — fr(0; zT )‘ is bounded above

non-negative and sum to 1. Therefore,
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by an 0,(1) term and is itself 0,(1). We can now conclude that
fr(0:2] .br) 5 £(0)

as well.

Q.E.D.

Using this test statistic, we can now construct the usual t statistic with a normal limiting

distribution as follows:

Bir— B;
\/%27{]‘}(0; %T,bT)

4 NT0,1].
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5.7 The Spectrum of Gaussian Time Series

We conclude the section on spectral analysis by touching on an important application of spec-
tral analysis to likelihood-based estimation and inference for Gaussian time series. Usually,
likelihood-basaed analysis for time series models are based on the prediction-error decompo-
sition that allows us to express the log-likelihood as a partial sum of martingale difference
sequences; afterward, we use martingale/mixingale WLLNs and the martingale CLT to derive
the usual properties of the score function and Fisher information, which is useful for, say, local
asymptotic normality frameworks.

In the special case that we are working with a Gaussian time series, we can instead work
in the frequency domain and approximate the log-likelihood using the spectral density and
periodogram ordinates up to an Op(T") error. The approximation hinges on an approximation of
the covariance matrix, which is Toeplitz in the autocovariance function, by a circulant matrix
that admits an eigendecomposition with eigenvalues equal to the spectral density evaluated at
the Fourier frequencies and eigenvectors equal to the basis vectors for R? we found when deriving
the DFT. Since Gaussian likelihoods for zero mean processes only depend on the value of the
covariance matrix, this leads us to the desired approximation.

Below we first introduce this circulant approximation to the covariance matrix of weakly
stationary processes, and then show how we can apply this to obtain the Whittle likelihood.

Finally, we extend our framework to LAN analysis.

5.7.1 Covariance Matrices as Toeplitz Matrices

Here we focus our attention on general block Toeplitz matrices of the Wiener class, and show
how their properties can be leveraged to derive results about covariance matrices of stationary
processes.

First, we emphasize the distinction between two kinds of matrix norms that will be prevalent

throughout this section. The first is the trace norm ||-|| defined as

SN 1441

i=1j=1

[A]l = y/tr(A*A) =

for any A € C"™*". Recall that the mapping (A, B) — tr(A*B) defines an inner product on each

C™*™ with induced norm equal to ||-||, so that the Cauchy-Schwarz inequality

tr(A"B) < [|A]| x || B]]

holds.

A separate matrix norm of interest is the operator norm, defined as

|Al,p = sup [Aa|

op
laj=1
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(C’ITLX’I’L

for any A € . Sicne

2 2
|Al,, = sup |[Aa|” = sup a*(A"A)a,
la|=1 la|=1

it follows that | A| op 18 the largest singular value of A, or the square root of the largest eigenvalue
of the PSD matrix A*A.
In the special case of a Hermitian matrix A € R™*" since the singular values of A are just

the moduli of its (real-valued) eigenvalues, we can see that

4,y = | (A7 = [ (0" A = sup o .
SEn lal=1 la|=1

The trace norm for a Hermitian matrix A € R™*" satisfies
2 n
2
JA]° =" 0i(A)?,
i=1

so that the following relationship holds between the trace and operator norms of Hermitian

matrices:

Al,, < Al < VAl

op

If, in addition to being Hermitian, A is positive semidefinite, then the operator norm for A takes

a particularly simple form of the largest eigenvalue of A:
Al = Tmas (4).

Lastly, for any conformable matrices A and B, we have the inequality
IAB| < |Al,, | BIl

This can easily be seen as follows: letting PDP* be the unitary eigendecomposition of the

Hermitian matrix A*A,

|AB||* = tr(A*ABB*) = tr(D(P* BB*P))
=Y D;i(P*BB*P);
=1

< (max DZ-Z-) tr(P*BB*P)

1<i<n

2 2
= Al 1 BII™-
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Suppose we have a matrix valued function f: (—m, 7] — C™*" that is square integrable with
respect to the Lebesgue measure. Then, we can define the corresponding sequence of (scaled)

Fourier coefficients

I(r; f) = /7T T f(w)dw YT €.

—T

We define the nT" x nT block Toeplitz matrix induced by f as the block-Toeplitz matrix with
blocks T'(1 =T f),--- ,T(T — 1; f):

Lo f) - TA-T5f)
Vr(f)= : - :
LTr-1f) - T(0;f)

Below we briefly touch on the relationship between square integrable matrix functions f, their

scaled Fourier coefficients, and the induced Toeplitz matrices.

Lemma 5.7.1. Let f,g: (—m,n] = C™™™ be square integrable matriz valued functions with
Fourier coefficients {T(7; f)}rez and {T'(7;9)}recz. Then,

o= LI DI = [ @)

TEL

2 ST —si9) = [ e fgle)ds

SEZ
Vo) < (4n)T ( I ||f(w)||2dw>

1 .
flw)= Dy Z L(7; f)e ™ for Lebesgue-almost every w € (—m,7|
T
TEL

wWT

where the mapping w — %2762 L(7; f)e 7 is defined as the L?-limit of the sequence

1

{% > F(T;f)e_im}

o
Ir|<m meNt

Furthermore, in the case that f(-) is Hermitian matriz valued,

IV (f)lgp < 27

op —

s (/|

1<i<n

where |||, is the essential supremum operator.

Proof. These claims are simple corollaries of the fact shown in preceding sections that the linear
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span of the collection

1 .
P={w— —e“"|T€Z}

V2r

of functions is dense in L?(B((—n,7]),m) where m is the Lebesgue measure on (—m,7]. Since P
is an orthonormal subset of L?(B((—,7]),m) that is dense in L?(B((—=,7]),m) in the L?-norm,
and L?(B((—m,n]),m) is a Hilbert space over the complex field, it follows that P is a maximal

orthonormal subset of L?(B((—m,7]),m) and thus

S e = [ fe)do

T
TEL -T

Z #(r)a(r) = / z(w)y(w)dw

TEZL -

for any z,y € L*(B((—m,7]),m) and Fourier coefficients

&(r W7 g (w)dw

-7

~ 1 T iwT
() = \/ﬂ/_ﬂe y(w)dw

by Parseval’s identity. Furthermore, if z(w) = z(—w) for any w € (—m, 7|, then we can see that,

for any m € N,
™
L.

The right hand side goes to 0 as m — oo, so that z(-) is the L2-limit of the sequence

1 m

Cor
,

z(w) &(r)e T

=—m

2 m
dw:/wya;(w)ﬁdw— S e

- T=—m

{% Z ﬁ:(T)e_i“’T}

m€N+'

We denote this limit by

To show the first claim, choose any index 1 <i,5 <n. Then, fi; € L*(B((—m,7]),m) and
\/%F(ﬂf)ij = \/%ffw T fii(w)dw = fi;(7), so that
2 1

[ its@ldo =X |ff =52 S I

TEL TEL
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By the definition of the trace norm,

*ZIIFTf o > 2Nyl

TEZ 1<zg<n7’€Z
- ¥ [ se)Pae= [ 1)
1<i,j<n" 4

To show the second claim, choose any 7 € Z and define g, (w) = e7“"g(w). Then,

D(sigr) = [ r=9g(w)d = T(r — 5ig).

—Tr

Therefore, for any 1 <i,j <n,

Z/ T fin(w)grj(w dw—z fzk W) Gr kj(w)dw

R )M CTMETR I 9 s ey

k 1s€Z k 1s€Z

and it follows almost immediately that

[ ) = o > T  — s5g0)

k=1s€Z

Moreover, by the definition of the Toeplitz matrix V(f),

T-1

IVe(HIP= > @ =D ITE NI

T=—(T-1)
T-1 ) )
<T Y IP@EAHIF<TY T
T=—(T-1) TEL

By the Parseval identity we showed above, we now have

IVr(f)I? < 2T (/_7; Hf(w)u?dw) .

Finally, for any 1 <14,j <n, we can see that

1 )
fisw) =5 > T(rifiy)e ™"
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for Lebesgue-almost every w by the corresponding result for complex valued L2-functions. Since

the (4,7)th element of I'(7; f) is precisely I'(7; f;;), it follows that

1 o0

for Lebesgue-almost every w.

For the final claim about the operator norm of Vp(f) when f(-) is Hermitian, choose some

unit n7-dimensional vector o = (aq,---,ar). Then,

T T
a*Vr(fla= ZZaff(t

t=1s=1

- /T T _
= /_7r (ZZa:f(w)asew(ts)> dw

t=1s=1
_ /_T;A(w)*f(w)A(w)dw

for A(w) =S"L | ayel*. Now, letting U(w)D(w)U (w)* be the unitary eigendecomposition of f(w),

o Vr(f / (Zal W) )dw

where B(w) =U(w)*A(w). We can now see that
@ Vr(al< [ (z\ w))|[BW) )dw

=1
7 (mas lostr@))) 1B

IN

_ [ (max o3 f (w ))\) A(w) . (U(w) is unitary)

1<:i<

Furthermore, by the property of the essential supremum,

s, ([ woras),

The integral on the right hand side is evaluated as

/ﬁ| w)] dw—ZZatas </ wit= S)dw>
- t=1s=1 -

"V (f)al <

T
= ZWZ lag|? = 27|a)? = 2,
t=1
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so we have

Vr(Dly, = sup o Vr(f)a] < 2n

At I

We say that a square integrable marix function f(-) is of the Wiener class if

o0

> P Il < +oo,

T=—00

that is, the scaled Fourier coefficients of f(-) are absolutely summable. It is for block-Toeplitz
matrices constructed from these types of functions that we can obtain an approximation by a

sequence of block-circulant matrices.

The preceding results have a very useful application to weakly stationary processes. For
any T' € Ny, suppose {X74+}tcz is an n-dimensional mean-zero weakly stationary time series
with autocovariance function I'z : Z — R™*"™ and spectral density fr: (—m,m] — C"*". Letting
X1 = (X71,",Xp7) be the nT-dimensional vector that is obtained by stacking the first T
observations, we can see that the covariance matrix of Xp is given by

Lp(0) - Tp(T-1)
: : =Vr(fr).
Cr(T=1) - Dp(0)

The following is relates the positive definiteness of V(fr) to the eigenvalues of the spectral

density using the results on Toeplitz matrices that we just derived.

Lemma 5.7.2. For any T € N, let {X1+}iez be an n-dimensional mean-zero weakly stationary
time series with autocovariance function I'p : Z — R™ ™. Suppose { X1} ez admits a spectral

density fr: (—m, 7] = C" ", and assume that there exists an m >0 such that
m < liminf i (fr(w)) Yw € (—m, 7).
T—o00
Then, for large enough T,
2m)m < omin(Vr(fr)).

In particular, Vp(fr) is positive definite for large enough T

Proof. We note first that fr(w) has real non-negative valued eigenvalues for each w € (—m, 7]

becuase it is Hermitian and PSD.
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Also by definition, the spectral density fr(-) of {X7+}+cz satisfies

s

T(r) = / T fr(w)dw VT EZ.

—Tr

Choose any unit vector a € C""', which we partition as a = (o}, - ,a/p)" into n-dimensional
chunks. The same expansion as in the previous lemma, with the additional caveat that Vp(fr)
is PSD, shows us that

0< a*Vi(fr)a= [ :A(w)* Fr(w) A(w)da

for A(w) =37, azelt. Letting U(w)D(w)U(w)* be the eigendecomposition of fr(w), it follows
that

a*Vr(fr) a—/ (ZUZ Jr(w)|U(w)* (w)\?) dw.

By assumption, for large enough T' independent of «, we have

m < Umin(fT(w))a

so that
a*Vr(fr)a > m/7T (Z |U(w)*A(w)|l2> dw
T \i=1

—m / w)|2dw = (27)m
This implies taht

’I?’L(27T) < Umzn(VT(fT)) = |61Y?:f1 OZ*VT(fT)Oé-

5.7.2 Toeplitz Inversion Formulae for Quadratic Forms

In many cases we are interested not in approximating the inverse of block Toeplitz matrices
directly, but rather in approximating a quadratic form involving the inverse of block Toeplitz
matrices. The following derives a suitable approximation for quadratic forms satisfying certain

regularity conditions.

Theorem 5.7.1 (Toeplitz Inversion for Quadratic Forms). For any T € Ny, let fr: (—m, 7] —
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C™*™ be a square integrable Hermitian matriz valued function of the Wiener class. Assume that

there exists some m > 0 such that

m < liminf inf o (fr(w)),
T—o00 we(—m,n)

so that fr() is uniformly nonsingular for large enough T'. Assume in addition that

Tseujg Z HI‘(T,fT_l)H < 400

Jim VT3 |0 (s fr)| =

T7>T+1
hm —ZTHF 7 fr)ll

Then, for any € C",

—(VT(fT)VT(fT)— 27, )(LT®M):0(1) as T — 0.

ﬂ

In particular,

1

%(LT @) (VT(fT)_1 AL

(ffl)> (tr@p)=o0(1) asT — oo.
Proof. For any 1 < s,t <T, the (s,t)th block of the product Vr(fr)Vr(f;') is given by

T

Ve(r)Ve(fr)] | =Y Dls =7 /o0~ fr ).
’ T=1

By the preceding lemma,

S To— 7 f0l(r =t fr) =2 [ 6 fr(w) ) e

TEL -

T, Ar2], ifs=t
= <27r/ e‘w(s_t)dw> I, = .
- Onxn ifs#t

Defining the nT x nT matrix Ry as a block matrix with (s,#)th block given as

(Brlor= [Ve(fr)Vr(feh)] = T —m o)l —tf7"),

TEL

we can see that

Vo(fr)Vr(fy') =4r- Iy + Ry
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and the ith n x 1 block of the nT" dimensional vector Rp(tp ® u) is given as

firr Z[ZFZ_”CT Tt fr et Y F(z‘—T;fﬂF(r—t;fT‘l)M]

t=1 | <0 >T+1

T
- Zr(s; fr) er(i —s—tf71)| +
t=1

T
> T(sifr) [Zf(i—s—t;fﬁ} :

s>1 s>T+1—1 t=1
Therefore,
[Rr(er @ )]l < Clul |D_IT(s: fo)ll+ > ||F(5§fT)||]
521 s>T+1—1
where

C = sup HF fT H < +o00
TeN, -

by assumption. Now we can see that

T
|Rr(vr @ p)| <Y | [Rr(vr @ )|
=1

T
SCIMIZ[ZIIF(S;fT)HJr > HF(S;fT)H]

=1 [ s>1 s>T+1—1

=20yl

Z]IIFJ f+T > TG fr) H]

j>T+1

Scaling everything by /T reveals

(tr @p)| < 20|

Z]HF] N+VT > TG fr) H],

1
— IRy
\/T j>T+1
and by assumption, taking T — oo on both sides yields
Rz (@ )| = (1)
— L =o0(1).
JT T\T & [

Now we have our first result:

= (Ve V() =4 L) ()| = =l Re(er 9] =o(0).
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For the second result, note that

1 _ 1 _ 1 _
Flrew (Voln) ™ = 5Velfsh) erem) = —4 200 s 0/ Ve (fr) Reler op),
so that
Ferew) (Valn)™ = 5 Vel row)| < 4e ol < [Va(fr) ™| x| =Rrlron
T 472 T - VT op  |VT '
Since
1 1
\% -Ho= <
‘ T(fT) op O'mm(VT(fT) - 2mm
by the preceding lemma and the Hermitian nature of Vo (fr), and
el = |u* = 0(1)
Fler@ul” =
as T — oo, it follows that
1 / -1 1 -1
plr@u) (Vr(fr)™ - RVT(fT ) | (b7 @ p) =o(1)
as T'— oo.
[

The conditions on the autocovariances of fr and f, ! will be satisfied if f7 does not depend on

T, f and f~! are of the Wiener class, and in addition fr has one-summable autocoviarances.

5.7.3 Circulant Approximation of Wiener Class Toeplitz Matrices

Recall that, for Fr = {—|(T'—1)/2],---,|T/2]}, the collection wjr = 2%j for j € Fr are the

Fourier frequencies of CT, and that we can define an orthonormal basis {e;r};er, of CT as

@i"-’ij
! VjeF
€T = = J T-
\/T eiwijT
We can now define the nI" x nT" matrix Fr,, as
Frn= (e—L(T—l)/QLT o €Ty2) ,T> @ In.
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Note that Fr,, is unitary:

Lir-v21T
Fr,Frn = : (efL(Tfl)/2j,T eLT/ZJ,T) ®In: nT

€l1ya) 1

since {€;1}jep, is an orthonormal basis for CT.
Given some square integrable matrix-valued function f: (—m, 7] — C"*"™, define the nT x nT

block-diagonal matrix Ap(f) as

Ar(f)= ;ieif;g 27 f (wj,r)-

We now define the circulant matrix induced by f(-) as

CT(f) - FT,nAT(f)F;,n'
Expanding this product, we can see that the (¢,s)th block of Cp(f) is given as

e W-r-v/2) T8
1 /. .
Crus(f)= T (e“"—L(T—l)/%Tt[n elw\_T/QJ,TtIn) Ar(f)

—1i t
e Wizt

=S e pu ).
JEFT
Thus, the (¢,s)th block of Crp(fr) only depends on the distance s —¢, making Cp(f) a block
Toeplitz matrix. Furthermore, by the periodicity of the complex exponential, we can see that
Cr.s(f) is equal to any Cp g (f) for which there exists a k € Z such that t —s = kT +t'— 5. This
means that Cp(f) is also block circulant, that is, the block matrices in the second column onward
are just circulated versions of the matrices in the first column. A deep result in mathematics
shows that any block circulant matrix, in fact, admits a block eigendecomposition involving the
Fourier basis {e; 1} jer, as eigenvectors.

If f(-) is a function in the Wiener class, then by construction have

Vr(f)=Vr(f) VT eN;.

We will show below that Vp(f) can be well-approximated by Cr(f), and therefore that V()

is well-approximated by Cr(f). Below we also index f by sample size T" and impose some ap-

propriate restriction on the rate of decay of I'(+; fr).

Theorem 5.7.2 (Circulant Approximation to Toeplitz Matrices of the Wiener Class). For any
T € Ny, let fr:(—m,7m] = C"™ be a square integrable matriz valued function of the Wiener

class with Fourier series representation fr(-). Suppose that there exists a sequence {K7}ren,
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of integers such that 0 < K7 <T, K1 1 +00 and

Jim > Tk fr) =
|h|>Kr

Then,

Jim 7HVT fr) CT(fT)H

Proof. We first express the elements of Cr(fr) in terms of the Fourier coefficients I'(-; fr).
Choose any t,s € {1,---,T}. Then,

) 1 o :
CT,tS(fT) — 271—? Z ele’T(t )fT(wj,T)

JEFT

= i L(7; fr) ( S elrlizes 7)>

T=—00 jeFr

by the definition of the spectral density. If 7 =Tk + (t — s) for some k € Z, then
eiwij(t—s—T) _ e—i27r(kj) -1 V] e FT7

so that

7zeleTt s— T)_l

JGFT

Meanwhile, if there exists no such k € Z, then

iw; r(t—s—7) 1 RS 127 (t—s—1) J
g e g S ()
T jers =112

1/ ;on —lr-vy2) |2 o, j

= — e‘?(t*S*T) elT(t*S*"')
() ey |
1/ 2 CU(r-1)/2) 1 — ei2n(t=s=7)

_ = (i (t—s—T) Lt-e

= T(e T(t ) 1_612%“_5_7_) =0

because ei27(t=s=7) — 1Tt follows that

Crs(fr) = Z L((t—s)+Tk; fr).

k=—00

The norm of the (t,s) block of the difference between Vr(fr) and Cr(fr) can now be bounded
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above as

|(Vr(fr) = Cr(Fr)es| =

[(t—s;fr)— Z D((t—s)+Tk; fr)

k=—o00

< 3 IP((t—5)+Tk; fr)|-
|k|>0

The remainder of the proof requires a truncation argument. Choose some 0 < K < T and

define the truncated Fourier coefficients T' : Z — C"*" as

FQIS(T) = F(T;fT) 'I{|T\§K} V1 €,

and let V& be the nT x nT Toeplitz matrix constructed using ¥ (+). Define C¥ as the corre-
sponding circulant matrix. By construction, V(fr) and V¥ coincide for every Fourier coefficient

up to lag K, so

[Vetrn) ~VE[ = X @—lhIvE P < @-K) Y 0@ )P,

K<|7|<T |T|>K

so that

\%HVT(]"T)Vﬂ’S > s fr)ll-

|h|>K

Furthermore, for any 1 <t,s < T and integer z such that |z| > 1, we must have T'5 ((t —s)+T2) =
0 by K < T, so that the difference Cr s4( fT) — Cé{ 1 consists entirely of the sum of autocovariances
of lag greater than K. Formally,

Crus(fr) CTts— Z L(r; fr) ( Z elwir(t=s= T)
|T|>K JE€FT
D((t—s)—T;fr) if0<t—s<T-K
=Y D((t—s)+kT; fr)+T((t—s)+T;fr) fK-T<t—s<0,

|k|>1 .
Opnxn otherwise

and as such, we can write

< DTt =)+ T fr) | + D (= ) —sgu(t — )3 fr)|| - Ljp—s| <7 k-
|k|>1

HCT,ts(fT) —Cfys
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It follows that

r=—(T-1) k|>1

Hewin-cif= ¥ (1- M)(ZHFT+kaT)H+HF(T—sgn( )T-fT>H~I|TK)2
T T ) T|<

T-1
<2 > (ZIIF (T +KkT; fr) II) +2 Y |D(r—sen(n)T; fr)|?

T=—(T-1) \|k|>1 |T|<T—-K

T—1 2
=2 > (Z||rr+kaT||) +2 3 I0(rs f) I

T=—(T-1) \|k|>1 |7|>K

Since (22 +y2)% < |z| +|y| for any real values z,y, we can see that

\}THCT(J?T)—CQKHS\f[ 2 YT +ET; fo)l+ > T o)l -

—(T—1) |k|>1 IT|>K

Rearranging terms shows us that

T-1 T-1
S S IR +ET fo)ll = D DT fo)ll 42> > T (r+kT; fr)|
=—(T-1)|k|>1 |k|>1 7=1|k|>1
T—-1

+ > (IP(r+ T fr) || = [I0(r = 2T fr) 1)
=1

T-1 T-1
<2 [Z ITRT; fr)ll+ > Y IIT(r+ETs fo)l + D ID(r+ T fr)|

|k|>1 =1 |k|>1 T=1

=2 |IT(h; fr)l-

|h|>T

Therefore, we obtain the upper bound

. NI H<f[22||rth I+ > T (ks fr) u}

|h|>T |h|>K

<3v2 Y Tk fr)|

|h|>K

Finally,
Vi —Clas =T7 ((t =) +T)+ T ((t—5) = T)

=T((t—s) —sgu(t — )T fr) - I{ji—s|<T- K}

333



so that

2 T
Hvi-cti'= £ (=) ire —senms il e
T—1

< > I —sen(n)T; fr)l?

|7|<T—K

< > Ivs )l

|h|>K

and

1
—=|[vE - i < |h|Z>IKHF(h;fT>H-

Now choose a sequence of integers { K7 }ren . that satisfies the conditions in the statement
of the theorem. Then,

= [ Vet - Criin| < [Vt - Vi |+ = viT -+ e - err)|

< (243v3) Y Ir( o)l

|h|>KT

By assumption,

Y P fr)| =0

|h|>KT

as T'— o0, so
Jim. HVT<fT> —Cr(fr)]| =

which is exactly what we wanted to prove.

O]

For the special case where we fix a square integrable matrix function f : (—m, 7] — C™*™ of the
Wiener class, then the condition of the theorem is satisfied with K7 =T and we automatically
get
lim ||V (f) ~ Cr(

vT

T—o0

=

with no additional assumptions.
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The above approximation allows us to show that certain properties that belong to circulant
matrices hold approixmately for Toeplitz matcies of the Wiener class as well. One notable
example is the preservation of matrices under product operations. Suppose we have two square

integrable functions f,g: (—m, 7] = C™*™. Then, we can clearly see that
Cr(f)Cr(g) =FrnAr(f)Ar(9)FT,
= 27TFT,nAT(fg)F’?,n =2rCr(fg).

Furthermore, given some square integrable function f: (—m,7] — C™*™ that is non-singular

valued,

Cr(/)Cr(f") =FrnAr(f)Ar(f HFF,
= AT°Fr A (1) F5, = 472 L,

so that ﬁCT(f_l) =Cp(f)~ L
The next couple of theorems shows us that these properties are approximately satisfied by

Toeplitz matrices as well.

Theorem 5.7.3. For each T € Ny, let fr: (—m,m| — C" " be square integrable and Hermitian

matriz valued functions of the Wiener class such that

0 <m < liminf o0 (fr(w))
T—o0

L exists

for any w € (—m,m|. Then, for large enough T, V(fr) is positive definite and fp(w)~
for each w € (—m,m].

Assume in addition that, for large enough T, f;l is L? and of the Wiener class, and that
fr and fj?l satisfy the decay condition of the circulant approximation theorem. Then,

‘VT(fT)_l _ #VT(J“T‘I) “o(1) asT — oo

1
7

Proof. Using the same quadratic form tools we used repeatedly above, it is possible to show
that

Omin(Vr(fr)) > (2m)m >0

for large enough T'. This proves that the Hermitian matrix V¢ (fr) is positive definite for large

enough T, and in fact, it shows us that

1 1

o> omn(Vr(fr) = @m)m

’VT(fT)_1
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because the eigenvalues of V(fr)~! are exactly the reciprocals of those of Vo (fr).
Furthermore, the eigenvalues of Cr(f} 1) are exactly the eigenvalues of 27 fr(w;r)~! for

J € Fr, which are all positive and bounded above by om ) for large enough T'. As such,

Crfi")

<
op — (2m)m

for large enough T

Since

Vo(fr) ™ = Cr(fr)" = Vo(fr) " [Cr(fr) = Vo (fr) Cr(fr)

we can see that

[Vrtr) ™ =Cr(fn) | < Vet Y| < [Cr(n) | < lICr(fr) = V(i

We know the last term is o(7"/2), and we know that the first two terms are O(1) by what we
just showed above and the fact that Cr(f7)~! = ﬁCT(f:Fl), SO

\/IT“VT(fT)_l - CT(fT)_lH =o(1).

The same circulant approximation result tells us that
HCT fi) =Vl =o()

so by the triangle inequality we have

| Vetn - Vet | -
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Theorem 5.7.4. For each T € Ny, let fr,gr : (—m,m] — C"*™ be square integrable matriz
functions of the Wiener class such that frgr is also L. Then, frgr is also of the Wiener class.

Suppose in addition that:

i) fr.gr and frgr satisfy the decay condition of the circulant approximation theorem.
it) fr(w),gr(w) are Hermitian matrices for any T and w € (—m,7].

iii) There exists M < +oo such that

max |Umsup |0 (fr(w))|, imsup |omaz (97(w))|| < M

T—oo T—o00
for any w € (—m,m|.
Then,
1
ﬁ”VT(fT)VT(gT) ~Vr(frgr)|=o(1) asT — .

Proof. By definition,

fr(w)gr(w) = % (;ﬁ 3 F(S;fT)F(T—s;gT)> oiws

Fixing 7 € Z, we saw from the previous lemma that

™

270(; frgr) = 27r/ e fr(w)gr(w)dw

—T

= % > T(s: fr)T(T = s:g7).
SEZ

As such, I'(+; frgr) is absolutely summable by the absolute summability of T'(+; fr) and I'(+; g7),

making frgr a function of the Wiener class. By implication,

(from)) = 5= S fror)e™ = o frlw)gr(w),

TEL

that is, the product of the Fourier series representations of fr and gr is the Fourier series rep-

resentation of frgr.

We just showed that, under the conditions of the above theorem,

&HVT( fr) = Cr(fr)| = o(1)

as T — oo and likewise for gr and frgr. We first show that frgr = ( fT~gT). Since

Cr(fr)Cr(gr) = 2nCr(frgr) = Cr((fror)),
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it follows that
1 z ~
ﬁHCT(fT)CT(gT) ~Vr(frgr)|| =o(1) as T - cc.
It remains to show that

\}THVT(JCT)VT(QT) - CT(fT)CT(gT)H = 0(1)'

To this end, we use the familiar expansion

Vr(fr)Vrlgr) = Cr(fr)Cr(gr) = Vi(fr) [Vr(gr) = Cr(gr) + | Vr(fr) = Cr(fr)| Cr(ar).

For large enough T', we know that
‘O-max(fT(w)N <M Vwe (-7‘(’,7‘(‘],
so that

omaz (fr()lloe < M.

By implication, [V (fr)l,, < (2m)M.

Now choose some unit vector a € C**'. Then,
*
a*Cr(gr)a = (Fiqa) Ar(ar) (Fi,a),
so denoting the unit vector g = F*Tvna, we have

Oé*CT(gT)a =27 Z ﬂj*gT(ijT),Bj.
JjeEFT

Fixing some j € Fr, we can see that

218 gr(w;r)B = 3 (BT (rigr) 7 ) e ot

TEZL

= /_7; (Z ei(‘“"’j’T)T) (ﬁj*gT(w)Bj) dw.

TEL

We can see that, for any w # w;r,

Z ei(UJ—wj,T)T _ 1,

TEL
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so that
22 gr(win)| < [ |(87grw)) o
< [ lomantar@))|#'] du
< emM|s|’
for large enough T'. This holds for any j € Fp, so we have
@ Cr(gr)al < (2m)M,
for large enough 7', which implies that

1Cr (97, = lSlllp [a*Cr(gr)al < (2m)M
al=1

as well.

It follows now from the result
[AB]| < |Al,,[| Bl
for any conformable complex valued matrices A, B that
HVT(fT)VT(gT) —Cr(fr)Cr(gr) H

<V (fr)lopIVr(gr) — Cr(gr)|| +|Cr(gr)l,,

Vi (fr) - Cr(fr)|

< @m)M [[Va(gr) = Cr(Gr) |+ |[Vr(fr) - Cr(fr)

],

for large enough 7', which in turn tells us
1 ; -
ﬁHvT(fT)VT(gT) - CT(fT)CT(gT)H = 0(1)
This finally allows us to conclude

\}T”VT( f)Vrlgr) = Vr(frgr)| = o(1).
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5.7.4 The Whittle Likelihood

The preceding section introduced results that hold generally for block-Toeplitz matrices con-
structed using functions of the Wiener class. Here we specialize to Gaussian arrays and show
how the circulant approximation dervied above allows us to approximate the Gaussian log-
likelihood using the spectral density and periodogram ordinates up to order O, (T"). We start by

stating the approximation, and afterward provide an interpretation.

Lemma 5.7.3. For any T € N4, let { X7 }iez be an n-dimensional mean zero weakly stationary
process with absolutely summable autocovariance function T'p : Z — R™™ and joint Gaussian
distribution. Let Vr be the n'T x nT covariance matriz of X = (Xpy, -+, X7 7). Suppose the

following assumptions hold:

i) There exists an m >0 such that

m < liminf opn(fr(w)) Ywe (—m, 7).
T—o0

it) There ezists a sequence {KT}T6N+ of positive integers such that Kp <T, Kp 1400 and

li r —0.
Jim Y [Tr(r)]| =0

|7|> KT

Then, letting fr : (—m,m| = C™*™ be the spectral density of {X1+}icz and defining

XJ,T— fZXTte fwj Tt V]EFT,

we have
1 _ ~
T %VTIXT—* S Xipfr(wir) ' Xir | =op(1)
JEFT
1
7 | logVr|— > log |27 fr(wjr)| | = o(1)
JEFT
as T — oo.

Proof. Note that we write Vo = Vp(fr) for each T € N, and that fp(-) is already in its Fourier
series representation. By the absolute summability assumption on I'z(+), each fr is of the Wiener
class, and the second assumption above tells us that

lim Y |T(r; fr)ll =

T—o0
|TI=Kr
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so that, by the preceding theorem,

=V =Cr(fr)]| 0
as T — oo. For notational brevity, we will write Cp for Cr(fr).

From the first assumption we can infer that Vr is positive definite for large enough T', and
since the eigenvalues of Crp are exactly the eigenvalues of 27 fr(w;r) for j € Fp, which are
bounded below by (27)m for large enough T', Cr is also positive definite if 7" is large enough.

We start by showing that

1 _ 1 _
TX’TVTle — TXQFC;XT =o0,(1).

To this end, let Z ~ N [Onrx1, Inr] be some nT-dimensional standard normal vector and W a
nT x nT symmetric matrix. We want to find E [(Z'W Z)?]. Expanding the square of the quadratic

form yields
(ZWZ)? =Y WyWnZiZ;ZnZ
i7j7k’l

where i, j, k,l range over {1,--- ,nT}. Taking expectations on both sides and using the properties

of the standard normal shows us that
nT
E|(ZWZ)2]| =3 Wi+ | S WaWi;+2> W2 |,
i=1 i#] i#]

since E[Z;Z; 7, 7)) equals 1 only if there are pairs of matching indices, equals 3 if all the indices

are equal, and equals 0 otherwise. Rearranging the sums shows us that

2

nT nlT nT
E|(ZWZ)?] = (ZW”) +23° 3w
i=1 i=1j=1
= tr(W)* +2tr(W?).

_1 1
Now define Zr = V. *Xr and Ar = V;l — C}l, where V7, is the unique PSD square root of

V. Then, Zp is an nT-dimensional random vector, so that

2
) ]

1 1\2
<V%ATV%>

=tr [ATVT]2 +2tr [(ATVT)ﬂ .

1 1
E[(XpArXy)?] = E [(Z’T VIALVE

1 172
=tr [V%ATV%] +2tr

Noting that tr(A’B) defines an inner product on the space of matrices of fixed dimensions, we
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can see that, for any nT x nT matrix A,
tr(A%) = tr ((A')'4) < 4] x| Al = [|A)*
by the Cauchy-Schwarz inequality, so that
E |(XArXr)?] < tr[ArVr]® +2|ArVe .
Now we can use the Cauchy-Schwarz inequality once again with the identity

ArVr =TI,y —C3'Vyr =C3H (Cr— V),

to see that

trlarvel <[[cz | x O - Vel
and

|arvel? <||cz| < ler - vrl?
so that

B[y arxn)?] <3 (| c7|* e - val?).

By definition of the trace norm and the fact that C;l = FTA;IF} for Fpr and Ap defined earlier,

we have

HC;l H2 —tr [FTA;QF;} —tr {Aﬂ

ZZ(m»)

]EFT =1

IN

nT 1 nT
~ @) \omin(fr(wjr) ) ~ (2m)*m
for large enough T'. It follows that

n

1 _12 1
= (HCT1H x HCT—VTHQ> < Grem (THCT—VTHQ) =o(1),

and by implication,

E [(;X’TATXT> T —o(1)
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as T — oo. This indicates that
1 2
X ArXy 5o
and therefore that
L o/ =1 s -1 L s

as T — co.

For the log determinant term, we first define an auxiliary function Dy : [0,1] — R*T*"T 4
Dr(t)=Vr+t(Cr—Vr).

Since each Dr(t) is a convex combination of the positive definite matrices V and Cr, and it
is known that the space of all positive definite nT x nT" matrices is a convex open subspace of
RT*1T it follows that Dy (-) takes values in the space of positive definite matrices as well. An
elementary result in matrix calculus then reveals that the mapping t — log | Dy ()| is continuously
differentiable on (0,1) with derivative

dlog|Dr(t)|

S =t [Dr() 7 D (t)| =t [(1 = t)Vr +¢Cr) ™ (Cr— V)]

Therefore, by the fundamental theorem of calculus,

log|Cr| —log|Vr| =log|Dr(1)| —log|Dr(0)]

—/ tl“ —t VT+tCT) (CT—VT)} dt.

Applying the Cauchy-Schwarz inequality on the trace inner product once more, we can see that

1
log |Cr| —log Vi < [ [ix [(L= )V +¢Cr) " (Cr— Vi)

< (/01 IIe& —t)VT+tCT)‘1Hdt> ICr — V.

For each ¢ € [0,1],

=iV in [ =3 [ =iV +ion) 1]
1=1

i( —ti’T%—tCT])?'
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For any unit vector o € R",
o' [(1-t)Vy+tCrla= (1—t)a'Vra+td'Cra
> (1= t)0min (V1) + tomin(Cr)
> (2m)m

for large enough T by the first assumption. Therefore,

nT

- oo < 2

and we have

n
llog|Cr| —log| V|| < VT x — x ||Cr— V.

(2r)?

Finally, the circulant approximation result tells us that

1 n 1
f’10g|CT| —log|Vr|| = HW X ﬁHCT—VTH =o(1).

The expressions in the statement of the lemma can now be obtained by using the defintion of Crp.

O]
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5.7.5 Local Asymptotic Normality of Gaussian Time Series
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Chapter 6
Unit Root Asymptotics

Here we introduce the mathematics needed to study the asymptotics of non-stationary and coin-
tegrated processes. As in the previous section, we take (2, H,P) as our underlying probability

space.

6.1 The FCLT and its Extensions

The FCLT is a generalization of the CLT studied above. We first re-state some results concerning

continuous function spaces and weak convergence on such spaces.

6.1.1 Continuous Function Spaces

For any topological space (E,7) and F' = R"™ or C, the space Cy(E, F') collects every bounded
and continuous function mapping F into F'; the boundedness condition can be omitted if E is

compact due to the extreme value theorem. The supremum norm on Cy(E, F') is defined as
[flle = sup[f(2)]
el
for any f € Cy(E, F), and the supremum metric d on Cy(E, F) as

d(f,9) =IIf = 9llc

for any f,g € Cp(E,F). We can show that (Cy(E, F),d) is a complete metric space.
Using the Stone-Weierstrass theorem, it is also possible to show that, if (E,p) is a compact
metric space, then (C(E,F),d) defines a separable metric space. Thus, (C(E,F),d) is a Polish

space (a complete and separable metric space) if (F,p) is a compact metric space.

Let B¢ (E, F) be the Borel o-algebra generated by the metric topology induced by d. Defining
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the set of all finite-dimensional distributions as
Cp={m, .1 (A)|t1,- ,tr € E,A€ B(F")},
where m, ... 1, : C(E,F) — F* is the projection function defined as

T, by of = (f(tl)a T 7f(tk))

for any f € C(E,F), Cy is a m-system that generates B¢ (E, F).

6.1.2 Random Functions

A random function X is a random variable that takes values in the measurable space (C(E, F),Bc(E, F)).

To any X there corresponds a stochastic process { X, };cr with continuous paths taking values
in (F,B(F)) defined as

Xi=moX

for any t € E. Conversely, for any stochastic process {X;};cp with continuous paths taking
values in (F,B(F)), we can define a corresponding random function X by letting X (w) be the

continuous mapping
t— Xt (Ld)

for any w € Q. The random function X and the stochastic process {X;} ing are in this case said

to correspond to one another.

We are mostly interested in the collection of continuous functions defined on the compact
metric space [0, 1] equipped with the euclidean metric. The properties mentioned above all apply
to the metric space (C([0,1],R™),d), where d is the supremum metric, and to the measurable
space (C([0,1],R™),B¢([0,1],R™)), where B¢ ([0,1],R™) is the Borel o-algebra generated by the
metric topology induced by d.

6.1.3 The FCLT

Let {e¢}tez be an i.i.d. sequence of n-dimensional random vectors with mean 0, positive definite
covariance matrix X, and finite fourth moments. For any 7' € N, we can define the stochastic

process { X7 (r)},¢[0,1] With continuous paths as

|Tr)
1 1
XT<T) - \/T E e+ \/T<TT_ I_TTJ)gLTTJ+1
t=1
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for any 7 € [0,1]. Let the random function corresponding to {Xr(r)}.¢c[o,1) be denoted XT and
pr its distribution.

The Functional Central Limit Theorem (FCLT) tells us that the sequence {XT}ren, of
random functions converges weakly to the n-dimensional Brownian function B"™ with covariance

matrix X, that is,
B =%2W"

for the standard n-dimensional Wiener function W" and $3 the Cholesky factor of ¥. The
stochastic process {B"(r)},¢[o,1] corresponding to B" is the n-dimensional Brownian motion

with covariance matrix ¥, and
B'(r) = S2W"(r)

for any r € [0,1], where {W"(r)},¢[0,1] is the standard n-dimensional Wiener process on [0, 1].

By the continuous mapping theorem, for any 0 <ry <--- <rg <1,
d
(X (re),+, Xo(rg)) = (B"(r1),--+ . B"(r))

as T — oo, which holds because the projection ., ... », is a uniformly continuous function from
C([0,1],R™) to R,

The FCLT implies the Lindeberg-Levy CLT, since the FCLT implies

k

Xr(1) = \}Tfjgt <4 B(1) ~ N(0,5).

6.1.4 Linear Processes and the BN Decomposition

We often find it necessary to extend the FCLT beyond i.i.d. processes. A natural class of time
series to which to apply the FCLT is the class of linear processes. Recall that, given a white
noise process {&; ez with positive definite covariance matrix ¥ € R"*" and a square summable
{¥;}jen, that is,

itr (0;2)) < +oo,
=0

we can define the (causal) zero mean linear process {Y; }icz as
[e.@]
Yo=D Ve
=0

for any t € Z, where the limit is taken in L2, If {W j}jen is absolutely summable instead of square
summable, we showed above that the convergence can be extended to almost sure convergence

as well.
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A stronger result than square summability and even absolute summability is one-summability;

{¥;}jen is said to be one-summable if

oo
> J 115 < +oo.
j=0

This implies that {¥;};cn is absolutely summable, or that

o0
> 15l < +oo,
=0

and both these conditions imply square summability. In these cases,
oo
> Ve
j=0

can be viwed as both the L? and the almost sure limit of the corresponding partial sum process.

The following theorem allows us to decompose the partial sum process of a linear process into

a pure trend component and a stationary component.

Theorem (The Beveridge-Nelson Decomposition)
Let {Y;}1ez be an n-dimensional zero-mean linear process with underlying white noise process

{et}+ez with covariance matrix ¥ € R"*"™ and one-summable filter {V¥,} en. Then, defining

]
aj:— Z \Ifh

h=j+1

for any j € N, {a;};en is absolutely summable, and there exists an almost sure set £y € H such

that, for any t € Z,
Ye=V(1) et+mn—mn—1

on o, where ¥(1) is defined as

U(1)=> U; eR™"
j=0

and {n;}tcz is a zero-mean weakly stationary process such that
oo
me=a(l)e=) aj-e;
j=0

for any t € Z.
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Consequently, for any T > 0,

T T
D Ye=0(1) Y e tur—o
t=1

t=1

on (.

Proof) We first prove the claim that {c;};cy is absolutely summable. Clearly, the process itself
is well-defined because of the absolute summability of {¥;};cn. Now note that, for any
m, k € N+,

ZHO‘JH<Z Z H\I’h”—Z] |W] < +oo,

Jj=0h=j+1

where the terms in the series can be rearranged due to the absolute summability of
{¥;};jen and the last inequality follows from one-summability. Thsi shows that {o;};en

is absolutely summable.

By the absolute summability of {¥;};cy, Y; is the almost sure limit of the sequence

m
{Z\pj ‘5tfj}m€N+ = {Y;E,m}mGNJr
=0

for any t € Z. Likewise, the absolute summability of {a;}jen ensures that each 7 is the

almost sure limit of the sequence

m

Z is countable, so we can define the almost sure set 0y € H on which every {Y; m tmen "
and {7 m }men, converges absolutely.

Now choose any t € Z. It follows that, for any w € Qy,

W)= Ve ;(w)
=0

= (V1) +ap) -ee(w) +

s

(aj — 1) -&—j(w)

<
Il
—

= (T(1) +ao)-et(w)+ ) (o er—j(w) —aj1-e—j(w))

'MS

Il
—

J

= V(1) er(w) +ag-er(w "‘Z% “et—j( ZO‘J “Et—j-1(
=V(1) e(w) +ne(w) —m,l(w),
where the additive operations above all hold because the series involved are all abso-
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lutely convergent. Therefore, on €y, for any ¢ € Z we have

Y =V(1) e 4+n —n—1.

It follows that, for any 7" > 0,

(W) e+ —me-1) = V(1) - > er+nr—10

T T
=1 t=1

T
>vi=
t=1

t

on ).

Q.E.D.

Let {Y:}icz be a zero-mean linear process as the one above, and assume that the process
{S¢}ten is defined as

t
S = Z Y, + 50
s=1
for any t € N4, so that

Sy =5-1+Y;

for any t € Ny. {Si}ien thus looks like a random walk process, but has potentially serially
correlated errors.

Similarly, define the pure random walk process {7 }1en as 70 = 0 and

t
=) s
s=1
for any t € N, so that

Tt = T—1+E¢

again, but this time with WN errors.
Then, the BN Decomposition of S; is

t

t
Si=1 Yi+So=V(1)-> es+n—1m+So

s=1 s=1

=WU(1) 7 +mn:+ (So—m0)

almost surely for any ¢ € N;. Thus, the BN decomposition allows us to decompose S; into a

trend component W(1) -7, a stationary component 7, and a component consisting of initial
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values Sp— 1. This will come in handy later on when defining I(1) processes.
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6.1.5 The CLT for Linear Processes

The BN Decomposition allows us to establish the CLT for zero mean linear processes when the

underlying white noise process is an MDS with finite fourth moments.

Theorem (CLT for Linear Processes)
Let {&;}tez be an n-dimensional MDS with finite fourth moments and common positive definite
covariance matrix ¥ € R™*". Suppose {V;};en is a one-summable sequence of n x n matrices

and define the linear process {Y; };cz as

00
th = Z \I/jgt—j-
j=0

for any ¢t € Z. Then,

where W(1) =372, ¥;.

Proof) Define {a;}jeny C R™™ and {n:}tez as in the BN decomposition. By that theorem,
there exists an almost sure set {2y € H such that, for any T' € N,

T 1 & 1
‘;ZEZWW'TZ¥ﬁvﬁw—W

3

on Qo.

Letting « : Z — R™*"™ be the autocovariance function of the weakly stationary process
{nt}ez,

2

1 1
< _TF|— _
> 6) = 52E‘\/T(77T 770)

1
= 3 E [np + ngmo — 20

zé%hmﬂm%%d%Tm

P(| = —m)

for any T' € Ny. Since v(T) — O as T — oo due to the absolute summability of the
autocovariances 7y(-) (which follows from the absolute summability of the coefficient

matrices {a;}jen), taking T'— oo on both sides tells us that

. 1
TIE};OP(‘\/T(TIT—HO) >5> =0.

This holds for any d > 0, so

1 P
o) %0
\/T( O)
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by definition.
On the other hand,

1 & d
— E et — N(0,X%)
Tt:l

by the Martingale Difference CLT. It follows from Slutsky’s theorem that

W(1)- ﬁg+ (= m) 5 N(0,u(1)2w(1)).
Finally,
P LET:Y— \p(1).i§Tje +i( —no) || >0 <P =0
\/thl t Tt:l t T nT —T"o = =

for any d > 0, so

1 & 1 & v
ﬁZYt— (‘I’(l)‘TZé“t‘i‘T(ﬁT—Uo)) -0,

t=1

and by Slutsky’s theorem once more,

Q.E.D.

Here, the positive semidefinite covariance matrix
Yy =¥(1)X¥(1)

is called the long run variance. This is clearly different from the ordinary variance
oo
r0)=> v,nv,
j=0

of the process {Y; }iez.
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6.1.6 Extending the FCLT to Linear Processes

With the BN decomposition, we can extend the FCLT in a manner thata allows the underlying
process to be a linear process. Since linear processes are generally autocorrelated, this means
that the FCLT can be formulated even for partial sums of some autocorrelated processes. The

formal statement is as follows:

Theorem (The Extended FCLT)
Let {&¢}+cz be an n-dimensional i.i.d. white noise process with positive definite covariance matrix
¥ € R™" and finite fourth moments, and {¥;};cn a one-summable sequence of n x n matrices.

Let {u;}tcz be the mean zero linear process defined as

o0
Ut = Z \I’j&‘t_j
7=0

for any t € Z.
For any T € N, define the n-dimensional stochastic process {X7(7)},¢[o,1) With continuous

paths as

\Tr)

1 1
Xp(r)= Nii t; up + ﬁ(Tr— | T w7 41

for any r € [0,1]. Then, letting X7 be the random function in C([0,1],R™) corresponding to
{XT<T)}T€[0,1}7
xT 4 pn

as T'— 0o, where B" is the n-dimensional Wiener function with covariance matrix 3, = U(1)X¥(1)".

By implication, for any 0 <ry <--- <71 <1,
d n
(X (r),-+, Xo(ry)) = (B™(r1),--+, B" (1))

as T — co.

Proof) By the Beveridge-Nelson decomposition, there exists an almost sure set £y € H such
that, for any T € N4 and r € [0,1],

7] 7]
S ur=(1)- Y e+ —no
t=1 t=1

and

U rr |41 = Y(1) €70 |41 +N0Tr|+1 — N|Tr]
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on £y, where

o0
a5 = — Z \Ilh

h=j+1

for any j € N and {n;}+cz is the weakly stationary process defined as
o
= Z Qj - Et—j
j=0
for any t € Z. We now decompose each random function X7 in a convenient way.

Defining {Vr(r)}reoa) as

(7]
1 1
Vp(r) = JT Z et + ﬁ(TT* \Tr])e|rr)+1
=1

for any 7 € [0,1] and {A7(r)}rc(0,1) as

1 1
Ap(r)=— rl—no)+—=Tr—|Tr 41— Tr
7(r) \/T(ULTJ 770) \/T( | J)(mT |+1 =M J)
for any r € [0,1], both {V7(7)},¢c(01] and {A7(r)},¢jo,1] have continuous paths, so that
there exist random functions V7 and A’ in C([0,1],R") corresponding to these pro-
cesses.

We can see that, for any 7' € N and r € [0,1],

[Tr]
1 1
Xr(r)= 7\/7 E Ut + 7\/T(T7”— LTTJ)ULTrJH
t=1

[Tr]
1 1
=77 (qf(l)- 2 et —no) + (0= [70) (V) €y 1+ g1 =i )
1 &
=) |—=> e+—=(Tr—|T .
( ) \/T — €t \/T( r L TJ)ELT J+1

+ [\% (77|_T7”J - 770) L(TT = Tr]) ey o1 =mn10))

3

=U(1)-Vp(r)+ Ap(r)
on . It follows that
XT=v).vi+ A"

on Qy for any T' € Ny. We study the limiting behavior of each term:
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i)

ii)

The First Term V7
By the FCLT, we know that

vT 4 siwn,

where W™ is the n-dimensional standard Wiener function on [0,1] and 27 is the
Cholesky factor of X.

The Second Term A7
Meanwhile, for any T'€ N, and r € [0,1],

mm<7(hMHMMMWD

because T'r — | Tr] < 1. We now have

1
HATHC - rzl[lol,)u [ Az (r)] < ﬁ O<t<T+1|nt‘

and as such, for any § > 0,

0
(47, > 8) < (7, 1> )

Note that
1 R T+1 1
(Jromzme nl> 1} = U {77inl> 1)

so that, by finite suabdditivity and the generalized Markov inequality,

T+1

]P(\lfo<t<:r+1|m|> > ZP(\fMt )
S(i) 4;2TZH [Im }

Since {7 }1ez has finite fourth moments due to the finiteness of the fourth moments

of the underyling WN process {e; }+cz, letting
4
E[ne|” = pa < +o00

for any t € Z, we can see that
—4 4 T+1
(>0 = (3) " S n o]
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S\ T +2
<u(5)
Therefore,
. T .
(] 5) =0,
and because this holds for any 6 > 0,

AT£>OC

as T'— oo, where O¢ is the zero function on [0, 1].

By Slutsky’s theorem, it now follows that

(1) VT 4+ AT 4 gz,
and because Qy C {XT = (1)- VT + AT},

P([xT—(w()-v" +AT)HC >0) <P(2§) =0

for any d > 0; this trivially implies that

XT—(w) v+ 4Ty % o,
and by Slutsky’s theorem again,

X7 4 gyzzwn.

Here, \Il(l)Z% W™ is an n-dimensional Wiener function with covariance matrix U(1)X¥ (1) =

>u, which is the result we desired.

Q.E.D.
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6.2 The Limit of Functions of Trending Processes

In this section, we use the results of the preceding section to derive asymptotic results pertaining

to trending processes.

6.2.1 Continuous Functions on C([0,1],R")

To set the stage, we first note that the following are continuous functions:

e The Integral of a Continuous Function
Define the function g : C([0,1],R™) — R"™ as

o= [ Fn)

for any f € C(]0,1],R™), where p is any finite measure on [0, 1]; x4 is most often taken to be
the Lebesgue measure on [0,1]. The integral is well-defined because f, being continuous,
is measurable and it is also bounded by the extreme value theorem, which, in light of the
finiteness of u, means that f is py-integrable. Thus, the usual integral arithmetic operatinos
apply.

For any f,h € C([0,1],R™),

1

< ), 1) =h(r)ldu(r)

< sup [f(r) = h(r)]-p((0,1]) = p([0,1]) - |If = Al

1
9(5) =9l =| [ (1) =h(e))du(r)

and because u([0,1]) < 400, this shows us that g is Lipschitz continuous on C([0,1],R™).

When g is the Lebesgue measure on [0,1], we can discuss a stronger form of continuity.
Consider the product space [0, 1] x C([0,1],R™) given the product metric p of the euclidean

metric on R and the supremum metric on C([0,1],R™), which is defined as

p((r; f):(s,9)) = max(|r—s|,[|f = gllc)

for any (r, f),(s,g) € [0,1] xC([0,1],R™).
Define G : [0,1] x C([0,1],R™) — R"™ as

GMﬂzé%@Mx

for any (r,f) € [0,1] x C([0,1],R™). To see that G is continuous, choose any ¢ > 0 and
(r, ) €[0,1] x C([0,1],R™). For any (s,g) € C([0,1],R™) such that

3

1 =gllesIr =l < (. 1), (529)) < 5y
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we have

G.) - Glsg) = | [ F@)da [ g(a)da
‘/f d:c/f )dx|+ ‘/f )dx — ()d:c

max(rs
<[ . |dx+/ (@) — g(@)|da

< Hch'\?“—SlJrllf—gH-S
<|[flle-Ir—=sl+1f =gl

<Al s+ <
C2fe 27

By definition, G is continuous at (r, f), and because this point was chosen arbitrarily, G
is continuous on the entire product space.

Since the pair of any two measurable random variables on metric spaces is also measurable
with respect to the Borel o-algebra associated with the product metric on the product

space, this result is sufficient for us to apply the continuous mapping theorem.

More Integrals

While we only considered the integral of a function itself in the above discussion, we can
in fact define a wider variety of functions from C([0,1],R™) into arbitrary metric spaces

defined via integration.

For any finite measure p on [0,1], define g5 : C([0,1],R™) — R™*"™ as

= [ 1)y autr)

for any f € C([0,1],R™). The integral is once again well defined because of the boundedness
and continuity of f, as well as the finiteness of u.

To see that go is continuous, choose any f,h € C(]0,1],R™) and note that

192(f) — g2 (R)]] <ZZ

[ G0 50) = s () )

1=175=1
<ZZ/m )5 r) = By () )
i=175=1
1) > fifs —habylle-
i=1j=1

Each f;fj —hsh; is bounded above by linear combinations of || f||, and ||f —&||., so g2 is
continuous on C([0,1],R™).
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Now define g:C(]0,1],R™) — R"™ as
1
i) = [ v F@dutr)
for any f € C([0,1],R™). Then, for any f,h € C([0,1],R"),

o) ~g01=| [ 7 (50) = g0rDautr)| < [ r176) ~ g autr)

1
<1 =glle- [ rdu(r) <1 = gle-n((0.1):

so g is Lipschitz continuous on C([0,1],R™).

Joint Continuity of Projections

For any 0 <r; <--- <1 <1, we saw that the projection m;, .. is uniformly continuous
on C([0,1],R™).

Choosing any r € [0,1], we can also view the projection ,.(f) of f € C([0,1],R") as a func-
tion of both r and f. Reflecting this change in perspective, define 7 : [0,1] x C(]0,1],R™) —

R"™ as

Tk

w(r, f) =m(f)

for any (r, f) €[0,1] xC([0,1],R™). Define the product metric p as above. We can now show

that 7 is continuous.

To this end, chose any (r, f) € [0,1] x C([0,1],R™). Then, for any e > 0, by the uniform
continuity of f there exists a §; > 0 such that

€

£@)— )] <

for any z,y € [0,1] such that |z —y| < d;. Now define
) €

§ = min (51, ) > 0.
2
It follows that, for any (s,g) € [0,1] x C([0,1],R™) such that
[r=s,lf = glle < p((r, ), (s.9)) <4,

since || f —glo < § and |r —s| < §; implies

F) = Fs)l < 5,

361



we have

|w(r, f) = m(s,9)| = |F(r) = g(s)| < |F(r) = F(s)| + 1 (s) —g(5)]

<SHlf-glle<s++
- — —+-=ec
2 Jlle =575

By definition, 7 is continuous. Since the pair of any two measurable random variables on
metric spaces is also measurable with respect to the Borel o-algebra associated with the
product metric on the product space, this result is sufficient for us to apply the continuous

mapping theorem.
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6.2.2 Convergence to Stochastic Integrals

So far, given an n-dimensional linear process {u }:cz, our main convergence result has been that
of the random function X7, defined as the random function corresponding to the continuous

stochastic process {X7(r)},¢[o,1) defined as

\Tr)
Xr(r)= \% ; ug+ ﬁ(TT— \Tr )urr )1

for any r € [0,1]. As we will soon see, however, we require not only the convergence of X7 to an
n-dimensional Brownian motion, but the convergence of a partial sum process to a stochastic
integral as well. Furthermore, this convergence should hold jointly for X7 and the partial sum
process. We thus show here that this sort of joint convergence holds true.

First, we state some of the results to be used to derive this result. The two main ones are as

follows:

Theorem (Skorokhod’s Reprsentation Theorem)

Let (E,d) be a complete and separable metric space, 7 the metric topology induced by d, and &€
the Borel o-algebra on E generated by 7. Let {ur}7ren, be a sequence of probability measures
on (E,&) weakly converging to a probability measure p on (E,E).

There exists a probability space and random variables { X7}7en, , X defined on that probability
space, take values in (E, ), and satisfy the following:

i) Xp has distribution pp for any T'€ N4 and X has distribution pu.

ii) X7 converges almost surely to X.

The above theorem allows us to move back and forth between the weak convergence of prob-

ability measures and the almost sure convergence of specific random variables.

We also require the following result, which we state without proof (refer to the text on the

convergence theory for a proof):

Theorem  (Egorov’s Theorem)

Let (E,d) be a separable metric space, 7 the metric topology induced by d and £ the Borel
o-algebra on E generated by 7. Suppose {X7}7cn, is a sequence of random variables on (E,&)
that converges almost surely to the random variable X.

Then, for any € > 0 there exists a measurable set {2y € H such that P(Q) < € and {Xr}7ren,

converges to X uniformly on Q\ Q.

This theorem furnishes sufficient conditions for pointwise convergence of a sequence of ran-
dom variables taking values in a separable metric space to converge uniformly. It turns out that

the sequence converges uniformly except on a set whose measure can be made arbitrarily small.
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Both of the above theorems are proved in a separate text exclusively concerning the conver-

gence of random variables and probability measures.

We are now ready to prove our joint convergence result. The proof below is based on Chen and
Wei (1988), where we have imposed stronger assumptions to make use of convergence results in
C([0,1],R™).

Theorem (Joint Convergence to Stochastic Integrals for IID Processes)

Let {e¢}tez be an n-dimensional i.i.d. process with mean 0, positive definite covariance matrix
Y € R™™ and finite fourth moments. In addition, define {V;};cn as the partial sum process of
{et}tez such that V=0 and

t
Vi=> eV
s=1

for any t € N;. For any T'€ N4, define the stochastic process {X7(r)},¢[o,1] as
[T

‘wmzjf;a+;#ﬂ—UHmmH

for any r € [0,1], and let X7 be the random function taking values in C([0,1],R") corresponding
to {Xr(r)}rejo,1)- Defining

1 T—h
Vi=2 Vi
T t=1

for any h €N, for any p € N, X1 and V2., - , V4. jointly converge in distribution to their limits:

xT 4 sz

1
Vo V0 S 4pa @ |24 [ Wryawn(ry's¥

jointly, where {W"(7)},¢[0,1) is the n-dimensional Wiener process, where ¢, 11 is a p+1-dimensional

vector of ones.

Proof) To avoid confusion, we denote by W" the standard n-dimensional Wiener function.

We know from the FCLT that X7 % $2W". Because (C([0,1],R™),d), where d is the
supremum metric, is a complete and separable metric space, by Skorokhod’s repre-
sentation theorem there exists a probability space (Q9,Ho,Pp) and random functions
{YT} ren, , Wi on Q taking values in the measurable space (C([0,1],R"), B¢ ([0,1],R™))
such that

—~ YT ~ XT for any T € N,
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— W is an n-dimensional standard Wiener function, and
— YT % wawp,
as T'— oo. For any T'€ Ny, let {Y7(r)},¢[0,1] be the stochastic process corresponding
to the random function Y7
Now we fix some 0 < h < p. Note that
1 Tt t t+1 t\1’
= Vi_iep = Xrl=)|Xr|—|—-Xr|=
r 2 V= 3 e (g) o () - ()]

a function of Xp. By implication, defining

A="E ()b () ()]

we have
1 T=h
YT, Zp) ~ (XT’T Z vt_lgg> .
t=1

We will now show that (Y7, ZL) converges in probability to the limit in the claim of
the theorem.

For notational simplicity, we denote Wy by W", and the expectation with respect to
Py by E[-].

The separability of (C([0,1],R™),d) allows us to use Egorov’s theorem, which tells us
that, for any € > 0, there exists a set 2. € Hg such that

Po(2) >1—¢, and

o7 = sup HYT(w) - E%W"(w)‘
WEN ¢

—0 asT — .

We can choose a subsequence {St}ren, of Ny such that Sp <T —h—1 forany T'> h

and
St
Stér — 0 and ?%O as T — oo.

In other words, St must converge to +oco at a slower rate than ér and % converge to

0. One possible choice for St could be

St = |min <\/27T,\/m>J

tST

Once {S7}ren, has been established, for any 7' € N choose a partition {tTO, e 7T}
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of {0, T_}L_l}, where tg =0, tg, =T —h—1and t1,--- ,t5,—1 € N4 are chosen so that

1
lim — ti—ti—1] ) =0.
Jm 7 (s, = i)
One possible choice is to set

T—h-2

ti=
L St —1

Ji V1<i<Sp—1.

The natural numbers #g,---,tg, represent a non-overlapping partition of the interval
[0,7—h—1], since t; —t;—1 > 0 for any 1 <i < Sp—1 for large enough T (this is the
case because STT —0asT — o0) and

T—h-2 T—h-2

L s < T (S 1) =T —h-2<T—h—1

tsp—1=1

so that tg, —tg,—1 > 0. Finally,

1 T'—h-2 T 1 1
— <

| —he —0
T Sp—1 B T Sr—1
as T — oo because S — +oo as T — oo and, 1ettingm:LTS_Th__11,
T—h—1-m-(Sp—1) Sr
as T — oo, where the inequality is justified because
<Tmh=2
m<———<m
- Sr—1
and thus
T—h-—2
o —
Therefore,
lim — lti—t; 1] ) =0
700 T \18i88, 11— 1im1l ) =
under our choice of g, ,tg,.
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We now proceed in steps:

1) Step 1:
We first show that

) (5) ()] o0

Sr '
Zp=> Yr ( :
i=1
To this end, note that, because {St}7ren, is a subsequence of N,
li tic1\]’
Yr|(=)-Y
T(T) T( T )}
t; t+1 t\1’
Y; -Y; Y, -Yr(=1||.
() v (5 e (5) e (7))
Since {e;}¢ez is an i.i.d. sequence, and
t ti 1 !
volz) (7 )~ 75, 2, o
r T \/TSZti—lJrl

t+1 t 1
Y, —Yr(=)~—
r(5) e (7) ~ 7o

for any 1 <i < Sp and t;_1 <t, we can see that, for any 1 < j,k <n,

St t
JT:Z{;—ZYT( % )
St t;—1

X 2

i=1t=t;—

st =35 58 (1) - (5)) ] o (52) -3 (1))

ST t;—

_E]_]Ekk 22 Z t—t;— 1

zlttzl

1 —1—ti—1)(ti —ti1
_Z]JZkkTQZ : 2)( Z . )
=1
13
< ZME%WZ ti—1)2
=1
St
1 1 t; til)
<Y, — t; —t;_ . max |— —
e Sl (T;(l ! 1)) (1§i§ST T T

ti  tiq

T T

).

where the first equality follows from the independence of {¢;};c7z, and the second
from the fact that

o (i () ()] -7 55, Pl

E l(YkT (HT1> — Yir G)ﬂ - %E [ezw} - %zkk.
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By assumption, the right hand side of the above chain of inequalities goes to 0 as

T — oo, and because

n n
2 2
EllJrl|* <> 0> ElJr el
J=1k=1

we have Jp 5 0 as T — oo. Therefore,

2l = ?ZT;YT (%) [ () -7 (t’;ﬂ,+op<1)7

where the o,(1) term represents Jr.

2) Step 2:

Now we show that

h 1 o nti—1 t; tic1\1
ZT'IQe:IQe'EQ ZW < T ) |:YT <T)—YT( T >:| +0p(1)
i=1

The above result shows us that we need only prove

St

pr=tn [ (%) -t ()] i () -0 (5] =0

=1

Since

sup [(Vr(r)(w) =22 (W™ () ()| < sup [YT ()= 23W"(W)||, = or
ref0,1] W' €N ¢
for any w € Q, for any 1 < j,k <n we have
2 o ti—1 1 ti—1 t; ti—1 i
|Drjkl” = Iq, - ; Yir\ = ) —22W;( % Yir (7 ) —Yer | =

St

S s () (5))]|

By the independence of {e;}c7, we once again have

<Ig, -6%-

St

t; ticg\\ 2
win <o 352 (e () e ()

=1

St

1
=Iq, - Ekkfs%f D (ti—ti1)
i—1

= I, - Yir0a.
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The term on the right hand side converges to 0 as T'— oo by design, and since
this holds for any 1 < j,k <n and

n n
2 2
E|Dr|? <> E|Dr il
j=1k=1

we can see that Dp 2 0.

3) Step 3:
We now replace the remaining Y7 terms with E%W”; specifically, we want to show
that

Zhto, = 10,2 30w (520 o () 2w (22)] st
T Qe — 40 gt T T T p .

To this end, we utilize the following summation by parts formula:

v (3) - ()]

St

ShE
1=1 T

1 ti li—1 ti\' 1 /
Dy Wl —=|-w" Yr( =] =22W"(1)Ypr(1).
+ZI{ (T)W(T) T(T) W)
Following the same process as in step 2 reveals that
ST !/
1 t; ti1 t;
Ig, -2 =) -W" Yr| =
oy () - (7)) (7)
=1 zéi[W"(ti) W”(t"‘l)}wn(tiyz%% (1)
T L T T T oA

[N

W™(1) implies that Y7 (1) —E%W"(l) =0,(1), so

I Eiiwn (t’“) {Y <t) Y. (t"‘lﬂ/
Qe T\~ ) LT
2 T T T

In addition, Y7 (1) % ¥

St

1 1 1 t; ti—1 ti\ 1
=Io -S2WH(L)W™(1)'S2' — I -2 )W 2 2] B 1).
p IR o, ;{W <T> W(T)}W <T> '+ 0p(1)
The same summation by parts formula reveals that
SHWT ()W (1) S zé%[W"Ci) (S)]w (%) ¥
= T T T

St /
1 Zu, ti—1 W t; W ti—1 1
v T T T
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so we have

s ti1 t; ti—1\]
iy (5 ) b (7) - (57
xS (S o () < (2] st
i=1

In light of the previous developments, it stands to reason that

h 1 n ((ti-1 n(ti w(tic1\] wis
Zp-Ig =1, 52y W ( 7 )[W (T>—W ( 7 )] ¥3 4 0,(1).

=1

It now remains to show that the partial sum above converges to the stochastic integral
fo W™ (r)dW"(r). Choose any 1 <4,j <n, and let W; and W represent the i and jth
coordinates of W"; W; and W; are independent random functions corresponding to the
univariate Wiener process.

For any T' € N, define the elementary function ¢ : Q2 x[0,1] — R as

_ iwi (”;) I[tH ) (t).

Since
A t
o100 W) =3 (wi (") - o)) s )00 Lz 0
for any t € [0,1],
E|| or(t) - wie) Pt = [ CElor(-8) — Wit) Pt (Fubini’s theorem)
St /T t 2 1
:lzl/tl_l/TE’Wi (lTl) —Wi(t) dt—/T_THEyWi(mZdt
St /T ¢ 1
:;/tl_l/T <t lTl)dt—/T_?_ltdt

— ;leé B (2 —121) —tl_l(tl—tl_l)] +%
ey
2]

1 )
2T2Z ti—ti-1)"+

1
< — ( max
2 \u<i<sp|T
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The term on the right goes to 0 as T' — oo, so we have

T—o0

1
. : 2 _
lim [EUO (b1 1) — Wi()[2dt| =0,

that is, the sequence {¢r}ren, of elementary functions on € x [0,1] converges in
L?(Py x \) to the mapping (w,t) — (W;(t))(w), where X is the Lebesgue measure on
[0,1]. By definition, the stochastic integral of W; with respect to Wj is the L*(Py) limit
of

/01¢T(.,t)dwj(t) _ iwi (tle) {Wj (;) —w, (“Tlﬂ .

This holds for any 1 <14,j <n, so we have

2 T T T o Y "
which implies that the convergence is in probability as well. Therefore,
h 1 1 1
Zr-Io, = Iq, -25/ W™ (r)dW"™(r)$2" +o0,(1).
0

By implication, for any ¢ > 0,

il

1
Zh—st [ Wr)aw (s
0

<P0(

Taking T'— oo on both sides yields

>3)

1
To, - 7k — I, -z%/o W () dW () 53

>®+mm3

1
lim POO 252—2%/ W (r)dW™ (r) S2’
0

T—o00

> 5) =Py () <k,
and because this holds for any € > 0,

1
lim P()(‘Zéz—z%/ W (r)dW™ (r) S2’
T—o0 0

> 6) =0.
As such,
h P i ! 2SLY;
Zh —>z§/ W () dW™ (r) S5,
0
and because almost sure convergence implies convergence in probability,

1
T, 7z B (z%W”,zé/ W”(r)dW”(r)’zé’).
0
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This holds for any 0 < h <p, so

1
(528 20) % <Eéwn’ ‘;+1®{Eé/o Wn(T)dW"(T)/Eé/D'

Convergence in probability implies weak convergence, so the above convergence is in

distribution as well. Finally, because

T 0 p r 1 ZT / 1 Tz_h /
(Y aZT7"' 7ZT) ~ | X af ‘/tflgta"' 7? ‘/tflgt
t=1 t=1

for any T' € N, we can conclude that
71 d ’ 1 = 1\ 4 1 / ot I L/
X afZW—lgta"waW—ﬁt 5 (22W", LM@[EQ/O W"(r)dW"(r)E2D.
t=1

t=1

Q.E.D.
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Now we show the main result, which generalizes the above theorem for the case when the un-
derlying errors form a linear process. The proof follows the martingale approximation approach
by Phillips (1988) almost verbatim, save for the use of the BN decomposition instead of a mar-

tingale approximation.

Theorem (Joint Convergence to Stochastic Integrals for Linear Processes)

Let {&¢}1ez be an n-dimensional mean zero i.i.d. process with positive definite covariance matrix
¥ € R and finite fourth moments, and {¥;};cn a one-summable sequence of n x n matrices.
Let {u¢}tez be the mean zero linear process defined as uy = W(L)e; for any t € Z. Let T': Z — R™*"
be the autocovariance function of {u;}iecz.

Define the process {S;}ten as Sp =0 and S; = 22:1 us for any t € N,. For any T' € N, define
the stochastic processes { X7(r)}cp0,1) and {Vr(r)}rejo,] as

\Tr)
Xr(r)= NG > w+ ﬁ(TT— \Tr )urr )41
=1
1 1
Vr(r) = JT d et ﬁ(TT— \Tr])e 741
=1

for any r € [0,1], and let X7 and VT be the random functions taking values in C([0,1],R"™)
corresponding to { X7 (r)}rejo1] and {Vr(r)}ep,1)- Defining

1 T—h

Vi = 7D Sig
t=1
1 T—h

Z/f% = — Z St_lu;
T t=1

for any h € N, for any p e N

Ve VB 4t @ (w0t ([ wrmawn ey ) 2]
(2 7/ A [‘1’(1)Eé (/01 W"(r)dW”(r)'> E%/\Il(l)/_FK}

jointly, where W™ is the n-dimensional Wiener function, {W"(r)}re[o’u the corresponding Wiener
process, and K =322, I'(j)".

Proof) We first define some notations and state preliminary results.

Recall from the BN decomposition that there exists an almost sure set 29 € H such
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that

up = W(L)er +nr —ne—1

Si=> u,=V(1) (Z&) +ne—mo
s=1

s=1
on Qo for any ¢t € N4, where

- (1) =20 Y5,

— {aj}jen is an absolutely summable sequence of n x n matrices such that

o0
aj = — Z V; for any j €N,
h=j+1

— {nt}+ez is an absolutely summable linear process such that n, = Z?io aj-g4—j for

any t € Ny.

Define the random walk 7 as 79 = 0 and

t
=) s+
s=1
for any t € N4, so that we can express
Se=V¥1)m+n—mo
and
up =V(1)er+ne —me—1

for any t € N,. Furthermore, it was shown in the proof of the extended CLT that we

can write
XT=w)vT4 AT

for some random function Ar taking values in C([0,1],R™) that converges to the zero
function in probability.

By the stochastic integral convergence result we proved in the previous theorem,

VT 4 sawn

1 1 1
Tth—lgta”' T > e 4 i1 {2% (/ W"(T)dW"(r)’) 25}
t=1 t=1 0

jointly. We can easily see that, by the continuous mapping theorem, the convergence
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result

XT 4 g)sewn

occurs jointly with the above results. We are now ready to prove the remaining items.

We start with the easier of the two partial sum processes.
For any 0 < h < p,

1 T—h 1 T—h
7 Z:l Si_1e) = T Z:l (U(1) 71 +me—1—10) €}
= =

1 T—h 1 T—h
=¥(1)| = Z Tt-1€t | + Z (-1 —10) €4
T3 T3
The first term converges in distribution to
1 ! / Y
w(1)sh (/ W™ ()W (r) > D
0
by the previous theorem. Meanwhile, because the {n;};cz is an absolutely summable

causal linear process representation with an iid innovation process {e;}tcz that has

finite fourth moments, the earlier result on linear processes tells us that

1 T—h
ﬁ ; N—1€t = Op(l)

In addition,

| T=h
JT Z er = Op(1)
t=1

by the usual Lindeberg-Levy CLT, so it follows that
1 T=h

T Z (-1 —"0) €}
t=1

converges to 0. This holds for any 0 < h < p, so using the result proven above,

XT 4 y(1)ne . wn

1 & 1P 1
(Tzst_le;,--' £ st_le;> bua@|vwst ([ wrmawney)s|
t=1 t=1

jointly by the continuous mapping theorem and Slutsky’s theorem.
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The proof that the second partial sum process converges is slightly trickier.

For any 0 < h <p we have

T h
= Z St—rup == > (WD) 14+ m-1—n0) (U(L)er+me —me—1)’

1 —h 1 T—h
<T Z Tt1€t> V(1) +w(1) (T Z Te—1 (M _77t1)/>
—1

1 T—h T h
+<T (77t1—770)€2> U + Z -1 —n0) (N —ne-1)"
t=1

We examine each term in turn.

The Last Term
Because the innovation process {e;}icz for {n:}icz is i.i.d. and the linear filter
{o}jen is absolutely summable, we can apply the WLLN for linear processes and

conclude that

1 T—h
7 O (1 =m0) (me—me—)' % G(1)' = G(0),

t=1

where G : Z — R™" is the autocovariance function of 7;. Examining the limit

G(1)' — G(0) further, we can tell that
[e.9]
G(1) -G(0) = Zaj 120 Z%Z}a
J=1
Z (0j—1 —ay) Ea —apXay
]:1
= —Z\lljzoz;- —apXay
o
=—> V%0 — %, — VX[ + U(1)TT, 4 UeX (1),
since g = — 272 W = W — U(1).

The Third Term

From our earlier result, we have

Z Nt—1—"10) Et‘I’(l)/gO-
t=1
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The Second Term

As for the second term, we have

1 T—h

< ZTt 1(ne—me—1 ) ZTt 17— (1)TZ”—1’71/5—1
t=1
1 / =0 | T=h /
1)*2%% —¥(1)— Z e, — (1) Z Tt—1Mt—1
T — T — T —
t=1 t=1 t=1
1

= ‘I’(l)TTTthéF—h - ‘I’(l)f Z 5t771/t'

Since E|rp|* = T -tr(2) for any T € Ny,

B et < 7 (Birra)* (GO
= (D) (@) Y,

1
so that %TT,}LT]/Tih L, O and thus %TT,hn/Tfh = 0,(1). The sum of the product of

n; and €4 can be expanded as

1 T=h 1 T=h
T Z ey = T Z et(ne — aoey) Z E1€,0).
t=1 t=1

Because {n; — ape }tez has the absolutely summable causal linear process repre-

sentation
— Q& = Z%H €t—1—j
for any t € Z, the result on linear processes tells us once again that
1 T—h
/
— Et\Mt — QpEL =0,(1).
77 2 el —aoc) = 0,(1)

By implication,

—

T—h
Z Et Oé()é-:t £> 0.
t:I

As for the second term,

T—h

/! 1 P /

f Z Ete g — ZOZO
t=1

377



by the WLLN for iid processes. Considering the fact that ap = ¥y — ¥ (1), we have

1) (; > e (m —m_n') %W (1) S = P()DU(1) ~ (1) DT,

The First Term
Finally, the first term has the limit

N\»—A

T—h
1) (;2) w(y 4wz ([ wrear ey ) iy,
t=1

because we know the limit of the sum in the middle.

The above results hold for any 0 < h <p, so

1 T 1 T—p -
fZSt_lé';,"' ,T Z St_léfg i} L;+1® \I/ % </ Wn de( ) ) é,:|
t=1 t=1 L

1 & 1= r
(TZSt—lufs,"' T Z St—lufs) ﬂ> L;+1® v(1 % </ W (r)dw™ (r) >E;/‘I’(1)/+K]
t=1 t=1 L

jointly by the continuous mapping theorem and Slutsky’s theorem, for some K € R™*™
by Slutsky’s theorem and the joint convergence of Vp and %ZtT:l Ti—1E}.

The constant term K is given as

K=U(1)S¥(1) - ¥ (1)2¥)— Z\p Ny — Xy — WX+ U(1)EW)+ WX U (1)
——qu Sa+ WX (¥(1) = Z\y S,
7=1

By the definition of each o,

—i)quza;:i i R _ZZ\ph P _Zr
iz

j=0h=j+1 j=1h=j

Q.E.D.
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6.2.3 Main Limit Results

Here we present the main asymptotic results pertaining to unit root processes. These results
will be central to the literature on non-stationary processes, and we show as an immediate ap-

plication that they can be used to prove a useful extension of the FCLT for linear processes.

Theorem (Main Limit Results)
Let {&;}+ez be an n-dimensional mean zero i.i.d. process with positive definite covariance matrix
Y € R™" and finite fourth moments, and {¥;};cn a one-summable sequence of n x n matrices.

Let {ut}iez be the mean zero linear process defined as

00
Ut = Z\Ifj “Et—j
Jj=0

for any t € Z. Let " : Z — R™*™ be the autocovariance function of {u;}icz.

Define the process {S;}ten as Sop =0 and
¢
Sp=> us+So.
s=1

for any t € N,. Define ¥, = ¥(1)X¥(1)/, 22 as the Cholesky factor of ¥, and A = \11(1)2%. Let
W™ denote the standard n-dimensional Wiener function, and {W"(r)},¢[o,1] the correspond-
ing Brownian motion. For any p € N; and continuous function f € C([0,1],R), the following

convergence results hold jointly:

— S e Sz
T3
1 & d
— Zut = A-W"(1)
=
1 Z
= Zutuf‘/,h Z1(h) for any h >0
t=1
1 & d 1 1
=Y St_le;—m(/ W”(r)dW”(r)’) »a’
T, S0 0
1 T d 1 e’}
T Z Sp_quy_p — A (/ W”(r)dW”(r)’) N+3X, — ZF(]’) forany 0<h<p
t=h+1 0 j=h
1 & L
=7 ZSt_l 4A W™ (r)dr
T 0
1
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Proof) For any T € N, define the n-dimensional stochastic processes {Xr(r)},e[o, and

{Vr(r)}rejo,1) with continuous paths as

[Tr]
1 1
XT(T) = \/T Ut + \/T(TT - LTTJ)ULTTJ
t=1
ey

for any r € [0,1]. Let X7 and V7 be the random functions in C([0,1],R™) corresponding
to {X7(7) }reo1) and {Vr(r)}rep,1)- Finally, defining

1
= T Z St—lgff and
t=1
L
=—> Si1u
T t=1

for 0 < h < p, the joint convergence results in the previous theorem tell us that

d 1

v &y wn

XT 4N wn
d, ! n n 1
(V:(}a“‘avzl;)%L;H@[A (/0 W (r)dWw (r)')ih’}

A ( /0 1 W"(r)dW"(r)’) A+ K]

d
(Z/{%, ot 7“%) — L;Q—i-l

jointly, where
(0.)
K=) T(j)
j=1
These results are now used to prove the results claimed in the theorem.

We proceed one by one:

i) For any T'€ N,
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so by the continuity of projections,

ii) The proof is almost identical to the above. For any T' € N,

T
\}TZut = Xp(1) = m (Xp),
t=1

so by the continuity of projections,

1 & d
— — (A W™ =A-W™(1).
JE W) (1

iii) This was proven in the lemma for the WLLN of Linear Processes.
iv) This also follows directly from the result in the previous section, becuase

1 & 1
7 > S0 =Vp LA (/ W"(r)dW”(r)) Do,
t=1 0

v) Choose any 0 < h < p. Then,

1 T 1 T t—1
T Z St_lugihzf Z Stfhfl‘i‘ Z Ug uf‘,*h

t=h+1 t=h+1 s=t—h
| T=h A
=7 > Se-aup+ T Yo > (usup_y)
t=1 t=h+1s=t—h

h—1 1 T—h+j
J

t=j+1

([ wrmarey) A’+K+§FU>’
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where this time we used the fact that
| T=hti

P .

T Z Utu;—j = T'(j)
t=j+1

for any j € N, as shown in iii). Since K = 3772, T'(j)', we can see that

T o0
% 3 st_lu;h$A< /O 1W”(r)dW”(r)'> N+ 3 TG,

t=h+1 j=1—h

To obtain the alternative formulation of the nuisance term 772, ,T'(j)', note

that, because {u;}ez has an MA(oco) representation with coefficients {V;};en,
Y, =0 (1)SY(1)

is 27 times the spectral density of u; evaluated at 0, that is,
Y =27 fuu(0).

By definition,
Fu?) = L3 expl—ira)D(r) = = [D(0) + Y exp(—ir2) (D7) +T(7)) |

o 4 2w
T=—00 7=1

so we have
Y. =T0)+> (T(r)+I(7)).
=1

It follows that

J

S TGY = 2= 3 TG).
=1— j=h

h

This again holds jointly for any 0 < h <p.

vi) Note that the Lebesgue integral of Xp(r) with respect to r is given by
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1 TS 1 1 ¢
_7T3/2; t,1+§-7T3/2;ut.

By implication,

T
1
EZ: i 1—/ Xr(r)dr -5 Tg/zzut 9(Xr) = 5 Xr(1).

It follows from the continuous mapping theorem and Slutsky’s theorem that

1 & 1
m;st—l =g(Xr)— o7 ™1 (X7)

A g(A-) = A-/Ol W™ (r)dr.

vii) As above,

1 T
T Z/H ) (Se—1+ (T7 = (t = 1))ue) (Sp—1 + (Tr — (t=1))ue) dr

T t
= 11_’; l;St 1St 1 +Sp_1- </t_:1 (T’I”— (t— 1))d7“> u;]
T 1t t
—i—;; [ut~ </t:1 (Tr—(t— 1))dr> S +uy (/t; (Tr—(t— 1))2dr> ué}

1 & 1 & 1 &
== ﬁ E St,15£_1+ﬁ E (St,1u2+utS£_1)+ﬁ E utug.
t=1 t=1 t=1

It follows that

1 4 ! ! / 1 1 d / / 1 1 4 !/
EZSt,lst_lz 5 Xr(r)Xr(r) dr—ﬁ TZ(St,lut—FutSt_l) ~37 f;utut

t=1
1

T
(XT)—2T<;Z(St 1y +ug Sy 1) ( Zutut>

t=1

the last two terms converge in probability to 0 by the previous results, and by the

continuous mapping theorem,

1 & 1
73 > Si-15] 4 LA </ W"(r)W"(r)’dr) “A.
t=1 0
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viii) Let f:[0,1] — R be a continuous function. Then, it is uniformly continuous on the

compact set [0,1]. Speficially, for any e > 0 there exists a § > 0 such that
@)~ fw)l <e Veye[0] st jo—y <5
By implication, for any 1" > %, we have

#(3) -1

foranylgthand%§r<%, so that

S ()= s

In other words,

<e€

dr < ET: (;e> =e.

t=1

<Z/

/(3)-s0

mFibo(3)- 1o

which is the familiar approxmiation to an integral via a Riemann sum.

Note that {f(r)X7(7)},c0,1] is a stochastic process with continuous paths, and as

such, the continuous mapping theorem tells us that

/01 F)Xp(r)dr 5 A (/01 f(r)W"(r)dr) .

Now note that

t=1""T
1 T T 1 T
:T;<t}1f(r)dr>5t 1+ TZ(/ fr)(Tr—(t— ))dr)
Since
T t %
EZ(—f””““”WﬂUSEX/_mﬂﬂ—w—wgmw
t=1 \" "1 —~\Jt
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T t
< Il ( [ @ 1>>dr> Elu

T
T
_ s lle

t=1
Since

1
2

Elul < (Eal?)* = (6(0(0))

by Holder’s inequality, it follows that

t

T T
3 (/_ FO)(Tr = (t— 1))dr> "
t=1 T

E

T

As such,

< ||f||c(tr£F(0)))

N

1 £l % Lt
— r)(Tr—(t—1))dr =0,
Tt§:1 <ﬂT1f( )( (t—1)) )ft
and we have

Now we want to show that the sum

1 &/t
T3/2 tzzlf T St—l

converges to the same limiting distribution as above. To this end, choose any § > 0
and € > 0. Recalling the process through which we showed that

1 & 1
32 ZSVl 4, A/ W"(r)dr,
t=1 0

we can show that

1 r .t
f) xrlar =3 [, 1Xe(olar

|
= mZ’St—ﬂ +0p(1),
=1
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so that
1 Z
372 ; |St—1] = Op(1).
By the definition of boundedness in probability, there exists an M > 0 such that
1 X
P (WtZ’St_ﬂ > M) <€

=1

for any T e N4.

We saw above that the uniform continuity of f implies the existence of some
N € N; such that, as long as T'> N,

/ Fr)r— .1 (;)‘ <10

for any 1 <t <T. As such, for any T'> N,

[
-+
<
—
]
=
w0
-+
=
&

\‘CF
S
=
g

<
N~

Vv

L
P<W;|Stl|§M> §P<

In other words,

P( \%tzi:l (/t_jl f(r)dr) St—l—T;/Qtz:f (;) Si—1

for any T' > N. Such an N € N exists for any € > 0, so by definition

>6> =0.

T a T
1TZ < tTl f(r)dr) Si_1— Tiﬂgf <;,> Si—1=o0p(1).

1 T

, 1 & + 1 & t
Tlggﬁ(‘ﬁgoﬁlf(r)dr)St_l—mt;f(T)st_l

This in turn holds for any ¢ > 0, so
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Finally, Slutsky’s theorem tells us that

T;/zijlf (;) S b A (/01 f(r)W"(r)dr) .

To see that the convergence results hold jointly, note that each term can be expressed
as the sum of, on the one hand, continuous functions of V7, X7 and the partial sums
V%,m ,V;,I/I%,'-- ,Uﬁi, and on the other, a term that converges to 0 in probability.
Therefore, the continuous mapping theorem and Slutsky’s theorem imply that the terms

all converge to their weak limits jointly.

Q.E.D.

Some remarks are in order. Items iv) and v) can be further simplified when n = 1. In this
case, denoting ¥ =02 > 0 and X, = ¥(1)X¥(1) = 02¥(1)2, the above theorem tells us that

o?W(1)2-1(0)
2

2 o2 2_
- \Il(;) <02 /Olwl(r)dWI(r) —I—W) 7

1 1 1
ST 50%11(1)2/ W (r) W' (r) +
t=1 0

1 ZT:S 4l
e t—1Ut—h P
T = 2

02\P(1)2W1(1)2—|—F(O)+2]§F(j)] .
j=1

viii), meanwhile, tells us the rate of convergence of the process when deterministic trends are

present; in particular, taking f(r) =r and f(r) = r? implies that

1 & d 1
—ZtSt_l —>A'/ rW"(r)dr
T5/2 — 0
and

1 & 2 d, T
W;t St_1—>A-/0 r<W"(r)dr.

There is another important result that can be obtained using the above theorem. It is an
extension of the FCLT to products of the innovation process {u;}+cz and a deterministic func-
tion of time, and proves useful when studying the asymptotics of models with local-to-unity

autoregressive roots.
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Theorem (Extension of FCLT)
Let {¢ }1ez be an n-dimensional mean zero i.i.d. process with positive definite covariance matrix
¥ € R™" and finite fourth moments, and {¥;};cn a one-summable sequence of n x n matrices.

Let {u;}tez be the mean zero linear process defined as
o
Ut = Z \Ilj cEt—j
j=0

for any t € Z. Let I' : Z — R™ " be the autocovariance function of {u;}icz.

Define the process {S;}ien as Sop =0 and
t
Sy = Z Us + Sp.
s=1

for any ¢t € N. Define 3, = ¥(1)X¥(1)’, 2 as the Cholesky factor of 3, and A = \II(I)Z%. Let
W™ denote the standard n-dimensional Wiener function, and {W"(r)},¢jo,1) the corresponding
Brownian motion. Let g : [0,1] x [0,1] — R be a continuous function on [0,1]? such that g(r,-) €

C([0,1],R) is continuously differentiable on [0, 1] for any r € [0,1]. Denoting the partial derivative

% by ga(r,-) for any r € [0,1], we assume that the mapping (r,z) — g2(r, 2) is continuous on

[0,1]%.
Letting {Y7(r)},c[0,1) be the process with continuous paths defined as

LT7] | Tr

Yr(r)= \/1T ; g (r, ;) U+ \/IT(TT —|Tr|)g (r, jJ,—i_l) U\ Ty |41

for any r € [0, 1], where we let g(r,2) = g(1) for any r € [0,1] and z > 1, and YT the corresponding

random function, we have
YT A,
Here, J" is a random function with corresponding stochastic process {J"(7)},¢(o,1] defined as
J"(r) = g(r,r)W"(r)— /OTQQ(T, 2)W"(2)dz = /Org(r, 2)dW"(2)

for any r € [0,1].

Proof) Letting { X1 (r)}rej0,1] be the stochastic process with continuous paths defined as

L)
1 1
XT(T) = ﬁ E Ut + ﬁ(TT_ LTTJ)ULTTj-i-l
t=1

for any r € [0,1], and X the corresponding random function, we know that
XT 4 A wn
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by the FCLT for linear processes. Furthermore, as seen in the preceding theorem,

1 I
WZ \St—1| = Op(l)
t=1

as T — oo.

Before starting the proof, we also need to establish some properties of the function g

and its partial deriviatve go. First, note that the following inequality holds:

sup [|g(r,-)|lc < sup sup [g(r,2)] < sup |g(r,2)| = |9l -
rel0,1] r€[0,1] z€[0,1] r,z€[0,1]2

Similarly, because go is continuous on [0,1]?,

sup |lga(r,)| < sup |ga(r,2)| = [|92]] -
rel0,1] r,z€[0,1]2

Furthermore, the joint continuity of g on [0, 1]2 shows us that the collection {ga(r, ) }refo]
is uniformly equicontinuous on [0, 1]. Choose any € > 0; by joint continuity, there exists

some ¢ > 0 such that
|gz(r,z) —gg(r',z/)| <e€

for any (r,2),(r’,2’) € [0,1]? such that |(r,z) — (r',2')| < §. Therefore, for any r € [0,1]

and 2,z € [0,1] such that |z —2/| <, since |(r,2) — (r,2)]| < ¢ as well, we have
|92(T,Z) — go(r, z/)| <e.
This holds for any z,z’ € [0,1] such that |z —2'| <4, so

sup |ga(r,z) — ga(r,2")| <,
|z—2'|<6

and because this holds for any r € [0,1] as well, we have uniform equicontiniuty:
sup  sup ]gg(r, z) —ga(r, z')] <.

rel0,1] |z—2z'|<8

We now prove the desired result in several steps.
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A Summation by Parts Formula

We first prove a summation by parts formula will prove useful down the line. Specifically,

we will show that, for any N € N, and a1, --,an,b1, - ,bny €R,

N

N—
Zakbk:aN(b1+“‘+bN Z apt1—ak) (b4 +by).
k=1 k=1

This formula trivially holds when N =1, so suppose that it holds for some N > 1. Then,

for any ag,--- ,(IN+1,b1,"' 7bN+1 €ER,
N+1 N
> arbr =Y arby +ant1bn
k=1 k=1
N-1
=anN (bl+"'+bN)— Z (ak+1—ak)(b1+"'+bk)+a]v+1b]v+1
k=1

(Inductive Hypothesis)

(b +- 4 byir) —anii(by+ - +by) Fan (b + -+ by)

1
Z ap41—ag)(by+---+by)
k=1

N
=an41(b1+--+bny1) Zak—f—l_ak (by+---+bg).

By induction, the above formula holds for any N € N; and a1,---,an,b1,---,by € R.
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Applying the Summation by Parts Formula

Now return to the problem of interest. For any r € [0, 1], applying the above summation

by parts argument elementwise shows us that

| Tr|—-1

5 9(n2) s (n=1)] 5= 51 (g ( u;ﬂ) _9(0)> S350 (o (n ) —atr0)
t=1

t=1

| 7]
:(g(nLT;J)_( ))S\_Trj+gr7 (Zut)—i-g(r, )U1—

Vietr) = == 3 (r A et e e (LT

o (h ) - LS () o ()]s

|Tr]+1

Eh
sl
/Q\
=
N>
N——

3
g
+

3~

Note that
| Tr| .

/ g2(r,2) Xr(2)dz = Z/ g2(r,2) X7(2)dz+ LTJ g2(r,2) X7(2)dz

|Tr)

Z(/ g2rzdz>St_1

LTr]

+/ég(r 2)Xr(z)dz+ —= Z(/_ggrz Tz(tl))dz)ut,

T

(Tr—[Tr])g (7”: T) W\ Tr]+1-

It follows that we can now express Y7 (r) as the sum of three processes, where the first

is a continuous function of X7, the second collects the estimation error from using

a discrete approximation of fol g2(r,2) X (r)dr, and the third collects the continuity

correction terms. Formally, define {Zr(r)},(0,1], {A7(7)}repp,1) and {A7(7)}rep0,1) a8

Z()—gTTXT /QQT’ZXT d

0015 3 ([ )= G2 3 o) o (-
0= s () ) 0 5 o ) =5 (-5
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r |Tr] %
_/MQQ(T,Z)XT dz—— Z (/_gg rz (TZ—(t—l))dz> uy

T

for any r € [0,1]. We can now clearly see that

YT(T) =Zr (’l“) + AT(T) + AT(’I")

for any r € [0,1].

Let Y7 and Z7 be the random functions corresponding to {Y7(r) brejo,) and {Z7(1) }repo 1
(we cannot define random functions for the remaining two series because they do not
have continuous paths). By the continuous mapping theorem, the limiting distribution
of ZT can be obtained easily. To show that Y7 has the same limiting distribution as

ZT | we need only show that

[T =27 = sup |vr(r) - zr(r)| B0,
rel0,1]

from which the desired result will follow via Slutsky’s theorem. Our task will be to

show that the random function

sup |Aq(r)+ Ap(r)|
ref0,1]

is dominated above by an op(1) random variable; this will allow us to avoid tedious talk

of the measurability of the supremum of the process {|Ar(r) + A7 (r)|}rc(0,1-
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Establishing an Upper Bound for Ap(r)

r
We first establish a bound for Ag(r). For any r € [0,1]

1 LTTJ |Tr]
</ ga(r z)dz>

Si— 1—72

’AT(T

1 LTTJ

T
/ (r,2)dz— g ( )—g(r,t_Tl) S,

By the mean value theorem, for any 1 <t < 7T there exists a z; € [Tl

— t
9

T} such that
g T’T —g\n T = g2\, 2t
It follows that

Sl

T
'/;gg(r,z)dz—g(r,;>—g(r,t_Tl) S/

T

|92(7,2) — ga(r, 2¢)|dz

IN
S| -

sup |gg(r,z)
(t—1)/T<z,2'<t/T

- 92(7’, Z,)|

< — sup sup

|92(r,2) -
r€[0,1] [z—2/|< A
Therefore, |Ar(r)| < Ar, where we define Ay as

Ar=| sup sup
ref0,1]|z—2/|< X

1 I
92(r.2) gz<r,z’>l) <T3/22|5t1|>-
ST t=1
We will now establish that Ay = 0

g2 (7’, Z/)|'

Choose any § > 0 and € > 0. We already saw above that

1 I
m Z |St—1\ - Op(l)
t=1

as well. It follows that, for any € > 0, there exists an M > 0 such that

for any T' > 1.

1z
By the joint continuity of g2 on [0,1]

we showed above that {ga(

) }refo,1) is uniformly
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equicontinuous; therefore, there exists some n > 0 such that

d

!92(7",2) —92(7’7Z/)| < i

for any r € [0,1] and z,2’ € [0,1] such that |z —2/| < 7. For any T such that T > %,

because |z — 2’| <n for any z,2’ € [0,1] such that [z —2'| < £, it follows that

)
sup sup |92(T72) _92(r7 Z/)| < M
r€[0,1] [z—2/|< L

In other words, as long as T > %,

A b (1 d
TS 97 —T?)/Q;wtqy :

As such, letting N = L%J, for any T'> N we have

1 T
t—

This N depends only on 7, which in term depends only on § and M, where the latter

depends on €. Such an N exists for any choice of € > 0, so by definition
lim P(Ap >0)=0.
T—o00

This in term holds for any § > 0, so Ap =o0,(1).

Establishing an Upper Bound for Ap(r)

We will now establish a convenient upper bound for Ap(r). For any r € [0, 1], note that

g(r, LJ;J) —g(r,m) ) HXTHC—F\}T;: g<r,;)_g(r,t—T1)

[Ar(r)] < < sup |t

rel0,1]

1
+ﬁ||g||oo <1<I{1<372<+1|Ut\)

o lgello [ X7~ el S
71920 c 20 9T8/2 £ P

where we used the fact that Tr — |Tr| € [0,1] and

‘ (ﬁTl g2(r,2)(Tz— (t— 1))dz> Uy

T

< ( /. \m(nz)KTz—(t—l))dz) e

T
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t

< lgar e ( [ @ 1>>dz> us

T

= ll92/l oo 57 e

02T

for any 1 <t <T. Letting the bound on the right hand side be denoted Ar, we can
easily show that A7 = o,(1). First, note that

1 1 &
792l X7 | = g2l 77 2 el = (1)

because %Zthl |ue| = Op(1) and HXTHC = O0p(1), the latter from the FCLT and con-

tinuous mapping theorem, and the former from the absolute summability of {u;}iez.

Furthermore, we saw from the proof of the FCLT for linear processes that, for any
6 >0,

1 T+1
(i) < (i)
1 T+1

<o > Eluy!
— 2 54
T25* &~

T+1
< gt (SHPE!ut\ )

where {u;}+cz has bounded fourth moments because the underlying innovation process

{€t}1ez has bounded fourth moments. Taking 7' — oo on both sides shows us that

1
lim P — o) =
Jim (1<f?<a%+1,rT'Utl>) 0

and because this holds for any ¢ > 0,

=l (s ] ) = 0,(0).

Finally,by the mean value theorem

b (28) s

for any r € [0,1] and

t t—1 1 1
g T,T —g T,T SHQQ(TV)”CTSHQQHOO

for any 1 <t <7T so that

Tr—(Tr] _ llgollae
T - T

<llg2(r,)lle
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|t

g <r, U;J ) —g(r,r)

(7)o (~7)

1 T
< ngﬂoo HXTHC+ g2l (T?)/z;h/ﬂ) = 0p(1).

T 1 d
(n Vs

This shows us that A7 = op(1).

Limiting Distribution of Y7

We have just shown that
-
where Ap+ Ap 50 as T — . Therefore,
YT - 7T =0,(1).
Now define the function H : C([0,1],R™) — C([0,1],R"™) as
HD) = 9o f0) = [ ga(r,2) ()

for any r € [0,1] and f € C(]0,1],R™). The continuity of g, g2 and f paired with the first
fundamental theorem of calculus shows us that H(f) is a continuous function from [0, 1]
to R™. To establish that H is itself a continous function, choose any fi, f2 in C([0,1],R™)
and note that

H)0) = ()0 < g0l 0) = o)+ | ()| 1f1(2) — fal2)ldz

< (lglloe + llg2lloe) - 11 = falle-

for any r € [0,1]. Therefore,

IH (f1) = H(f2)lle < (9]l + lg2llo0) - [[f1 = falle-

and therefore H is uniformly continuous on C([0,1],R™). The continuous mapping the-

orem tells us that
ZT = H(XT) S HA-W™) = A-HW™),

where the process {J"(r)},¢[0,1) correpsonding to the random function H(W™") = J" is
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defined as
J(r)=g(r,r)W"(r) / g2(r, 2)W"(2)dz
for any r € [0,1]. Slutsky’s theorem now allows us to conclude that
YT 4 A gm,

To obtain the expression of J™(r) as a stochastic integral, we need only use Ito’s lemma:

since
d(g(r,2)W"(2)) = ga(r, 2)W" (2)dz+ g(r, 2)dW"(2),
for any r € [0,1] we have

J"(r)=g(r,r)W"(r) / g2(r,2)W"(z dz—/ g(r,2)dW"(2).

Q.E.D.

Putting g(r,z) =1 in the preceding theorem yields the usual FCLT for the linear process

{u¢ }rez. Taking g(r,z) = z shows us, as a special case, that

1 & d 1
—Ztut — A'/ rdW"(r).
T3/2 — 0
Similarly, letting g(r,z) = 2? yields

- > Pu A / P2dW (r

Perhaps the most useful application of the above theorem is to the function g defined as g(r,z) =

e~(r=2) for any (r,z) € [0,1]?, where ¢ € R is some constant, and when n = 1. ¢ is continuous
n [0,1]2, and because ga(r,2) = ce~"2) = cg(r,z), g is jointly continuous on [0,1]? as well,

showing us that g satisfies the conditions for the preceding theorem to hold. As such, the process

Y7 (r) }repo,1) defined as

(7]
1 _ Ir=|Tr] 1 _oIr=|Tr] -1
Yr(r)= 77 g e T up+ ﬁ(T?‘— |Tr])e T U |41
t=1

for any r € [0,1] with corresponding random function Y7 satisfies the invariance principle

vT 4 A,
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where J has corresponding stochastic process {J(r)},¢[o,1) defined as

J(r) = /OT e W (z)
for the standard univariate Wiener process {W(r)},¢(o,1]- Since

e J(r)= /Or e““dW (z),
in terms of differentials we have

d(e" J(r)) = e"dW (r).
Ito’s lemma tells us that
(e J(r)) =ce" J(r)dr+e“dJ(r),
so that
dJ(r)=—cJ(r)dr+dW (r).

This shows us that {J(r)},¢[o,1] is an Ito diffusion, specifically an Ornstein-Uhlenbeck process,
with unit variance.

Heuristically, the Ornstein-Uhlenbeck process can be thought of as the continuous time
analogue of an AR(1) process, much like Brownian motion is the continuous time analogue of a

random walk. This notion will be formalized when we study local-to-unity autoregressive mode
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Chapter 7
Unit Root and Stationarity Testing

This chapter introduces the extensive literature on unit root tests, including the celeberated
Dickey-Fuller and Phillips-Perron type tests. As a counterpart to unit root tests, we can consider
stationarity tests with an I(0) null and an I(1) alternative, which is exactly the reverse of unit
root tests.

The power of unit root and stationary tests are evaluated locally by considering local-to-unity
and local-level models respectively, where the former is a process whose largest autoregressive
root converges to unity as the sample size increases and the latter is a stationary process that is
contaminated by a small non-stationary component. These processes are of independent interest
as bridges between I(0) and I(1) models, so we take an in-depth look into their properties.

Continuing with the theme of bridging the gap between 1(0) and I(1) models, we consider
fractionally integrated models I(d), where the fractional parameter d € (—1/2,3/2) represents
the degree to which the given fractionally integrated series is trending. Models with d € (0,1/2)
represent long-memory models in contrast to I(0) models, since they are models of stationary
time series whose autocovariances die out at a much slower rate than I(0) models; mathemat-
ically, this is captured by the fact that I(d) models with d € (0,1/2) admit an causal linear
process representation with square summable but not absolutely summable coefficients.

Finally, we conclude this section by introducing a modern treatment of non-stationary time
series that focuses on inference based on the low-frequency components of a given stochastic
process. We state a general CLT result that allows us to conduct inference even with a small
sample of low-frequency periodogram ordinates, and show how this framework can be used to
accommodate analyses where the underlying time series follows either the I(0) or I(1) models,
as well as the local-to-unity, local-level and fractionally integrated models that bridge the gap

between them.
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7.1 Asymptotics for I(1) Processes
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7.2 LTU and LL Models
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7.3 Fractionally Integrated Models
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7.4 Low-Frequency Econometrics

An alternative, modern approach to non-stationary processes is to conduct inference on the trend
component of time series on the basis only of its low-frequency components, represented by the
periodogram ordinates of the time series of interest whose frequencies correspond to cycles of
10 years or longer. Naturally, there are only a few periodogram ordinates of a given time series
that corresponds to such low frequencies, usually around 12 to 13 per time series. Thus, the
problem reduces to conducting inference with a small sample. What enables inference despite
the small number of periodogram ordinates is a CLT showing that these ordinates are jointly
normally distributed as the sample period T goes to infinity. As a result, our analysis reduces
to conducting inference based on a small number of jointly normally distributed observations,

for which there is a rich statistics literature to draw from.
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7.4.1 The Fundamental CLT

We begin by stating and proving a general CLT that concerns weighted averages of a stationary
time series. We allow indexation by the sample size T' (so that we can accommodate LTU and
LLM series, among others) so that we deal with triangular arrays of dependent random variables.
It can then easily be shown how the result can be extended to non-stationary triangular arrays
when the weighting function integrates to 0.

The setup of the problem is as follows. Suppose we have a triangular array {7}z, 7en,
such that there exists an MDS {e; }+c7 with respect to the filtration F where, for each T' € N, the
process {7 }tez is a mean-zero linear process with square summable coefficients and innovations
given by {et}rez:

0o
Trp = Z CT,jEt—j-
j=—00
Note that this framework encompasses the 1(0), I(1), I(d), LTU and LLM models that we studied
above (and it may actually be more general since we only restrict the innovations to be martingale
differences instead of iid shocks).
Suppose we have a Borel measurable function g : [0,1] — R¥, and are interested in the large

sample properties of the random vector

1 T L
nr ::/o Q(S)xT,LTstdS = Z ( . 9(8)d3> TTt-

t=1 \Y T

Our CLT shows that

1 & T
\/TnT = ﬁ; (T/’le g(s)ds) Tt

is asymptotically normally distributed with mean zero and asymptotic variance depending on

the local-to-zero spectrum of x7; as T'— oo, given that the coefficient process {cr;} ez, the

function g(-), and the spectral density fr(-) of {7 +}+cz satisty certain regularity conditions.
The proof is long and involved, but below we present it in a manner that we hope preserves

the intuition behind the proof.
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Theorem 7.4.1 (The General CLT). Let {e;}1ez be an n-dimensional MDS with respect to the
filtration F, and {x1:}iezmen, o triangular array such that, for each T € Ny, there exists a

sequence of n-dimensional square-summable coefficients {cr;}jez such that
oo
Tr = Z C/'I',jgt_j vVt € Z.
Jj=—00
We impose the following regqularity conditions:
i) MDS Innovations
E[ere}] = I, for each t € Z, and there exists some 6 > 0 such that

supEler| T < 4-00.
t

Furthermore, we assume that there exists a sequence {(r}ren, of positive reals such that
¢4 0 and

EHE [eteg —1I,| ft—r] H <( VteZ,Te N,.

it) MA Coefficients

For each T € N4, the coefficient sequence {crj}jcz are square summable, that is,

(o9}
S Jeryl? < +oc.

j=—o00

Since {e¢}1ez is a white noise process with variance equal to the identity matrix, this means

that xr; is well-defined as the L?-limit of the process

Furthermore, we assume that, for any € >0, there exists an L. € Ny such that

limsup T Z |CT,j|2<e.
T ljl>Ler

iii) Spectral Density of xr,
For each T € Ny, the square summability of the coefficients implies that the function
fr:(—m,7] = Ry defined as

1) = 5o |Cr@) oo € (-7,
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where

[eS) k
C’T(w): Z chje_

iTw . —iTw
= m.s.lim cr.ie .
k— o0 Z J
T=—00 =k
We assume the following:

o There exists a local-to-zero spectral density S : R — (0,400) such that, for any fixed
K >0, S(-) is integrable on [0, K] and
K

lim
T—oo ) K

fr (;) - S(w)‘dw =0.

e For any diverging sequence K1 — oo such that K <T,

T 1
li
A fe IT

w
— | —=dw=0.
Kr (T) w2 0
o We have

iv) Weighting Function g

There exists a Borel measurable function g :[0,1] — R"™ such that

g= sup |g(s)] < +oo,

s€[0,1]
1 .
/ e ¥g(s)dw
0

r

o

2
|S(w)]dw < 400

and the integral

== [

1 . 1 . ,
</ els‘”g(s)ds> S(w) (/ e_lswg(s)ds) dw
e 0 0
is positive definite.

Then, defining
1 T L
nr = /0 9(5)$T,LT5J+1dS = Z /

- g(s)ds) T4,
t=1 \Y" T
as T — oo we have

\/TnTgN[OmXL /oo

N (/01 eiswg(g)ds) S(w) (Ale_iswg(s)d8>'dw] '
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We develop the proof of the theorem along several preliminary lemmas, so as to preserve
the intuition behind it. First, we start with the obvious: because the innovation processes are
martingale difference sequences, we want to make use of the MDS CLT for triangular arrays in
some shape or form. To this end, recall the general CLT for triangular scalar-valued martingale

difference arrays, along with an LLN for mixingale arrays that will prove useful down the line:

Theorem 7.4.2 (LLN for L!'-Mixingale Arrays). Let {Xri}iezren, bean L' -mizingale with re-
spect to the filtration array F = {Frt}iez,ren, with corresponding constant sequences {crt}iez,reN,

and {Cm}men. Suppose that:

i) {X74/cri}iez,ren, is uniformly integrable in the sense that

X7y

b—o0 Tt

lim supE
CTt

: I{’XTYt ’>b-CT’t}‘| = 0

it) The following hold:
k(T)

limsup Z oy < 400

T—oo t=1

k(T)
li 7, =0.

Then,
k(T)
Ll
> X1y = 0.
t=1

Theorem 7.4.3 (MDS CLT: Scalar-valued Triangular Array Case). Let {Z1}1<i<p(r)ren, be
a scalar-valued martingale difference array with respect to the triangular filtration {Fr; |0 <t <
k(T),T € Ni}. Defining a%t =E [Z%vt ] ]-"T,t_l} for each 1 <t <k(T) and T € N, assume that:

i) As T — o0,
k(T)

Vr = Z a%,t 2.
t=1

it) Lindeberg Condition
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For any € > 0,

k(T)
lim Z E |23 Ly, |5g) =0

T—o0

Then, as T — oo,

T
SN Zri S N0,1].

t=1

We need a version of this theorem that can accommodate vector-valued martingale difference

arrays and double-sided sums:

Theorem 7.4.4 (MDS CLT: Vector-valued Triangular Array Case for Double-Sided Sums). Let
{ZT,t}fk(T)gtgk(T),T€N+ be an n-dimensional martingale difference array with respect to the tri-
angular filtration F = {Fry | —k(T) =1 <t <k(T),T € Ny }. Defining Sy =E |21, 2, | Fry1)
for each 1 <t <k(T') and T € Ny, assume that:

i) As T — oo,

k(T)

Vri= Y S5
t=—k(T)

it) Lyapunov Condition

There exists some 6 > 0 such that

Jim Z E|Zr >t =
= K(T)
Then, as T — oo,
k(T) .
Z ZT,t _>N[O’I’L><17 In]
t=—k(T)

Proof. Choose any non-zero o € R", and define v = -5 and

lal

ZT,t = rU/ZT,tfk(T)fl V1 S t S Qk(T),+1 Te N+-
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Then, {27t }1<t<or(T)+1,7en, is a scalar-valued martingale difference array with respect to the
triangular filtration {Gr; |0 <t <2k(T)+1, T € N} defined as

Gri=Fri—rry-1 YO<t<2k(T)+1, Te€N,.
Defining
0}y =E|d,|Gri1| VI<t<2%K(T)+1, TeN,
we can see that

o7, =vE [ZT,t—k(T)—IZ%,t—k:(T)—l | ]:T,t—k(T)—z} v =087 j1)-10,

so that
2k(T)+1 k(T)
Z UCZF,tZU/ Z Y v=2"Vrv 5 ovv=1.
t=1 t=—k(T)
Furthermore,
5 246
Elzr|** :E’ZT,tfk(T)*l‘
and thus
2k(T)+1 k(T)
Z E|ZT,t|2+5 — Z E|ZT,t|2+6
t=1 t=—k(T)

for any T' € N,. Taking T'— oo on both sides yields

2k(T)+1
lim Z E|zr,
t=1

2446
= ()7
T—o0

and since the Lyapunov condition implies the Lindeberg condition, we can see that, for any

€>0,

2k(T)+1
lim Z E [Z%vt'l{|zm|>e}} =0.
t=1

T—o00

It follows from the MDS CLT for scalar-valued martingale difference arrays that

1 k(T) 2k(T)+1 p
720/ ( Z ZTJ) = Z 2Tt — N[O, 1] ,
) t=1

|af t=—k(T
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so that

k(T)
o/( Z ZT,t) EH\/[O, dal.

t=—K(T)
This holds for any non-zero « € R™, so by the Cramer-Wold device,

k(T)

Z ZT,t £>-/V‘[()nxla In]
t=—k(T)

The first step in the proof will now be to approximate v/ T by something akin to a two-sided
sum of the MDS innovations ¢; with non-random weights, which allows us to directly apply the

CLT above. To see how one would go about obtaining this approximation, first define
T
N T
gre=T [ g(s)ds
T
for each 1 <t <T and T € N,. Note that, by assumption iv) of the theorem,

9Tl < g,

and that we can rewrite vTnr as
1 &
\/TUT = ﬁ tZ::lgT,tﬂCT,t,
so that nr is simply a weighted average of the process x7; with weights that are bounded above
by g.
The lemma below shows us how we can now leverage the linear process representation of

2T to obtain a mean square approximation of VTnr that can be written in a form conducive

to the application of the martingale difference array CLT:

Lemma 7.4.1. Under assumptions i) to iv) of the theorem, for any e >0 there exists an integer
M such that

] MT T 2
limsupE \/TnT - — Z ZgTjjc’TJ,t gt] <e.
T—o0 VT Sir j=1

Throughout, we denote this M by M.
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Proof. Choose any integer M € N, and note that a little rearranging yields

1 MT T 1 T MT
T o | 2 dnicr. | &= JT dgri| Do e
t==MT \j=1 j=1 t=—MT
1 T j+MT
~ /
_ \/TZQT,] Z CT,SEj*S
Jj=1 s=j—MT
Replacing the indices with something more familiar, we have
1 M7 T LT MT
vT > | 2 dricnj— | o= JT D gre| 2 engee
t=—MT j:l t=1 j:t—MT

Notice how the summand Z??/‘[ iy j€t—j looks like a trucnated version of the MA(oco) repre-

sentation of xr,: in fact, by the definition of z7; as an L2-limit, we have

2

t+MT t—MT—1 0o
Ezre— Y. el = > e+ Y leryl
j=t—MT j=—00 J=t+MT+1

due to the fact that € has unit variance. Relabeling the indices again shows us that

t+MT 2
Jj=t—MT li|>MT
Now,
1 MT T 2 T t+MT 2
E \/THT— T Z ZgT,jC/Tth & = Zﬁ Tt — Z C/TJEt—j
Ty \j= t=1 j=t—MT
1 T t+MT 2
< TE Sl x|zre— Y. e
t=1 j=t—MT
A t+MT 2
=7 <Z|9Tt\ ) ZE TTET Z ri€i—j
t=1 =t—MT

(Cauchy—Schwarz Inequality)

T
Z Z \CT,j+t’2
t=1j|>MT

where we used the fact that the weights are bounded above in norm by g.

For ¢ ranging from 1 to T, the summands of ;5 7 \cT7j+t\2 are contained in the set

{erjlj<T—-MT, j>MT+1},
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which is itself contained in the set
{erjli<—(M-1)T, j>(M-1)T}.

Therefore,

| MT [T 2
~ — 2
ENVTnr—— gricri | & <@T D ez
VI3 \j= 1> (M-1)T

For any € > 0, by the decay assumption we imposed on the MA coefficients of x7;, we know that

there exists some L, € Ny such that

€

li T 12 < .
imsup Z ler ] )

T=oojjsLer

Therefore, putting M, = L.+ 1, we can see that

2
M.T T
. 1 - N 2 (.
limsupE|vVInr — I Z ZQTJC/T,jt) g <g? (hmsupT Z ’CT,j\Q)

T—s00 VI Tt \G=1 =00 Jj>Ler

This concludes the proof of the lemma.

Given some integer M, for the conditions of the martingale difference array CLT to hold

!/
for the process {<Z]T:1 §T7ch7j_t) €t} —MT<t<MTTeN,, it must be the case that the weights
Z?:l gr,jcr,j—t are appropriately bounded. The next two lemmas show that this is indeed the

case under our assumptions:

Lemma 7.4.2. Under assumptions i) to iv) of the theorem, there exists a C' >0 such that, for
any w € (0,7],

T .
Z gT,teiltw

t=1

sup <

TeNy

£1Q

Proof. Fix T € Ny and w € (0,7]. Define r, = 3°%_; 7 for 0 <t < T with 79 =0, so that we

can apply summations by parts:
T ' T
D gree ™ = gri(re—ri-1)
t=1 t=1
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T T
= Z 9Tt — Z Tt 10Tt
=1 =1

T
=grarr— Y -1 (g1 — Gre-1)
t=1
where we define g7 = 0.
By definition,

1 — e~ ilt+w . ] — e itw
rtzie =Wl
1—e 1—ew

for 1<t<T,so

T . efitw i o T .
ZgTyte_ltw < 1 —itw ‘§T7T‘ X ’1 —e ! w’ + Z ‘1 — e_ltw‘ X |§T,t — gT,t—l “|
t=1 —e i P
e—itw T
<2 [lﬁn +> (g + \gT,t_m] :
t=1

Since

T 1
Gzl + 3 (g7l +gral) < /0 l9(s)|ds < g,
t=1

we can further bound the right hand side by

e—lw

<27

T
Z QT,tB_ltw
=1

Some rudimentary algebra based on Euler’s formula reveals that

—iw

e - 1
1—e iw|  2gin (%)’
and since w > % for any 0 <x < 7, we can see that
e iw 7
—_— < —
l—e W 2w
Therefore,
T ‘ g
ZQT,te_ltw <—.
=1 w

Putting C' = wg > 0 yields the desired result.
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Lemma 7.4.3. Under assumptions i) to iv) of the theorem,

ZQTJCT] t

lim —sup
T—oo /T t,T

Proof. We start off the proof by recalling some facts from functional analysis, specifically the
theory of Hilbert spaces. Let m(_r ) be the Lebesgue measure on R restricted to the interval

(—m, ] and rescaled so that it is a probability measure:

m_y(A) = %m(Aﬂ( wx]) VA€B(R),

where m is the Lebesgue measure on the real line. The restriction to the interval (—m, 7| ensures
that m(_r - is a finite measure on the Borel o-algebra B(R).

Define the set
V={e—e|tcz}

of complex exponential functions, which is a subset of the L2-space L?(B(R), m(_. ). The linear

span of V is then the set of all trigonometric polynomials 7
k .
T = {LIZI—> Z cte k€ Ny, cp,--,cp € C} =sp(V).
t=—k

Now, from a result we proved in the proof of the spectral representation theorem, we know that
T is dense in LZ(B(R),m(_mW]), that is,

Sp(V) =T= L2(B(R)7m(f7r,7r])’

since m(_ -] is a probability measure on the real line that assigns values for every Borel subset
of R.

Since

it-

e itx

1
dm( ﬂ,ﬂ](x)> ’ =1

‘27m(77r,7r] (/]R

for any t € Z, it follows that V' is a maximal orthonormal subset of L?(B(R),m(_ »)) (according

to one of the equivalent definitions of maximal orthonormal subsets; see the notes on Hilbert

spaces in the measure theory text). Parseval’s identity thus tells us that, for any two functions

fl7f2 € L2(B(R)’m(—w,7r])v
o | n@hGE

Yz =" fi(t) f2(t)

teZ
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where fi1(-), fo(+) are the Fourier coefficients defined as

i =5 [ e i@y

—T

and likewise for fy(t).

To see how this theory can be applied to prove the desired result, assume that n =m =1 for

the time being. Fix T'€ N, and some t € Z and define the sequences {a;};cz and {b;};cz as

gri—; ift-T<j<t—-1
aj = » bj=cryg
0 otherwise

for any j € Z. Then, both sequences are square summable, so that the mapping
el .-
Or(z)= ) bje”
j=—00
is well-defined as a mean square limit in the space L?(B(R), m(_y ), and likewise for
© ..
Gr(z)= Z aje”.
j=—00

In particular, we can see that

A 1 ELI
Cr(t) / e Cp(z)dx = by,

:% .

and similarly, that GT(t) = ay, for any ¢ € Z. Therefore,

o0 s

T
. — 1
ZQTJCT,j—t = Z ajb; = o Gr(z)Cr(z)dx.
j:l —T

j=—o00

Therefore,

T
1 ™
S arseri| <5- | IGr(@)Cr@)ds
=1 "

27 J_

T

Z gT,je_ijw

j=1

1 ’T 1
:\/ﬁ/ﬂ. fT(w)Zdw,

where we used the fact that
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Now we split the integration region as follows

gTjCT] t| > Jr,j€ ijw 2dw+7/ gr,j€ —hjw fr( )2dw.
Focusing on the first term on the right hand side, recall from lemma 7.4.2 that
T
. C
sup | > grje Y| < —
TeNL j=1

Vw € 07 T,
( ]
so that

wh 2

ZQT] —ijw

1 1 1
Jr(w)2d / fr(w)z=
w
By assumption, the right hand side goes to 0 as T — oo, and is therefore bounded above by a
finite constant, say, K1 > 0.

Meanwhile, by the Cauchy-Schwarz inequality

2 T
e —ijw

T 2

Z T.5e 9| dw (/ fr(w dw)

2 1
T
<z (Z m) < / fT(w)dw> .
By a linear change of variables, we can see that

fr(w)2dw < \ﬁ /0%

2 /% ZT: ()} 2 12T:| | o
grje VY fr(w)2dw < — [ =) |91, (/ fT( ) )
\/27’( j=1 2m Tj—l 0
Since
1 w 1
Th_r)rgo ; fr (T) dw = ; (w)dw
by assumption and
1 T T % 1
TZ|QT,]| <D/, lg(s)lds= [ |g(s)ds,
j=1 j=1""7T 0
it follows that
2 [Tl i ;
m/(J ZQT,Je M fr(w)2dw
j=1
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is also bounded above by a constant, say, Ko > 0.

Putting these results together shows us that

T

ZgT,jCT,jft < K1+ Ko.
=1

This holds for any T and t, so it follows that

1

T
—=sup| Y grjer i =0

as 1T — oo.

For the case where n,m are not equal to 1, we need only take the exact same steps elementwise
for the m x n matrix erzl QTJ-C’TJ%.
O

It remains to show that the variance of v/T'np converges in the limit to the desired asymptotic

variance. First, we present a lemma that pertains to pointwise convergent diagonal sequences.

Lemma 7.4.4. Let {appn}mn be a double sequence of positive reals such that ap, n — 0 asn— 0o
for each m € Ny. Then, there exists a subsequence {mpy}nen, of Ny such that m, <n for each

ne€ Ny, my 1T +00 as n— oo, and
lim a,, » =0.

Proof. Using a diagonal argument, we can construct a sequence {my, },, of natural numbers such
that m, <n, m, 1 +o00, and amy, » — 0 as n — oo.

A simple construction defines the set

Jn:{lgmgn]supamysgé}

s>n
and defines

supJ, if J, #0,

1 otherwise.

My =

Let n’ € N4 be chosen so that aj, <1 for any n >n' (which exists because aj,, — 0 as
n — 00). Then J,, # () for any n >n’, so that m,, = supJ, for any n >n’. The sequence {m,, },

constructed in this manner possesses the following properties:

o Amyn < min Yn > n'

For any n > n/, m,, is the maximum of the finite set J,,, so it follows from the definition
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of J, that
Oy S SUPG,, s < —.

s>n mn

o My <Mmpy1 Vn

If n <n/, then m,, =1 < my trivially. If n > n/, then since

1
SUp Gm,.s < SUPUm, s < —,
s>n+1 s>n mMp
it follows that m, € J,41. Thus,

Mp+1 = max Jp41 > My

e m, T+00 as n — o0
Suppose that there exist some N, M € N such that m,, = M for any n > N. Since ap;41,, —
0 as n — oo, there exists some n* € Ny with n* > max(N +1,M + 1) such that

SS;S ap+1,s < Ml+1
Since M +1 <n*, it follows that M +1 € J,,+, and hence
My =maxJ, > M+1> M,
which contradicts m,+» = M. Therefore, for any N € N there exists some n > N such that
Mp41 > My, which together with monotonicity implies m,, — +oc.
It now follows that {m,}, is a divergent sequence of natural numbers such that

mpyn — 0

and m, <n for any n € N,.
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Lemma 7.4.5. Under assumptions i) to iv) of the theorem,

Jim TE ] = 5= [~ ([Févgtonis) s ( [ 1eiSWg<s>ds)/dw

and X is positive definite.

Proof. Let I'r : Z — R be the autocovariance function of the MA(oo) process {x7+}icz. By
defintion of the spectral density fr(-), we can see that

™

Ip(r) = / ™ fr(w)dw VT EZ,

—T

so that

TE [nrofy] = Z Z grlr(t

tlsl

IS e ([ s g,

tlsl

I @ai o) (G

=1

where z* denotes the conjugate transpose of a complex valued matrix x. By an element-wise

linear change of variables, it follows that

TE [nrny] / ( nge iT) ( )( Zthe it¥>*dw,

We know that the mapping w + fr(w/T) converges in L' to S(-) on each compact interval [0, K],

and similarly, since

1 T e T T {LTs)+1
TZQT,teﬂT:Z/ —ir “’ds—/ g(s)e T “ds
t=1 t=1

and % — s as T'— oo uniformly across s € [0,1], we might suspect that

1 o
ngT,te 1t _>/ 7180.}
t=1

pointwise for each w € R. This intuitively justifies why it might be the case that

Jim 8 o] = [ ([ egtsgas) st [ gt ) o
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To formalize this intuition, we first note that the limit ¥ is well-defined by the final assump-
tion we imposed on the weighting function g(-) (that ensures that its Fourier transform decays
at an appropriate rate so that S(-) weighted by the Fourier transform of g(-) is integrable on
the real line). By the DCT applied elementwise, it follows that

/

Kliinoo _I; (/01 e_is“’g(s)ds) S(w) (/01 eis‘”g(s)ds) dw = 3.

Fix any K > 0. We want to first show that

[ (s ts) e 5) (3 e o ([ )

as T — oo for this fixed K.

To this end, note first that, since

for any w € R, we have

[ n(5)-sepesr [,

where the right hand side goes to 0 as T'— oo by assumption.

X

1 T

~ —it¥
7ZgT,t€ 1 T
Tt:l

o () - S)|do,

Meanwhile, for any w € R,

! —jlTsl+t ! —isw
/Oe T g(s)ds—/o e g(s)ds

1L - 1
ngrﬂteilt? _/0 e*lswg(s)ds
t=1

1 . S .
I e
0
LT 1
§g|w|</ [Ts]+1 —sds),
0 T

where we used the fact that |e!® —el®| < |a —b| for any real a,b € R!. Since

0< LTS%—Fl_SS]lﬂ
we have
1 d its ! isw g’w‘
_ P —F - d < L1
T;:lgme /0 e g(s)ds| < T

' This can easily be shown by using Euler’s formula and expressing ¢l as a vector in R2.
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while

Therefore,

IN
\
=
/-~
[
(]~
K=Y}
~
B
S

K T
1 - t
< | o|F 2| ir () = S()|do
K 1 T . T 2
+/ —ZgT eﬂtTf/ e ¥¥g(s)ds| x|S(w)|dw
_x|T 0
t=1
K 1 T . T
+27 =D gree = [ e g(s)ds| x |S(w)]dw
-K thl 0

B K —2K2 —2K K
SgQ/K\fT(;)sw)\dw(gTQ +2T)/ S()lde

K

where the second term of the second inequality is justified by
|AA* — BB*|| = |(A— B)(A— B)*+ B(A— B)* + (A— B)B*| < ||A— B||*+2||B|| x | A- B

for any conformable matrices A, B. Taking T'— oo on both sides shows us that

K1 Z o W\ (1 & ve | Ko 1 '
lim — N grie T — )| =) gree 7| dw :/ (/ e y(s ds) S(w (/ ey(s ds) dw,
e |k (T;gﬂt )fT (T) (ngT,t ) o 9(s) (w) 0 9(s)

as we desired.

Define

kT = /I; <;ggT,t6it¥> fr (%) (;igT,teit¥> dw—/i </01 6isw9(8)d8> S(w) </01 6isw9(3)d8>/dw

for any '€ N; and K € N,. Then, {||Cx 7|}k, is a double sequence positive reals such that
{l|¢k, ||} converges to 0 for each K € N, and we can apply lemma 7.4.4 to find an increasing

sequence {K7}7 of natural numbers that diverges and satisfies K7 < T and

li —0.
ngOIKKT,TII 0
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For the final step of the proof, note that, for any 7€ N,..

|TE [nrn7) — % = (i 7|

/WT ( 1 XT:Q eit;i) f (w) (1 zT:Q eit;>*dw
= Tt T\7= )= Tt
kr \T = T)\TH
Kr 1 I *
+ HE —/ (/ e_lswg(s)ds> S(w) (/ e_lswg(s)ds> dw
—Kr \Jo 0

By the DCT, the second term goes to 0 as T'— oo, while the first term can be bounded above

by
T 1 w
2 JR— JR—
920 /KT w2fT<T>dw

<2

using the result in lemma 7.4.2:

su
T>

for any w € (0,400). By assumption, this term goes to 0 as T"— oo, so that

li TE [nrny] =% — Tl =0.
m H [17 n } CKp, | 0
Finally, ||Cx,,7| = 0 as T'— oo, so that

. /1
Jim T[] = X,

as we desired. This completes the proof.
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The last piece of the puzzle involves bounding the distance between the asymptotic variance
¥ and the variance of the MDS approximation to v/Tny, which is denoted ¥ Mm.,T- Since this
involves bounding the distance between their square roots, which, if defined appropriately, has
a nice analytic form, we first present a lemma concerning some matrix algebra.

Below, for any positive semidefinite matrix A with eigendecomposition A = ADA’, we define

its PSD square root L4 as
La=ADzA
Note that L4 is itself a positive semidefinite matrix that satisfies L% = A.

Lemma 7.4.6. Let A, B be n xn real valued matrices. The following hold true, where ||| is

defined as the trace norm of a matriz:
i) If B is invertible and |A— B|| < ﬁ, then A is invertible and

ot <ol 1a- o

it) Suppose A, B are positive semidefinite and B is positive definite. Then, letting opmin(A) be

the smallest eigenvalue of A and likewise for B, we have
Omin(A) 2 Omin(B) — [|A—B]|.
Furthermore, for the PSD square roots L4 and Lp of A and B,
o
La—Lp= / et (A B)e o,
0

where the matriz integral on the right hand side is well-defined and the matriz exponential

is defined in the usual way for diagonalizable matrices. In particular,

1

ILa—Lgl|l < [A-B].
iit) 1If, in addition to the assumptions made in ii),

1 in(B
4= Bl < min ( 0yin(B), —/ Tl

on1 | B

then A is also positive definite and
[La~Lpll < ————]|A~B]|
A~ LBl S —YF//7/7—= -
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et - ) < 2Ly .

o szn(B)

Proof. i) This is a standard result in matrix algebra. Suppose that B is invertible. Then, if

ii)

1
1B=1

|A— BI| < grpr <
@] = |B™'Ba| = | BT (B~ A)w+ B~ Az| <||B7!| x| B - A x [2| +||B!| x |Az|

for any x € R™. Let Az = O, «1 and suppose that x # O,,»1. Then, since ||B_1H x||B—A| <

1 and |z| > 0, we have
2] < |a| + || B~|| x | Az| = |a],

a contradiction. Thus, it must be the case that x = O,,x1 if Az = O,,«1. In other words, the
null space of the matrix A consists only of the zero vector, which indicates by standard

results in linear algebra that A is invertible.

Furthermore, in this case,
|47 =47 -5~ + 57 < 4~ xia—Bi |57+ |57

<o+ s

9

so that
47 <25,
Similarly, since
A B =AY (B-A)B,
we have

a7t =5 < Jan x| a5 < 25 [ - 5L

Now let A and B be positive semidefinite matrices, where B is known to be positive

definite, so that its eigenvalues are all positive. In particular, o, (B) > 0.

First, we show the bound for ,,;,(A). Letting v € R™ be a unit eigenvector of A corre-
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sponding to the eigenvalue o, (A), we can see that

n
|Bv|* =By = ZO’Z‘(B)2U2

7
i=1

for some unit vector u = (uq,---,uy) (this can be derived from the eigendecomposition of
B). Thus,

|Bu|* > (iﬁ) Omin(B)? = omin(B)?,
i=1
and we have the chain of inequalities
Omin(B) < |Bu| < (A= B)o| +|Av| < | A= B|| +|Av] = [ A= BJ| + 0min(A).
Rearranging terms immediately shows us that

Umin(A) > Umin(B) - HA_BH'

Before moving onto the next step, we show a preliminary result. Given any positive semidef-

inite matrices U and V, letting V = Ay Dy Aj, be the eigendecomposition of V', we have

tr [UV] =tr [(AQ/UAv)Dv] = i(AQ/UAv)”DV’“ > (i(AQ/UAv)”> Umm(V)
i=1 1=1

=tr (AYUAY) 0min(V) = t2(U)opmin (V).
Similarly, we have
tr[UV] < tr(U)omaz(V),
so that
IOV =t [(UVY(UV)] =t [(U'D) x (VV')] <t [U'U] 0mas (VV') = U (0mas (V))?
and therefore

IOV < Ullomaz (V).

Now let L4 and Lg be the PSD square roots of A and B defined as

1 1
Ly=AaD3N), Lp=ApD}A%,
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where AgD 4N, is the eigendecomposition of A, and likewise for B. Note that L4 — Lp

satisfies the matrix equation
LA(LA—LB)—I—(LA—LB)LB =A-B.

Defining M = L4, N=Lg, C=A—B and X = L4 — Lp, we can see that X satisfies the

Sylvester equation
MX+XN=C.
We now show that the solution to this equation is the integral of the matrix function

t—e tta(A—B)e ttB = ¢ MtV

First, we need to show that this function is integrable, that is,
(o]
/ He_tMC’e_tNHdt < 400.
0

Since
3
o—tM _ A (e—tDA> A/

tIN

by definition of a matrix exponential and similarly for e=*V, we can see that e *M has

eigenvalues equal to {e~'VP4ii | 1 <i<n}, so that
Omaz(e”M) =7tV omin(4) g >,

As such,

=M etV | < [l Ol tVomnTB < (Vam@Home®) c) v o,

so that

/OOO He—tMC’e—tNHdt <l /Ooo e—t(\/amin(A)+\/gmin(B)) gt

_ Il
VOmin(A) + v/ Omin(B)

< +00,

where the last equality follows because \/0min(A) + \/Omin(B) > 0 by the fact that A and
B are positive semidefinite with B being positive definite. This shows us that the matrix

function

ts e tMOe=tN
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is integrable.

Next, we need to show that the integral in question is the solution to the Sylvester equation
above. To this end, note that

and

3\ 1
=Ap (e_tD é) DA (Commutativity of Diagonal Matrices)

1
=Ap (ethf) AN =e VN

for any t € R, where the derivatives are taken element-wise. Defining the matrix function
G(t) as

G(t) =e MCe N,

we can therefore see that

Le_tM Ce ™ ¢ eftMCLe_tN

/ —
G(t) = dt dt

= Me MCe N 4 MO NN = MG(t)+ G(t)N VteR

by the product rule for matrix differentiation. Integrating both sides over (0,+00) now

yields

G(0)— lim G(T) = /0 MG+ GEN) dt = M ( /0 * G(t)dt) + ( /0 ” G(t)dt) N,

T—o0

and since G(-) is integrable on (0,400) it decays to 0 in the limit, meaning that
lim G(T) = Opxn.

T—o0

Therefore,

C=GO)=M </OOOG(t)dt) 4 (/OOO G(t)dt) N,
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meaning that
/‘G@ﬁ:/ e MCe Nt
0 0

is the solution to the Sylvester equation in question.

Finally, it follows that

o0
ILa—Lg| = H/ e tha(A— B)etLBdtH
0

< /OO He_tLA(A— B)etLs Hdt
0

<A B ([~ et (Vom0 rn®) g
0

_ Ja-B)
\/Umin(A) + \/Umin (B)

by repeating the same process through which we established integrability of G(-).

iii) Now suppose that A and B are positive semidefinite matrices, where B is known to be

positive definite, and also that

1 (B
|4 Bl < min | 0pin(B), 3y Zmin B
onE\ BT

In this case,
Umm(A) > O’mm(B) — HA—BH > 0,

so that

JAa-B  _ 1

HLA_LBH = \/O'mm(A)‘i‘\/o'mzn(B) B \/O-mzn(B)

|A— B

Furthermore, since Lgl/Lgl = B! and B! is a symmetric matrix,
2
L5t = (87) < vmxB7
2
|57 = e es| < ez

Therefore, we have

1 1

T < )
2n1 /B~ 2“@1”

[La—Lg| <

428



and we can apply the result in i) to conclude that
J£t -5 < 2 [ a— Ll =2 512~ 2a

2| B~

" VOmin(B)

|A—Bll.
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Lemma 7.4.7. Under assumptions i) to iv) of the theorem, for any e >0 let M, € N be chosen

as in lemma 7.4.1 and define the positive semidefinite matriz Xpr, T as

| MT T T !
EMor = 7 S aridr i | | Do dricrie |
j=1

t=—M.T \j=1

and let Ly, 7 and L be the PSD square roots of ¥y, 7 and 3.
If e € (0,1), then

limsup |y, 7 — 3 < <1+2 tr(z)> .
T—o0
If, in addition,

€ < min

1 . 1 Omin(2)
———————min | opin(X), , 1,
e ( min(2), o TV =
then X, 1 is positive definite and

1—|—2\/tr(2)6

limsup || Ly, 7 —L|| <
T—o0

Omin(2)
‘ - - 2|7 (142/tr (D)
|- LD

Proof. Choose any small € € (0,1). Then, from lemma 7.4.1, we know that there exists some
M, € N4 such that

2

limsup E

T—o00

< €.

1 M.T T
\/TUT*ﬁ Z ZQT,jC/T,j_t €t

t=—M.T \j=1

Define

| M o
YMG,T:ﬁ Z ZgT,jCTJ_t Et.

t=—M.T \j=1

Then, because {e;}; is a pairwise uncorrelated sequence with unit variance,

Sar =B [Yar 1Vir oz -

Note that

|TE [nrnr] —Enr| < ]EHTUTUIT - YME,TY](L,TH

< E’\/TUT_YMe,T’2+2E H\/TUT’ X ’\FTHT—YME,TH
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< ]E’\/TUT _YME,T’2+2 <E‘\/TT]T’2>% <E‘\/TT]T —YMQT‘Q);

1
2)2

2
=E\VTnr = Yarr| +2y/tr (TE o)) (E‘\/TnT Y

We know from lemma 7.4.5 that
br (TE (7)) = (%)
as T'— o0, so
limsup [|TE A <242 tr26<<1—}-2 trE)e.
T_mPH (7] ME,TH = vV (2) (%)

Finally, since

1% = a7l < \|TE [nrny] — Sl + | TE [nenr] — 2

we can see that

limsup |2 — Xy, 7| < (1 +2 tr(E)) €.
T—o0

Now suppose that

€ < min

1 ) 1 Omin(2)
———————min | oy (2), ;1.
14+24/tr (%) < =) omi | [[Z7H| ) ]

Then, we can see that

1 in (2
limsup ||X — X, 7] < min | omin(X), T Jm”i(l ) ,
T—o0 2ma HE ||

and applying result iii) of lemma 7.4.6 reveals that, for large T', ¥y, 7 is positive definite and

1 1+2y/tr (%)
L L <———2=-3 _—
| Lar— L < amm(z)” M.l < r—
HL—1 L71H< 2| =1 =% ”<2HZ*1H (1+2\/t1"(2))6
- < ——|X =XM1 .
M.,T \/ O'min(z) O'min(z)

Taking T'— oo on both sides completes the proof.
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It now remains to bring all the results together to prove the theorem.

Proof of Theorem 7.4.1. Choose a small enough € € (0,1) so that the results of lemma 7.4.7 hold,
and choose M, € Ny as in lemma 7.4.1:

T—o00

2
M1 [T
limsup E|vVTnp — T Z (ZgT,jc’T,j_t) el <e.
Pl

As in the proof of the preceding theorem, define

M.T T
YME,T—i Z T]CT] t
—M.T

and EM€,T7 LM€,T and L.

Now define the vector-valued triangular array {Zr;}— v r<t<m.77eN L as

ZTﬂf = L]T/[F \/’ (ZQTJCT,] t) €ty

where, for large enough 7', the inverse of Ly, 7 exists because ¥y, 7 is positive definite.
Note how Z7; is simply &; multiplied by a non-random matrix that depends on the sample
size T', so it follows that it is a martingale difference array with respect to the filtration array

{Grt}—mr<t<m.TTen, defined as
gTyt:ft V—MT<t<MT, T€N+.

In light of the martingale difference array CLT that we established above, we need to show that

two results hold:
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1) Lyapunov Condition
For each T' € N, we have

246
M.T M.T +

T
> Elznd ™ <||Lad o (§2§E|at|2+6)T_l_g > ||
t

iy t=—M.T ||j=1
248 1 d
—1 246 =
<||L sup[E|e¢| ) —=sup||Y "gricr
H ME’TH (tEZ VT t,1 = T

1 M.T T Jm
X (T Z |:<ZQTJCT,J t) (ZEJTJCTJ-_t) )
—M.T = ]

T
_ E 2+5> i ~ . tr (s
H JV[G,T| (?6112) let] (ﬁiuqu j;gT,ch,] t r( ME,T)

t

o
<vm||Ly. H (§u§E8t|2+6>( su ZQTJCTJ t) [parvaeal
S

Note that

2+5

supEle:[“" < 400

teZ

by assumption, and that, by lemma 7.4.3, we have

1
——sup ZgT,jc’Tj_t =o(l) asT — oc.
T +T = ’

Furthermore, we know that HL]T;ETH and ||y, 7| are O(1) as T'— oo from lemma 7.4.7.
It follows that

MT 5
lim > E|Zp =0
THOOt:—MET
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2) Conditional Variance Condition

Next, we need to show that

t=—M:T —M.T

M.T | MT !
> E{ZT,tZ’T,tlgT,t—l]ZLﬁ!,T T, Z ZQTJCTJ ¢ | Eleet | Fia] ZQTJCTJ o] | Lo

converges in probability to the identity matrix as T'— oco. Using the fact that

M.T T T !
1 €
1 _ ~ —1
Ly r (T > (Z 9T,jc£ﬂj—t> (Z QTJC/T,J'—t) ) Ly r = Im,
¢ ' j=1

=—M.T \j=1

we can easily see that

M:.T
> E|ZriZp| Gria]—Im
t=—M.T
| MT T T !
=Ly’ r > D gricr i | (Eleet | Fial Z it | | Larr-
thfMeT j=1 j=1

We proceed using the mixingale difference array LLN. For notational brevity, define
T
Wy = L]T/[le/,T (Z gT,jC/T,jt> .
t=1
Then,

MT e

1
> E|ZruZiy|Grer| ~Iu=7 Y. VriEles,—In| Fioa] Uy
t=—M:T t—=—

€

Choose any non-zero «, 3 € R™ and define

1
Xy = fa,‘I’T,tE leret — I | Foo1]) 7,8

for any —M.T <t < M./T and T' € N,. Note that X7, is adapted to the filtration array
G = {Gr+}+,r and that, for any 7 > 1, we have

2 (BIE fexey — T | Focr )

e

1
E|E (X7t | Gre—r]l| = EHTO/‘I’T,tE leret — Im | Fior] 9748

1
< (lalx18

1
< (lalx 8

434



Since (- | 0 as 7 — o0, defining
1 2
b = plal x 18] % [
{Xri}-m.r<i<m.rren, is an L'-mixingale with respect to the filtration array G and the
constants {kr ¢} 7.
Note that
M.T

M.T 1
Z kT,t:(‘a|X’/8DT Z (NZaF"
T

t=—DM-. t=—McT

‘ 2

M.T

1
= (laf x |B]) tr {T > Uy,

t=—M:T

= (laf x [8]) tr(Zns. 1)
<vm(la x| [|1Znm. 7,

so that
M.T
limsup Z kr < +oo.
T=00 —_p.T
Meanwhile,
M.T , b 1 2 1 M.T )
> k7, <l|af’|B] (SupH‘PT,tH> = > v
t=—M.T VT T thfMeT

We saw above that

| M
lim sup — Z W ||* < +o0,

while %supT’t |Wr+|| =o0(1) as T'— oo, so that

MT
lim Y kf,=0.
t=—M

T
—00 e

Therefore, by the LLN for L'-mixingales,

M.T M.T I
oD E[ZraZpy | Graa|~In | 8= Y X B,

t=—M:T t=—M.T
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which implies that

M:T
o ( > E|ZriZp| Gria] - Im) B=0,(1) asT — co.

t=—M:T

This holds for any non-zero «, 5 € R™, so

M.T

> E [ZTJZ%,t | gT,t—l} — In & Omxm,
t=—McT

which is the desired result.

In light of these results, we can now immediately apply the martingale difference array CLT and

conclude that

MT

- d
Ly oYir= Y, Zri = N[Omxi, In].
t=—M.T

Let o7 : R™ — C the characteristic function of L=V\/Tny. Then, for any r € R™,

s 17 —17
er(r)—E {e”" LMe,TYMaT]

= [e e T [ tikiai ]

eiT’Lill(\/TnT) o iT/LX{t/,TY]VIEaT

<E

e

<|r|x HL‘IH X E’\/THT— (L]T/IIE’TL>,YM€,T

1 B /
< [rlmiy/|I= 1 (E‘\/TnT— (L3t rL) Yorr

We can further decompose the last term as

).

=

Lyt || (EYarr

B|VTnr— (i rL) Vi 1| < (E1ﬁnT—YME,T\2)%+ (BIL— L ) ’)

1
= m (E‘\/TUT - YMe,Tf) "+ (E|L- LME,TH?)%

-1
Lyt IS0l

Taking T'— oo on both sides shows us that we can bound the right hand side above by a
multiple of /€, where the coefficient is only dependent on ¥ and m, which do not change with
T. Therefore,

lim sup < |r|Ce,

T—o0

or(r)—E [eiT’L&lel,TYMevT}

where C is a constant that depends only on ¥ and m.
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For this same r € R™, since
-1 d
LM;TYME,T — N[Oth Im] )

we have

s —1/ 1 2
Tlim 'E |:el7' LMe,TYMﬁT} _ €—§|r| —0.
—00

Putting the two results together yields

lim sup ng(r)—e_%‘T|2 < |r|Ce.

T—o0

This holds for any € > 0 by appropriately choosing M. and going through the same steps each

time. As such,

=0.

lim ‘(pT(r) — 3l
T—o0

This, in turn, holds for any r € R™, so that

pointwise on R". The mapping r — e=3Im” i precisely the characteristic function of N [Opx1, I,

so by the continuity theorem we can conclude that
L™ YT 3 N [Omx1, Im] .
Finally, multiplying both sides by L’ yields
VT iN[Omxl, Y.

This concludes the proof.
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Theorem 7.4.5 (The General CLT: Continuous Weighting Function). Let {&;}icz be an n-
dimensional MDS with respect to the filtration F, and {:z:TJ}tez,TeNJr a triangular array such
that, for each T € N, there exists a sequence of n-dimensional square-summable coefficients

{er,j}jez such that

0o
Trt = Z C/T’jﬁtfj vVt € Z.
J=—00

We impose the following regularity conditions:

i) MDS Innovations
E[eie}] = I, for each t € Z, and there exists some 6 > 0 such that

supE|e;|* T < +o0.
t

Furthermore, we assume that there exists a sequence {(r}ren, of positive reals such that
¢-10 and

E|E [ere; — I | Fi—r]|| < ¢ VEEZ, T € Ny

it) MA Coefficients

For each T € Ny, the coefficient sequence {cr }jcz are square summable, that is,
o0
z ‘CTJ‘|2 < +00.
j=—o0

Since {et}1ez is a white noise process with variance equal to the identity matriz, this means

that 7 is well-defined as the L2-limit of the process

k
.y
CT’jgtfj keN .

j=—k *

Furthermore, we assume that, for any € >0, there exists an L. € Ny such that

limsup T Z |cT,j|2<e.
oo jisLer

iii) Spectral Density of xr,
For each T € N4, the square summability of the coefficients implies that the function
fr:(—m,m] = Ry defined as

Fr(w) = %WT(@F Vo € (—, 7,
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where

00 k
Cr(w) = Z crje Y = %ihm ECT,JB_IW-

T=—00
We assume the following:

o There exists a local-to-zero spectral density S : R — (0,400) such that, for any fixed
K >0, S(-) is integrable on [0, K] and
K

lim
T—oo ) K

w
fr (T) — S(w)‘dw =0.
e The function w — SICIRPR integrable on the real line:

w2
/ S(L;) dw < +00.
o0 w

e For any diverging sequence Kt — oo such that Kr <T,

T w 1
li = | —dw=0.
fun [ () =0

o We have

iv) Weighting Function g
There exists a continuously differentiable function g:[0,1] — R™ such that

1
| at)tsys
is positive definite.
Then,

1 2
/e_ls‘“g(s)dw |S(w)]dw < 400,
0

L.

the integral

!/

Y= /_o:o (/01 eis“’g(s)ds) S(w) (/01 e_is‘”g(s)ds> dw
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1s positive definite, and as T — oo we have

\/TT/TiN[Oth /oO

N </01€is°~’g(5)ds) S(w) (/Oleiswg(s)d8>/dw] ‘
for

1 T t
nr = /0 9(s)ag, | 1s)11ds = (ﬁi 9(8)d8> Ty
t=1 T

T

Proof. The only thing we need to show is that, under the given conditions on g(+)

g= sup |g(s)| <+oo,
s€[0,1]

2
|S(w)|dw < 400,

r

o0

1 .
/ e g(s)dw
0

and the integral

s= [

1, 1, !
</ elswg(s)ds) S(w) (/ elswg(s)ds>
[e'S) 0 0
is positive definite.

dw

The first fact is established almost immediately via the extreme value theorem. The second
fact also follows easily via integration by parts and the new assumption that

/ S(c;) dw < 4+00.
oo W

Note that, for any w # 0,

! isw 1 isw s=1 ! isw /

/0 e*g(s)ds = Lwe g(S)LO_iW ; e q'(s)ds
1 : 1 sl .
[ 1w 1) — 0 = 1sw /
— (Mo —g0) 5 [ e

ds.
i g (S) S
Since g/() is also continuous on [0, 1] by assumption,

g_’ = sup |g’(s)| < 400,
s€[0,1]
so that

1 .
/ e g(s)ds
0

2 1 1 24+ g
§g+</ |g’(8)|d5)= =9
w w \Jo

w
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Therefore,

2IS( )dw < (25+ ') /oo S<°2”)dw<+oo

—0o0

[ e

by assumption.

Finally, define the function ge,: : R — R™ as the trivial extension of g(-) to the real line.
Then, ge.: is a function on R that is both integrable and square integrable with respect to the

Lebesgue measure. Let

o0 = [ gets)is = [ gls)is

—00

be the Fourier transform of g.,:. Suppose that 3 is not positive definite. Then, there exists a

non-zero vector o € R™ such that
o'Ya= / |/ p(w | S(w =0.
Since the mapping
w | p(w | S(w
is non-negative, by the vanishing property of non-negative functions
|/ p(w | S(w)=0 for Lebesgue-a.e. w € R.
Furthermore, since S(-) is everywhere positive valued, this implies that
o'p(w) =0 for Lebesgue-a.e. w € R.
This implies that

/ ]oup ‘dw—

Since o’geyt is a function that is both integrable and square integrable with respect to the
Lebesgue measure, by Plancherel’s theorem its Fourier transform o’¢ is square integrable with

L?-norm given by

/ |/ o(w)| dw—27r/oo |o/gext(s)‘2ds:27rxa/ </Olg(s)g(s)/ds>a

This shows us that o (fol g(s)g(s)’ds) a =0, which contradicts the assumption that fol g(s)g(s)ds

is positive definite. As such, it must be the case that X is positive definite.
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Often we want to extend the CLT above to accommodate non-stationary processes. We re-

strict our attention to triangular arrays {z7}en,ren . that are integrated of order one, so that

their first difference can be represented as a linear process with square summable coefficients.

Theorem 7.4.6 (The General CLT: Non-stationary Processes). Let {e;}iez be an n-dimensional

MDS with respect to the filtration F, and {x1;}iez,en, o triangular array such that, for each

T € Ny, there exists a sequence of n-dimensional square-summable coefficients {cr j}jcz such
that

0o
Trt = Z C/T’j&gfj vVt € Z.

j=—00

Suppose that {xr}ter, {cr;tjr and {e:}+ satisfy conditions i) to iii) of theorem 7.4.5 with

spectral density fr(-) and local-to-zero spectrum S(-). We assume in addition that

o1& 2| _
TIE;OT(.Z er] ) =0

j=—00

Let g :10,1] = R™ be a continuous function on [0,1] such that

1
/0 9(s)ds = Opx1,

/01 (/Osg(r)dr> </089("”)d7">,ds is positive definite.

Define the triangular array {yr:}ienren, be defined as

t
yre=p+y zp; V>0, TNy

s=1

for some p € R. Then, defining

1
77T:/0 9(8)yr,| 75| +1ds,

as T — oo we have

\/ITUT 4N [Omxl7 /O:o (/Oleiswg(s)ds> Su(;;) (/Ole_iswg(s)ds>,dw] .

Proof. For any T' € N,

T

1
nr :/0 g(s)yT,LTsJ—i-ldS = Z <ﬁ L

t=1 \" T

Sis

T
1 _
g(s)ds Yrt = = ZQT,tyT,t
T t=1
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where we define
%
Tt = Tﬁq g(s)ds V1<t<T, TeN,.
T
Letting
t
~ T
GT7t:T/ g(s)ds V1<t<T, TeN,
0

with @T,o = Oyx1, We can see that

1~ .
= ; (GT,t - GT,tfl) YTt

1 - 1 - 1< -
= TGT,TZJT,T + T Z Gt 1YTi—1— T Z Gri—1yrt
=1 t=1

1~ 1 -
= —Gr7rYyrT— = Z Gri—1(yrt —yri—1)
T T =
1 - 1L
=G N Gy
T T,TYT,T T ; Tt—1TTt
Note that
~ 1
Grr= T/o g(s)ds = Opx1,

so that

Now define the function G : [0,1] — R™ as
G(s) :/ g(r)dr Vsel0,1].
0

By the continuity of g(-) and the fundamental theorem of calculus, G(-) is continuously differ-
entiable on [0,1] with

sup |G(s)| < g < o0,
s€[0,1]

where g = sup, |g(s)| (which is finite by the extreme value theorem). Then, we can see that, for
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any 1 <t < T,

Sl

ﬁ?<%f“”'%ﬂﬂﬁm>ds
— Olg(r) (/ﬁl I[r,1](8)ds> dr

t—1
1 7

(Fubini’s Theorem)

7, g(r)dr+ tTl g(r) <; —r) dr.

It follows that

T

The mean square of the second term can be bounded above as follows. Since

| /T g(r) (t=Tr)d

g
< =
=T

V1<t<T,
we have

_T 2
E’WT|2§E (;Z‘ﬂfxﬂ)
t=1

T T
< g?

<P Y0 S Elleral x o]

t=1s=1
1 & ?
§§2 (TZHQUTJ 2) .
t=1

The linear process representation of {z7;}iez implies that

(Holder’s Inequality)

> 2
Elzrd®= Y lerl,

j=—o0
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so that

)
EWr2<g® | 3 lersl |-
Jj=—00

<9’ (Z ez )

It follows that

and thus that

by assumption.

Focusing our attention on the first term, notice how

t

T ha 1
T
Z ( - G(s)ds) Tt = / G(8)xr, 15| 41ds
= 0

t=1 T
where G : [0,1] — R™ is a continuously differentiable function such that fol G(s)G(s)'ds is positive
definite, so in light of the preceding theorem

!/

Y= / </ UG )ds) S(w) (/01 e_ist(s)ds) dw

exists and is positive definite valued. Therefore, by the General CLT,

1

1
= \/:F/D G(5)a7, 1754105+ 0p(1) S N[Ot 5.

Finally, for any w # 0

L 1 . s=1 1 1.
1Sw d — | 109) _ 1sw d
/Oe G(s)ds Lwe G(S)L—o w /s e g(s)ds
1
— isw d
i e*“q(s)ds

by integration by parts because G(1) = G(0) = O, x1. It follows that we can rewrite the asymp-

Y= / (/ e G )ds> Sf)c;) </01 e_iS”G(s)ds>/dw.

totic variance as
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Chapter 8
Cointegration

Here, we investigate the properties of cointegrated time series using the limit results established
above. We first define what is meant by I(1) and I(0) time series, and then define cointegration of
I(1) processes. We derive the asymptotic properties of the Phillips-Ouliaris test for cointegration,
and afterward move onto cointegrated VAR systems, or VECMs. There, we derive the Granger
representation for such systems, and investigate methods, including Johansen’s MLE approach
and Ahn and Reinsel’s least squares approach, to estimating VECMs.

As above, we let (Q,H,P) be our underlying probability space.

8.1 I(1) Processes and Cointegrated Time Series

8.1.1 I(0) Processes

Let {Y:}+ez be an n-dimensional time series. We say that {Y; }:cz is I(0) if it is a weakly stationary

and causal linear process; that is, if
o There exist some p € R", an i.i.d. process {&;}1ez and
« A one summable sequence {¥;};cn of n x n matrices such that

e For any t € Z,

o
Y; :M_‘_Z\Ilj'gt*ja
j=0

where the limit is both in L? and almost surely.

We limit the class of I(0) processes, which is often taken to be the class of weakly stationary
processes in general, to the class of weakly stationary causal linear processes with i.i.d. innova-
tions and one-summable coefficients, for analytical convenience. Note that any stationary VAR
process with i.i.d. innovations satisfies the above conditions and is thus I(0), which demonstrates

that our definition is not as restrictive as it first seems.
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It is also important to note that the first difference of I(0) processes is again 1(0). To see

this, let the I(0) process {Y;}iez be defined as
oo
Vi=p+Y Vg
j=0
for any ¢t € Z. Then, the first difference {AY;}scz is given as
o0 o0
AY; =Y =Y 1 = Z‘Ifj “Et—j —Z‘I’j Ep1-j
j=0 j=0

oo
= Woes + Z (\I/j — \I/j_l) Et—j
j=1
for any t € Z, where the last equality is justified because the series ZJO-‘;O ;- g4 converges
absolutely with probability 1 for any ¢ € Z. Defining ©¢9 = ¥g and ©; = ¥, — W¥,_; for any
j € N+a

o0 oo oo
JNOM <D 5 150+ D5 1%5ll
j=0 7=0 7=1
00 00 00
=2 1l + 3G =D Il + Y 1%l
7=0 j=1 j=1

=2 5105+ D11
=0 =0

The rightmost term is finite due to the one-summability of {W;};en, so it follows that {©;};en

is also one-summable; it follows that the process {AY; },ez, written as
o
AY; =) 0;-e_;=0(L)e,
j=0

is an I(0) process with mean zero.

8.1.2 I(1) Processes

We say that the n-dimensional time series {Y;}iez is I(d) for some d > 1 if its d difference
process {(I, — I,L)%Y; }1ez is 1(0), or equivalently, a weakly stationary causal linear process with
i.i.d. innovations and one-summable coefficients. Of special interest are I(1) processes, which are
processes whose first difference process {AY; }iez is 1(0).

Suppose that {Y;}+ez is an I(1) process, and define uy = AY; =Y; —Y;_; for any ¢t € Z. Then,
{ut}tez is a weakly stationary causal linear process with mean ¢ € R™, i.i.d. innovation process

{et}tez and one-summable coefficients {¥;} en; by the Beveridge-Nelson decomposition, there
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exists a weakly stationary causal linear process {n;}+cz with mean zero such that

t t
n_YOZZut:5t—|—\11(1)-255+77t—770a

s=1 s=1

or

t
Y; = It + ‘I’(l)';% +\77/t_/+ (Yo —m0)

Deterministic Trend Cycle
—_————
Stochastic Trend

Initial Values

for any ¢ € N with probability 1. We say that {Y; };en is non-stationary if 6 # 0 or ¥(1) # O; the
latter condition is referred to as the "no MA unit root” condition. This definition is motivated
by the fact that, if 6 =0 and ¥(1) = O, then for the inital value Yy = 7y, we have Y; =, for any
t € N, which renders {Y;}:en weakly stationary.

8.1.3 Cointegrated Processes

Let {Y; }+ez be an n-dimensional I(1) process. {Y; }1en is said to be cointegrated if there exists a
non-zero vector 3 € R™ such that {f'Y; hien is weakly stationary for some initial value Y;. The

vector 3 is called a cointegrating vector for {Y;}+cn.

Let {Y;}icz be an n-dimensional I(1) process; we can carry over the Beveridge Nelson de-

composition used in the previous section, so that

¢
Yy =0t+¥(1)-> es+m+(Yo—mo)
s=1
for any t € N with probability 1. This representation allows us to obtain a characterization of
the space of all cointegration vectors, which we denote by V and refer to as the cointegrating

space.

Suppose that 8 € R" is a cointegrating vector for {Y;};cn. Then,
t
BY; =Bt + V(1)) e+ Bne+ (Yo —1m0)

s=1

defines a stationary process {3'Y;}ien for some choice of Y. If 860 #0 or 8/¥(1) # 0, then
for any choice of Yy, 8'Y; will possess either a deterministic time trend or a stochastic trend.

Therefore, a necessary condition for cointegration under the cointegrating vector 3 is that

B'§=0 and W(1)B=0.
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That is, V' C Ng N Ng(qy, where Ny and Ny (1) are the null spaces of the linear transformations
§" and ¥(1)" defined on R™. Since the intersection of two vector spaces is also a vector space,
Ngs M Ny (1) is a linear subspace of R™.

On the other hand, suppose that § € Ng N Ng(;) and [ is non-zero. Then, B0 =0 and
p'U(1) =0, so that

B'Y; = B'ni+ (Yo —mno)

for any ¢t € N, and given initial value Yy = ng, 8'Y; = 8'n; for any t € N. The weak stationarity of
{nt}+ez implies that {B'Y; }en is also weakly stationary, and as such § is a cointegrating vector
for {Y;}ien. We have thus shown that (Nss N Ny (1) \ {0} C V, and putting the two results

together, we can see that the space of all cointegrating vectors is characterized as
V = (Ng N Ny(1y) \{0}.

This shows us that the cointegrating space V' augmented by the zero vector 0 is a linear subspace
of R"; for simplicity, denote the augmented cointegrating space by V = Vu{ 0} =Ny A Ng(1y-
The rank of V' is called the cointegrating rank, and any basis of V' is called a cointegrating basis
for {Y} }+en; since basis vectors must be non-zero, the cointegrating basis consists of cointegrating
vectors.

Let g be the cointegrating rank and {f1,---,84} C V a cointegrating basis. Define

B
B=|:
By
Because 3; € Ny N Ny (1) for 1 <i<g,
BY; = Bn;

for any ¢ € N under the initial value Y = ng. Thus, { BY; };cn is a ¢-dimensional weakly stationary

causal linear process.

Lemma (Cointegrating Rank of a Non-Stationary Cointegrated I(1) Process)
Let {Y; }1ez be an n-dimensional 1(1) process. If {Y; };en is non-stationary and cointegrated, then

its cointegrating rank ¢ cannot be 0 or n.
Proof) We continue to rely on the Beveridge-Nelson decomposition of Y;, which tells us that
t
Y, =6t+U(1)-> es+n+(Yo—m0)

s=1

for any ¢t € N with probability 1. Let V be the cointegrating space of {Y;};en, and V

its extension to a vector space. The cointegrating rank ¢ is the dimension of V.
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Suppose that ¢ = 0. Then, V = Ny N Ny(1y contains only the zero vector, which implies
that

V = (Ns: N Ng(1y) \ {0} =0,

or that there are no cointegrating relationships among the elements of Y;. This contra-

dicts the fact that {Y;}.en is cointegrated, so we must have ¢ > 0.

On the other hand, suppose that ¢ =n. Then, Ny N Ny (1) = R", which implies that
Ng: = Ny(1yy =R". Thus, 6 =0 and ¥(1) = O, which contradicts the non-stationarity
of {Yi}ten (0 #0 or ¥(1) # O). It follows that g < n.

Q.E.D.

Of particular interest is the case § = 0. In this case, the dimension of V = Ny 1y is exactly
the cointegrating rank. Denoting the cointegrating rank by 7, by the dimension theorem we can
see that

0<rank(¥(1))=n—r<n.

Since the rank of ¥(1) dictates the number of linearly independent and thus distinct random
walks comprising the stochastic trend of Y;, we call n —r the number of common trends. Thus,
the larger the cointegrating rank, or the more series are cointegrated, the more the dynamics of

the n series are driven by a small number of common stochastic trends.
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8.1.4 The Phillips-Ouliaris Test for Cointegration

Before studying a cointegrated system, we must first verify whether the system is cointegrated
in the first place. The first of these types of tests was developed by Engle and Granger. Their
test is based on the intuition that, if there is no cointegration between variables, then any
linear combination of the variables is non-stationary. This indicates that the OLS residual from
regressing one of the variables on the other ones must be non-stationary, and as such they
propose running an ADF or PP type unit root test on the residuals. In this manner, the null of
no cointegration is transformed into a null of a unit root in the residuals.

The Phillips-Ouliaris test extends the Engle-Granger test and derives the exact asymptotic
distribution for the test statistic, which differs slightly from that of the ADF and PP tests. In
addition, they implement a bias correction in the vein of the PP test to obtain a pivotal distri-
bution for the test statistic. The exposition here follows that of Phillips and Ouliaris (1990).

The model is one in which there is at most one cointegrating relationship, where the vari-
ables have been ordered so that the last n —1 variables are not cointegrated. Formally, let
{Y; = (yt, X{)' }tez be an n-dimensional non-stationary I(1) process, where {X;}:ez is not coin-
tegrated. Let {AY;}icz be a weakly stationary causal linear process with one summable coeffi-
cients {V,}en, mean 6 € R and i.i.d. innovation process {&; }+cz with positive definite variance
¥ € R™"™ and finite fourth moments. By the Beveridge-Nelson decomposition, we have

¢
Yy =0t+W(1)-> es+m+ (Yo —no)-
s=1
for any ¢ € N with probability 1, where {n;}+cz is an absolutely summable weakly stationary

linear process. The augmented cointegrating space Vis given as
V = N5/ ﬂN\I,(l)/.
Define the long run variance ¥, = ¥(1)XW(1)’, and partition it as

Dull  Bu,12

Yu=
Yu21l w22

conformably with (y;, X/). We can now derive a convenient necessary and sufficient condition

for cointegration using X,,:
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Lemma (Characterization of Cointegration)
Let {Y; = (v, X}) }tez be an n-dimensional non-stationary I(1) process, where {X;}icz is not
cointegrated. Retain the notations above, and let the long run variance ¥, be defined and
partitioned in the same way. Then, ¥, 99 is positive definite.

Suppose, in addition, that Ny 1) C Ny, so that the augmented cointegrating space V equals
the null space of ¥(1). Then, {Y;}+cz is cointegrated if and only if

—1
Y12 = Y11 — V1220, 59200,21

is equal to 0.

Proof) We first show that ¥, 92 is positive definite. Since {X}}+cz is not cointegrated, if
(0 #)e)=0
for some € R"!, then we must have 8 = 0; otherwise,

B/Xt = B’n@

for any t € N when the initial value Yy = 7, where 77152) collects the last n — 1 elements

of n;. this makes § a cointegrating vector for {X;},en, a contradiction.

Now choose some 3 € R*!; since ¥, is positive semidefinite,

/ / 0
62u7226:<0 B)Zu (5) 207

which tells us that ¥, 92 is also positive semidefinite. To show that X, 20 is positive
definite, suppose '3, 226 = 0. Then,

0=(0 7). (g) ~ (0 g)e@zuQy (g) .

Since ¥ is positive definite, this implies that

(0 _
w(1) (5)—,

and we just showed above that this implies 5 = 0. Therefore, 8%, 223 > 0 if and only

if 8 is non-zero, which tells us that X, 22 is positive definite.

Define ¥, 1.2 as above. Then, since ¥, 1.0 is the Schur complement of the positive
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semidefinite matrix X,
det(X,) = det(zwl.g) . det(zugg) >0,

and since det(X,, 22) > 0, we have det(X3,, 1.2) = 3 1.2 > 0.

Suppose ¥, 1.2 > 0. Then, det(X,) > 0, and thus
Y, =0 (1)SP(1)

is positive definite. 3, and W(1)" share the same null space and are linear transforma-
tions on the same space R”, so it follows that they have the same rank; in other words,
U (1) has full rank n. Otherwise, if ¥, 1.2 =0, then X, and by extension ¥(1), has rank

n—1.

Assume now that the augmented cointegrating space of {Yi}iez is V = Nyqy. If
Yu1.2 = 0, then Nq,(l)/ is a subspace of dimension 1 and thus V contains a non-zero
vector, meaning {Y; };cz is cointegrated. Otherwise, V = {0} and {Y; };cz is not cointe-

grated.

Q.E.D.

In light of the above result, the null of no cointegration is equivalent to putting ¥, 1.2 > 0.

The Phillips-Ouliaris test considers the OLS residual 4; from regressing y; on an intercept
and Xy; letting i and BT be the OLS estimators of the intercept and coefficient terms estimated

using the sample up to time 7T,
iy = ye — fir — PrXe
for any 1 <t <T. We consider the asymptotic behavior of the Dickey-Fuller test statistic

oy S Gy
=tz
Doy 4

Intuitively, if pr is close to 1, then i, is close to a unit root process and it is likely that v, is
cointegrated with X;. Thus, we reject the null of no cointegration if pr is significantly smaller
than 1. To define what is meant by "significantly smaller”, we derive the asymptotic distribution

of pr below:
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Theorem (Asymptotic Distribution of Phillips-Ouliaris Test Statistic)

Let {Y; = (v, X}) }tez be an n-dimensional non-stationary I(1) process, where {X;}icz is not
cointegrated. Retain the notations above, and assume that § = 0, so that there is no deter-
ministic time trend. Suppose the autocovariance function of the mean zero weakly stationary
linear process {AY; = e;}yez is given as I': Z — R™ ", and let A =322, T'(j)". Let {W"(r) =
(Wi(r), W3 (r)") }reo,) be the conformably partitioned n-dimensional standard Wiener process
on [0,1].

Let {W"™(r) = (W™ (r),W3*(r)") }rej0,1) be the n-dimensional Brownian bridge defined as

W™ (1) = W (1) — /O W (s)ds

for any 7 € [0,1], and let {Q()},¢[o,1] be the stochastic process defined as

@ =) ([ wwweya) ([ wrewgera) wie

for any r € [0,1]. Then, under the null of no cointegration, there exists an n-dimensional random

vector 7 such tat

4 [ RUAQM) 1 1

JoQ(r2dr T JiQ(r)%dr 28uiz 7 (Zu =T(0))n.

T(pr—1)

Proof) By the previous lemma, X, 92 is positive definite, and if {Y;}ez is not cointegrated,
Yu1.2 > 0. Denoting AY; = e, = U(L)e; for any t € Z, define the process {Z; }1en as

t
Zi=Y,~Yo=3 e,

s=1

for any ¢ € N; note that Zy = 0. Letting {B"(r) = (B{(r), B3(r)") },¢[o,1] be the n-
dimensional Brownian motion with variance X,, by the asymptotic results derived

above we know that
1 & d
—— Zet — Bn(l)
\/Tt:1
1z
— Zeteé N r'(0)
T t=1

1 T 1 00 ‘
TZZt_le%/o B™(r)dB™(r) + %y — S T(j)
t=1 j=0

A

1 & a 1
T3 ZZt—l — / B"™(r)dr
t=1 0
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1 <& 1
=7z S / B™(r)B"(r) dr.
=5 0

Since the only difference between Z; and Y; is the presence of the initial value Yy, the

above results hold unchanged for Y; in the place of Z;. Furthermore, since Y; =Y;_1 +e¢4,

T
7/2_: :T3/2ZYt 1+T3/2Zet
—>/ B"™(r
T2 ZY%Y; _TZ ZYt 1Y;f/ 1+T2 ZYt 1et T2 Zeth 1+T2 Zetet

4 /0 B™(r)B"(r)'dr.

Note that 3, is nonsingular due to the assumption of no integration, which means
3 B™(r)B™(r)'dr is positive definite-valued.

We now proceed in steps.

Step 1: Asymptotic Distribution of the OLS Estimators

Let (ﬂT,ﬁA’T)’ be the OLS estimators from the regression of y; on X;. By definition,

-1
A _ T 23:1 X£ Z?ﬂ Yt
Br ZthlXt Zthl XtX{ Zthl Xyt 7

and the residuals are given as

-t %) (5

for any 1 <t <7T. We can scale the estimators above as

VTjir _ VT 0] i
T Br O T-I,1) \Br

-1
_ 1 r%/z Zf,T:1 X£ ﬁ ZtT:1 Yt
T3/2 =1 Xt T2 D=1 Xi Xy T D=1 Xt

Note how the last term diverges because the speed at which they converge is 7%/2 and
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T2. Thus, we divide both sides by T', which reveals that

-1
Jehr\ _ 1 a7 i X| 75 i1 Yt
Br i1 Xe e Y XeX] 7 21 Xeys

1 len( / -1 1 n1
o By (r)'dr Jo B'(r)dr

Jo By (r)dr [ BE(r)By(r)dr Jo BE(r)By(r)'dr

This shows us that B is Op(1), and that fip diverges. In particular, using the formula

for block matrix inversion, we can see that
1 pn (Y pn.\ 1 pnx nk (! RS . nk
(;T ﬂT) o [T (Jo BE(rydr) (Jo BE*(r)By*(rydr) — (fy By (r) By (r)dr)
3 -1
or (J By () By (rydr)  (J3 By (r) By (r)dr)
where {B™*(r) = (BY*(r), By*(r)") }r¢[0,1] is the Brownian bridge defined as

for any r € [0, 1]. Note the similarities with the usual OLS intercept and slope estimators.

Step 2: Asymptotic Distribution of Test Statistic

Using the above result, we can derive the asymptotic distribution of the denominator

of the test statistic pr as follows:

1 —=hr
- ﬁzytzfl —2 (ﬁ ZtT:QZJt—l %ZtT:zyt—lXé,l) VT
=2 Br
T-1 1 T 1 -
+ (LﬂT Br}) T T3/2 i Xi 4 JTHT
VT LYo Xt gm i Xe1 X[y B

T3/
—>/ Bl (r
—(Jo By(r)dr  J3 By (r)BE(r)'dr)
1 WBpeydr \ (B

foan )dr fan ) By (r) dr foBz ) By (r) dr
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= /01 B (r)%dr — (/01 B?(r)dr)Q
+ (/OIB’f(r)dr> ( 1B2
—(/OIB?( dr>(/B r) B (r ) (/B r) B ( )dr)

- [ mera=(f mromrer) ([ srom ) ([ oo

Defining the univariate stochastic process {J(r)},¢[o,1] as

J(r) = B (r (/ By ds) (/ By* )m) 133*(r)

for any r € [0,1], the above result can be simply written as

ﬁDT—>/O T(r)2dr

Likewise, since

= y; — fir — Br Xy

~ Al Al ~ Al
=Yi—1 — fir — BrXi—1 + e — Brea = Uy—1 + ey — Prexy,

5 r)’dr) (/IBS*(T)B ) (/ By*(r)B( )dr)

r) B ( )dr) .

where e, = (ey,€),)" is the conformable partition of the first difference e;, the numerator

of the test statistic is given as
T

Np=Dp+)Y <€1t - /3/T€2t) (]
=2

T T
=Dr+Y ewy—1—Br Y eat—1

t=2 t=2

Br

- (Zthz €1t Zthz eltXt/A) (MT> +6T (Zt 2 €2t Et 2€2tXt 1) (ZT) .

Denoting Np — Dp = Ap, we can write

— = — e _1— o e _
T T Tt:2 1tYt—1 T thz 2tYt—1

1 -~
HT

- (ﬁ ZtTZQ €1t %Zfzz €1tX£_1) (\/g
T

Note that
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1 Jrhr
Tzeltyt—l - (% Z?:Q €1t %Z?:QeltX,g_J (\/g
t=2

T

1
4, / B (r)dB™(r) + A1

~Bi(1 /B” Jdr+ By (1 (/ B2 (r dr) (/ B (r) By (r) ) (/ BE*(r) B (r dr)
( / Ba(r)dBi (r +)\12> ( / B (r) By (r ) ( / BE*(r) B (r dr)
—/B”* VAB? (r (/B r)dBy(r )(/B r)BY*(r ) (/B F)BI (r dr)
TSV (/ By (r) B (r ) (/ By (r) B (r dr)
_ / LI dBI ()
At — Ny < / B (r) B (r ) ( / B (r) B (r dr>

and similarly,

1 <& Jrhr
? Z €2Yt—1 — <ﬁ g e 7 Yis eth£_1> (\/g

—>/B”* )dBY (r (/B r)ABE(r )(/B r) B (r ) (/B r) B (r dr)
N — ( / By (r) BE*(r ) ( / By (r) B (r dr)
:/1 J(r)dB (r)
< / By (r) BE(r ) ( / By (r) B (r dr>

Therefore,

—AT—>/ r)+n )\n,

where we define

1
" ( (Jo By (r) By (r )dr)_l (o BS*(T)B?*(TW))'

The convergence results above all hold jointly, so

Nr Ar  EAr
T(p —1_T(—1> T-—= =1L
(pr=1) D Dr %DT
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o BIOAIE) 1
JEarzar  [Taa)dr

An.

Examining the nuisance parameter term n’An, we find that

n'An=n (i F(j)’) 7

j=1
=7 (. —T(0)n—1' (if(j)) "
j=1
=1 (2. —=T(0))n—n'M.
Therefore,

1
n'\n= 577’ (Zu—T(0))n.

Step 3: Simplifying the Asymptotic Distributions

1
Define Loy = 25122 as the Cholesky factor of ¥, 22, and

ha = \/Eu,w = \/Eu,H — Su12%, 25 8u21 >0
1\t
Lis =%y12 (mez)

Then, letting

we have

LI — 1% +L1,2L’12 L12L:22 _x..
LogLiy Lol

Therefore, LW™ and B™ are both n-dimensional Brownian motions with variance >,;
it follows that LW™ ~ B™.

This implies that

B\ _ [l La2) (Wi} _ [laWi'+ LWy
By O Lyp) \Wp LyoW3 ’

so that
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(/OlBg*(r)B ) (/B ) B )dr)
)

~ L,QEI (/01 W (r)Wa* (r)' (lu-/ Wy (r) Wi dr—i—/ *(r)drL) )

=l L5 (/ ) (/ r)dr) + Loyt Ly

It follows that

J(r) = BP (r ( / By (s) B ds) ( / By )dr)lBg*(r)
e ey forespe) o] -

for any r € [0,1]. The asymptotic distribution of the test statistic is now given as

1 1
dfo +

fo er Q0 g e T

T(pr—1)—

Q.E.D.

As expected, the test statistic pp is superconsistent for 1 under the null of no cointegration;
if there is no cointegration, no linear combination of the variables yields a stationary process.
However, a nuisance term is present on the right hand side, which prevents us from actually
implementing the test in practice. For this reason, Phillips and Ouliaris propose a bias correction

in the same vein as the PP test.

The bias correction term is based on the observation that

)

is a consistent estimator of the random vector 7. Thus, provided that there exists a consistent

estimator f]u of ¥, and a consistent estimator 62 of I'(0), it follows that

(1 -8) (Bu—0?) (1%) Lo (Su—T(0)) .

Furthermore, we already saw that
1T

1 1
ﬁZat{li% J(r)2dr~2u,1.2-/0 Q(r)%dr.

t=2
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Therefore, we can construct the bias-corrected Phillips-Ouliaris test statistic

. A 1 N | 1 &,
Zr=T(pr—1)— B (1 —5%) (Eu -0 ) B : (T? Z“t—1>
t=2

By the result in the preceding theorem,

-1

2y 4 ho Q)AQ(r)
Jo Q(r)2dr

)

where the right hand side is a pivotal distribution.
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8.2 Estimating Cointegrating Relationships

Here we study methods to estimate for cointegrating relationships in the case that the cointegra-
tion rank is 1. We start with the Static OLS (SOLS) approach to estimating the cointegrating
vector, that is, via ordinary least squares from the first equation in the triangular representation.
Due to the presence of nuisance parameters in the asymptotic distribution of the SOLS estima-
tor, we introduce the Fully Modified OLS (FM-OLS) estimator, which provides a non-parametric
correction that yields a pivotal asymptotic distribution.

First we study Phillips’ triangular representation, which provides the basis for the estimation
methods studied later.

8.2.1 Phillips’ Triangular Representation

Recall that the augmented cointegrating space is a linear subspace. This indicates that any lin-
ear combination of cointegrating vectors is again a cointegrating vector, and we can exploit this

feature to derive a convenient representation for cointegrated systems.

Transforming the Cointegrating Basis

Let {Y;}+cz be a non-stationary and cointegrated n-dimensional I(1) process. Letting {AY; }iez
be a weakly stationary causal linear process with one summable coefficients {U;};cny and mean
6 € R", we showed above that the augmented cointegrating space V is the intersection of the
null spaces of ' € R*™ and ¥(1)' € R™*"™:

V = Ngl ﬂNq,(l)/.

Let the cointegration rank be 0 < ¢ <n and choose a cointegrating basis {f1,--,5,} C V.
We proceed by induction. Since 51 # 0, it has a non-zero element; assume that the elements
Y1t, -+, Yt are ordered so that 811 # 0. Then, we can define

{ﬁ£1)7 7/851)} C]Rn

as

B0 =g and pY=pi-Llpg foramy2<i<q.
11

P11

Then, since each ﬁi(l) is a linear combination of f1,---, 34, they are contained in V. To see that

{Bgl), e Bél)} is linearly independent, let

q
Zﬁ"ﬂi(l)zo
i=1
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for some r1,---,7, € R; then,

q 1 q q
Zm'@(l) =5 (7“1 —Zm) B+ ri-Bi =0,
i=1 1 i=2

=2

and since the cointegrating basis consists of linearly independent vectors,

ro=-=rg= 5 (7”1 Zn>—0
1=2

which implies that r; = 0 as well. By definition, {Bgl),m ,Bél)} is a collection of ¢ linearly
independent subset of V; it is thus a cointegrating basis. In particular, the first column of the

g X n matrix

is the first standard basis vector in RY.

Now suppose, for some 1 < k < g, that we have constructed a cointegrating basis {ﬁ%k), y ,55’“)} C

V such that the first & columns of the ¢ x n matrix

are the first k£ standard basis vectors in RY. Since ,B,g’i)l is a non-zero vector, it contains a non-zero
value; since the first k& elements of Bk 1 are equal to 0, the non-zero element must be found among
the last n —k elements of this vector. Without loss of generality, assume that Y11 ,---,Y,; have

been arranged so that 515;121 k+1 7 0. We now proceed identically as above; define
k+1
{8, B} C R

as

(k+1) k+1 k Bk 1 .
/Bk;+1 - 5k+1 and Bi( )= ﬂi( ) + ! 6k+1 for any i # k+1.
k+1 k+1 k+1 k41

5(k+1 . gD

Since the first & elements of ﬁk +1 are equal to 0, the first k£ elements of . Bq are
identical to those of B ,ﬂq The same line of reasoning as above leads us to conclude

that {,Byﬁl), S (kH } is a cointegrating basis, this time with the property that the first £+ 1
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columns of

B(]H_l),
1
B(k-‘rl) —
B(k-{-l)/
q

are equal to the first k+ 1 standard basis vectors of RY.

Proceeding in this manner, by induction there exists a cointegrating basis { 6@ S ,BéQ)} cV
such that

B(Q) — : = (Iq 71*)
for some I' € R9*" 9,

Deriving the Triangular Representation

Define

for any t € Z. Letting {n; }+cz be the cycle component of Y}, we can see that
BWY, =Yy, — Ty = BDn, + BO(Yy— 1) := p+uy

where u; is a g-dimensional weakly stationary and causal linear process with mean zero, and we

assume p = B(Q)(Yo —1)p) is a degenerate ¢g-dimensional random vector.

Letting v; collect the last n — g entries in W(L)e; for any ¢ € Z and 6 the last n — ¢ entries

in 9, we finally have the triangular representation
Y = p+1Y? 4y, and AY,® =6 4y,

for any ¢ € N. In other words, we have partitioned the data into two components: the first compo-

nent is Yt(z), which collects the n — ¢ common trends that drive the n series comprising Y;. Each

(2)

variable in Y™ represents a distinct common trend because all the cointegration relationships

are collected in the equation relating Y;(l) to Yt(2). Speaking of that equation, it shows that Yt(l)

(2)

contains the common trends Y, and a stationary noise comopnent p + ;.
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A More General Triangular Representation

Suppose 1; = o(L)e; for any t € Z, where {a;};ey is an absolutely summable sequence of coeffi-

cients. Defining the absolutely summable sequences {O;};cy and {A;} en as
0;=(I, ~T)a; and A;=JU;
for any 7 € N, where J = (O In_q> e R(—9*" we can see that

w= (I, ~T)m=6(L)
VUVt — J\I/(L>€t = A(L)e’ft

(7 > 6]
€t = = Et—j.

It follows that {e;}+cz is a weakly stationary causal mean zero linear process with absolutely

for any t € Z, and as such that

summable coefficients.

Therefore, we can see that any cointegrated non-stationary system {Y; }4cz can be represented

in terms of two equations

Yt(l) _ M_’_Fyt@) +6£1) and A}/t@) — 6(2) +6§2)7

where e; = (eil)/,eg),)’ is a weakly stationary causal mean zero linear process with absolutely

summable coefficients and we assume that (Iq —F) (Yo —no) is degenerate.

8.2.2 SOLS Estimation

The exposition here is based on Phillips and Hansen (1990). Suppose {Y;}+cz is an I(1) process
that is non-stationarity and cointegrated, with a single cointegrating relationship. As stated in

the previous section, this indicates that Y; can be partitioned as

and that there exists a weakly stationary causal linear process {e; = (u¢,v}) }+cz with absolutely

summable coefficients such that

y=p+0Xi+u and AX; =5+,
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for some 3,6 € R»! and p € R. The intuitive approach is to estimate /3 via least squares, by
regressing y; on X;. However, the fact that Y; is I(1) implies that this least squares estimate has
a non-standard asymptotic distribution; this is demonstrated below. We consider a case with no
deterministic time trend for simplicity. An extension to models with deterministic time trends
can be found in Hansen (1992).

Theorem (Asymptotic Distribution of the SOLS Estimator)
Let {Y; = (yt, X})' }+ez be an n-dimensional I(1) process that is non-stationary and cointegrated,

with cointegrating rank 1. Let the triangular representation of the system be

Y =p+ 08X+
AXt:'Ut,

for some p € R and 6 € R"™1, where {e; = (us,v}) }iez is a weakly stationary causal linear process
with absolutely summable coefficients {®;};cn and i.i.d. innovation process {; }+cz with positive
definite variance ¥ € R™*" and finite fourth moments. Let I" : Z — R™*" be the autocovariance
function of {e;}icz, and assume in addition that the coefficients are one-summable and that
®(1) has full rank n, so that the long run variance X, = ®(1)X®(1)’ is positive definite. Lastly,

define
A1 A2 > X [Eluouy] E[“Ovﬂ
A= = r = .
()\21 Agg) JE% ) ]Z%(E[vouj] E |vov}]

J

Denoting by (ﬂT,B’T) the OLS estimator of (u,") obtained using the sample up to time T,

we can see that

VG- o (1 i mseryar Bi()
T-(Br—5) Jo BE(r)dr o By(r)By(r)Ydr |\ Jy B§(r)dB(r) + Ao )

where {B"(r) = (B} (r), B§(r)')'};¢[o,1] is an n-dimensional Brownian motion with variance X,,.

Proof) The OLS estimator of (u,/’)" is given by

-1
it _ T Zthl Xé Zthl Yt
Br ZtT:1 Xy Zthl XtX{ Zthl Xty

—1
_ n 4 T Zthl ng Z?:l Ut ‘
B i Xy YL XeX] Y Xew

We can scale the estimators above as
VT (i — 1) _ vT O A —
7-(Br-8) O T I1) \pr—5
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-1
T
_ 1 ﬁEtTﬂXt, ﬁZt:l Uy
T?}/Q Y1 Xe %ZtT:I X X{ %ZL Xiuy

We investigate below the asymptotic distribution of each of these terms.

Define the process {Z; = (Z14, Z5,) }en as Zo =0 and

t t
—1U
Zi=Y es+Zy= (Zil )
s=1

s=1Us

for any t € N. By the asymptotic results derived above we know that

T 1 o]
=3 Ziael b / B (r)dB"(r) + 3y — S T(j)
0 .
7=0

Since ¥, is nonsingular by assumption, fol B"(r)B™(r)'dr is positive definite-valued
Since Zy = Z;_1+ e for any t € N, we have

1 & 1 & 1 &,
T3/2;Zt_T3/2;Zt‘1+T3/2;et_>/o B"(r)dr

1 I 1 I 1 Z Lo o0
—X:Zte;5 = —ZZt,le;—l— —Zete; — / B™(r)dB"(r) + 3, — ZF(]’)
= T= T= 0 j=1

A
and

1 & 1 & 1 & 1 & 1 &
7ZZtZ£ = 72215712{_1 + 72Zt7162 + 7267&22_1 + 7Z€t€2
T t=1 T t=1 T t=1 T t=1 T t=1

d [* n n/ N
4 /0 B"(r)B"(r) dr.

Note that Zsy = Xy — X, so that the asymptotic results for Zo; apply for X; as well.
Specifically,

1 & a 1
— > X; Bl (r)d
T3/2t§::1 t /0 5 (r)dr
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1 & 1
T ZXt s Ut i) / Bg(?")dB?(?") + )\21
t=1 0

T

1 1

=Y X4 /0 By (r) By (r) dr.
t=1

It now follows easily that

-1
VT (i —p)\ _ 1 priia X\ [ Jriiam
T-(br-8)) \F=yiix AyLixx) \tsh X

d

of 1 Jo Byrydr ) By(1) |
Jo BE(r)dr [y BE(r)By(rYdr |\ Jy BE(r)dBy(r) + Ao

Q.E.D.

Remarkably, the OLS estimator A7 of the cointegrating vector is superconsistent for the true
value 3. However, the formulation above is intractable for a number of reasons For one, due to
the dependence between the Brownian motions BY(r) and B} (r), the long run variance cannot
be easily disentangled from the asymptotic distribution. Moreover, the asymptotic distribution
contains a nuisance parameter Asq, which represents the sum of the covariances between vy and

uj for any j € N.

Thus, we require a modification of the estimator that has a pivotal asymptotic distribution.
There are many ways to do this; among the most famous is the Dynamic OLS (DOLS) estimator
introduced in Saikkonen (1991), which furnishes a parametric correction for the nuisance pa-
rameter by adding lags and leads of AX; into the regression. The technical details, however, are
complicated, so we instead focus on the FM-OLS estimator introduced in Phillips and Hansen
(1990), which provides a non-parametric correction. The relationship between the DOLS and
FM-OLS estimators is akin to that of the ADF and PP tests for unit roots.

8.2.3 FM-OLS Estimation

We retain the notations introduced in the previous theorem. The FM-OLS estimator is based

on the modification of the error u; to form the new error process

+ _ —1 _ —1
Ul = U — 2%122%221),5 = (1 —Eu7122u’22) et
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for any t € Z, where {u; };cz is a mean zero absolutely summable linear process. Given a con-
sistent estimator 3, for the long run variance ¥,, and a consistent estimator \ for Z?io NG
define

+ _

S S—1
Yi = Yr — D122, 290t

and
St a o el s
AT = Ao1 — By 128, 99 A02,

where v; = AX;. Then, the FM-OLS estimator is the OLS estimate from regressing ;" on X;

and an intercept term with an additional correction term A*: formally, we define the FM-OLS

estimator (ut,37") of (u,B') as
-1
e 9] [E()-(5)
¢

T 0

T -\t

Yy
X ty;r

i

+
Br -1

T Y X|
S Xy Sl XeX]

(5
)

Zthl y;r
S Xy T

) |

We show below that the FM-OLS estimator converges to a pivotal distribution.

Theorem (Asymptotic Distribution of the FM-OLS Estimator)

Let {Y: = (yt, X})' hiez be an n-dimensional 1(1) process that is non-stationary and cointegrated,

with cointegrating rank 1. Let the triangular representation of the system be

yr =p+ X+
AXy =y,

where we retain the assumptions and notations of the previous theorem. Then,

(Jy Wg(rydr) Ly,

Lo (fol WQH(T)CZT) Lo (fol WS(T)WQTL(T)/dT) 5

VT (1f — 1)
T- (5% -8)

1 wi(1)

d
— 01

)

Las (fg W (r)dwy (r))
where {W"(r) = (W' (r), W3 (r)") },¢[o,1] is an n-dimensional standard Wiener process on [0, 1],

1
3 2 —1
Lyp=%799 and o7 =Xy 1.2 =23u11 — Yy 12X, 203021
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Proof) By definition,

Y =y — iu,mi;éﬂt
= p+ B X+ u— 2u,122;§21}t
= p+ B Xe+uf + (Zu,lzzléz - iuﬂi;éz) Ut

for any ¢ € N, so that

—1
M _ T Y1 X POARET
B SEXxe Y x X ST Xyt —T-A*

1
—(# T Y X| ST uf
o + T T / T +
B Y1 Xt Do Xe X Sieq Xy
- —1
1 i1 X{ 0
YLx SExx)) \T-At

-1
TXLX ST e ey
* - = S22~ Su S L)
This reveals that

(¢T@¥—@):( 1 ﬁmzipw>“<x%szr)

(85 8) Ayl X &YL xx) \EYl Xt

1 T AN
_ 1 377 2ot=1 X1 0
9 i1 Xt 2 e X X] AT

—1
> A A I A ey
+ T8/2 2at=1“%t VT —t= 2%122*12272%122*122 )

(T:‘}/2 Z?:l Xy 7}2 Zz:l XtXé % Z?:lXtvé ( u, u, )

Letting {B"(r) = (BY(r), B3(r)") }sejo1] be an n-dimensional Brownian motion with

variance X, by the asymptotic results in the previous thereom we have

1
T

3

(1)
/1 B"™(r)dr

T
Z €t i) B
t=1
T

Z %
=1

1
T3/2 tZ 0
1 & a [t o0
TZZteQ—)/O B"(r)dB”(r)’—f—Eu—ZF(j)
t=1 j=1

A

470



1 & 1
EZthgi /O B™(r)B"(r) dr
t=1

for the stochastic process {Z; = (Z1+, Z%;) hen with Zy = 0 and defined as

t t

11U

thj :€3+Z0: Ziil s
s=1 Z

s=17Us

for any t € N. We noted earlier that, since Zo = Xy — X,
! XT:X 4 / ' BI(r)d
— ; 5 (r)dr
T3/2 — 0
1 4 / d L n n /
TZXtet%/O By (r)dB™(r) +()\21 )\22)
t=1
1 & a 1
—QZXtX£—>/ B (r)By (r)dr.
== 0
In particular,
1 T
— uf =(1 =3, 2275) — e
\/TZ t ( u,12 u,22)ﬁ; t
1
Lpry [
—Euzzzu,ﬂ
1 1 <& 1
_ Xtu?—:< Xt.e;(). B
T ; T ; —%, 5o Tu,21

! n n / 1
( ; By (r)dB (7’)) (_2;522%21 )

+ (Ao = Xp2 Xy 3o T )

1

These asymptotic results tell us that

1
1 ﬁZthl X ﬁZthl U;r
= i1 Xt gz i XoX| 3 Xy

d 1 ) By(r)dr B™(1) 1
- 1 1 ! 1 / —1
Jo B3 (r)dr [ By (r)By (r)'dr Jo B2 (r)dB"(r)" | \ =2, 550,21

. 1 JEBy(rydr ) 0
Jo B3(r)dr [y B3 (r)By(r) dr Aot — Moo Sy 5o Su,21
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and

-1
1 s Sy X 0
N X e Y XX At

a 1 JEBy(rydr \ 0
Jo By (r)dr [y By(r)By(r)'dr Aot = Ny Zo b Suot )

As for
1 T A 1 T
1 T372 2 =1 X4 ﬁzzﬁ:l Ut (E 122_12 _$ 122_12 )’
u, ,22 u, ,22 ’
7T§/2 Y X, 7 Y XX =5 X ! “

since the first two terms are O,(1) and the last one is o0,(1), the entire term converges

to 0 in probability. Thus, we have
V(=) o (1 faBseya N Beay 1
T (BF - B) JEBy(rydr LBy By(rydr ]\ JiBe(rdB () ) \~SihSun )

Define the univariate stochastic process {J(r)},¢(0,1) as
J0)= (1 ~Su125,5) B"(r) = B (r) = D154, B3 (1)

for any r € [0,1]. We can see that {J(r)},¢[o,1) is @ Brownian motion with variance equal

to

1 _
(1 —Zu,mz,:ég) Y ( sl 5 ) =Yy12 = Yy 11 — Z311,1221&22%21-
T H,224u,21

In addition,

E[B%)J(r)]—E[Bg<r>B”<r>’]( ! )

-1
_Eu,222u721

1
e ma) (ot -0

so that {J(r)},epo,1) and {BF(r)} (o, are independent Brownian motions with vari-
1
ances equal to X, 1.2 and ¥, 29, respectively. Therefore, we can write 2571,2 -W1{ and
1

%2 99 - W3 in place of J and By, which yields

V(b= o (1 Reseyar \ (I
T(8f-8) Jo Ba(r)dr [y By(r)By(r)dr )\ Jy B3 (r)dJ(r)
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1 (wgpeyar) oy, W)

~ 0'1 . Y
Las (Jy WE(r)dr)  Las (Jy WE(rW3(r)'dr) L) \Las (Jo W3 (r)dwy(r))
where
1
Loy = 25722 and a% =Xy 12
Q.E.D.

It is clear that the resulting asymptotic distribution is free from any nuisance parameters
and, since we have estimates of o7 and Y22, pivotal. Using this distribution, we can obtain
the limiting distribution of the usual Wald-type test that imposes linear restrictions on the
cointegrating vector under the null.

First note that

T8} —B) > o [LQQ( / )dr) } (ng/ dWl()>

where {W3(r) }r¢[0,1] is the Brownian bridge defined as

W (r) /W2

for any r € [0,1]. We denote

H = Lo ( /0 1 W;*(r)wg*(r)dr)

1
J = Las- /0 W (r)dW P (r).

From the proof above, it is clear that
d~rdr 4
Ly xixy S
t=1
where the superscript d indicates that the variable has been demeaned.

Now consider testing the null hypothesis Hy : RS = g against the alternative Hy : RS # q,

where R € R™*("=1) ig a matrix of full rank m. Then, under the null,

T(Rfr —q) = R-T(8} - B),

so we can consider the Wald statistic
-1

T -1
R (Z X;fX,fl’) R

1
Wr = = (RB} —q)
71 =1
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where 62 is a consistent estimator of o?. Then,
-1
1 + " i 1 4 d ~yrdr / +
Wr= = |T(8; = B)| R |R| = > X{X{" || R[T(5f - 5)]
1 t=1

4 J'R'[RHR ' RJ.

Given W3, due to the independence of W3' and W{* we can see that the distribution of J is

normal with mean 0 and variance H:
J| W3 ~N(0,H).

Therefore, given W, J'R'[RHR'] " RJ follows a chi-squared distribution with m degrees of
freedom. Since this distribution does not depend on W3', we can conclude that the unconditional

distribution of J'R'[RHR']"* RJ is x2,, and as such that
Wr 5 X2,

This demonstrates that we the Wald test statistic constructed using the FM-OLS estimator has

the same asymptotic distribution as the usual Wald statistic.
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8.3 Vector Error Correction Models

So far, we have only considered the estimation of cointegrating relationships under the triangular
representation, and even then only under the assumption that there is at most one cointegrating
relationship. Here, we study a model that imposes a semi-parametric structure on the time se-
ries of interest in exchange for allowing for the consistent estimation of the cointegrating space
itself under a fixed cointegrating rank (which is allowed to be greater than 1). The structure is
identical to that of the VAR case, except that now we use an equivalent error correction rep-

resentation, to be defined below, as a means of accounting for the non-stationarity of the process.

Let {Y;}1ez be an n-dimensional time series that follows the (reduced form) VAR(p) process
Y;‘ - 5+(I)1Y;f—l +"'+(I)py;f—p+€ta

where {e;}:+cz is a white noise process with positive definite covariance ¥ € R™*" § € R", and

®y,---, P, € R"™". Denote the AR polynomial corresponding to this process by
AL)=1,—®1-L—---—®, - LP.

We saw in the section on vector autoregressions that {Y;}:cz is stationary with a causal linear

process representation if the eigenvalues of the polynomial
|A(z)| =det(L, —P1-2—---— D, - 2P)

lie outside the unit circle. We are now interested in what happens if |A(z)| possess a unit root,
that is, when |A(1)| = 0. It can be shown that there is a very close connection between the
number of unit roots of |A(z)| and the non-stationarity of {Y;}iez.

In what follows, we deal with the case where the roots of |A(z)| are either on or outside
the unit circle. When |A(z)| has roots within the unit circle, the companion matrix of {Y;}:cz
has eigenvalues greater than 1 in magnitude and thus it becomes an explosive process; we are
precluding this case. In this context, we first show that a necessary condition for {Y;}:cz to be

I(1) is for |A(z)| to have at most n unit roots and at least one unit root.

Lemma Let {Y:}icz be an n-dimensional time series that follows the VAR(p) process
Yi=0+®1Y 14+ +P,Yp+e4,

for an n-dimensional i.i.d. process {e;}+cz is a white noise process with positive definite covari-
ance ¥ € R™*™, Letting A(z) be the AR polynomial corresponding to the above VAR process,
suppose |A(z)| has roots on or outside the unit circle.

In this case, if {Y;}iez is I(1) with innovation process {et}icz, then |A(2)| has at least one

unit root and at most n unit roots.
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Proof) Suppose initially that {Y;}icz is I(1) with innovation process {e;}1ez. Then, {AY;}iez
is I(0) with innovation process {e:}:ez, that is, there exists a one-summable sequence
{¥;}jen and p € R™ such that

o0
AY,=(1-1L)Y; :M+Z‘I/j'5t—j =p+Y(L)e
j=0

for any t € Z, where ¥(1) = O. Since A(L)Y; = +¢; and (1 —L)J =0, we have
(1 - L)e = (1~ D)A(L)Y: = A(D)AY; = A(L)u+ A(L)W(L)e,

which implies that A(1)u =0 and

for any z € C. Therefore,
(1—2)" =[A(2)¥(z)| = [A(2)] - [¥(2)].

for any z € C, and |A(z)| can have at most n unit roots.

On the other hand, if |A(z)| has no unit roots, then
0=A(1)¥(1)

and |A(1)] # 0. By implication, A(1) is nonsingular and ¥(1) = O, which contradicts
the no MA unit root condition of I(0) processes. Thus, |A(z)| must have at least one

unit root.

Q.E.D.

Since we are interested in I(1) processes, the above lemma shows that we need only consider
the case where |A(z)| has at most n unit roots. The case where |A(z)| has no unit roots (it
has roots outside the unit circle) was already considered in the section on stationary vector

autoregressions.
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8.3.1 VAR Processes with Finite Starting Times

In this section we briefly touch on VAR processes that start from a finite time, say, tg € Z. We
show that, in this case, there exist appropriate initial values such that the eigenvalue condition
is sufficient to ensure the stationarity of the VAR process; the L?-boundedness condition, which
usually cannot be assumed a priori when it comes to non-stationary processes, can be omitted.

Suppose {Y;}+>¢, is an n-dimensional time series that follows a mean zero VAR(p) process
Yi=®1Y; +"'+(I)pyzfp+5t

for any t > tg+p, where {e; }+cz is a white noise process with positive definite covariance matrix
3 e R™*™, to € Z serves as the finite starting time for this VAR process. The companion matrix

is, as usual, given by

o, o, P,
I, -~ O O

F — ) . ] E Rnpxnp7
O I, O

and the companion form of the VAR process is

: ;
7y = : =FZ,_ 1+
Yi pt1 0
—

for any t >ty +p. We can now show the following result:

Theorem (Stationarity of VAR Processes Started at Finite Time)
Let {Y;}i>1, be the VAR(p) process defined above. If the eigenvalues of F' are all contained

within the unit circle and the initial values Y;,4p—1,---,Y}, are determined as
Y;50+P*1 00
= Ztytp-1 = ZF] “Uto+p—1-j-

=0
Y,

Then, {Y;}+>¢, is a stationary VAR(p) process with causal linear process representation
o0
Y, = Z ;e
§=0

for any t > tg, where {¥;};en is a one-summable sequence of n x n matrices.
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Proof) We showed when proving the sufficiency of the eigenvalue condition for stationarity

that, if the eigenvalues of F' are all contained within the unit circle, then

0o
Z]HF]H < +o00.

Jj=0

and [I,, — F' is nonsingular. It follows that the vector
0 .
ZF] . utfj
§=0
is well defined for any t € Z as the almost sure and L? limit of the sequence

{g%)pj.utj}

meN .

As such, the statement

o
Ziotp—1 = ZF] “Uto+p—1—j
Jj=0

is well-defined. For any t > tg+ p, it now follows that

Zy=FZy 1 +uy

t—to—p
_ i t—to+1—
= > Fluj + PP 7000
j=0
t—to—p )
_ J . (t—to—p)+j . )
S P SR
Jj=0 Jj=1
0 .
:ZF]-ut_j.
Jj=0

Thus, {Z;}¢>1+p—1 is a weakly stationary causal linear process with one-summable

coefficients.

Letting ¥; be the n x n matrix in the (1,1) position of F7 for any j € N, {¥;},en is a

one-summable sequence of coefficients such that
o0
Y;g = Z v g Et—j-
§=0

for any t > tg+p— 1. This shows us that {Y;t}tzto+p—1 has a causal linear process rep-

resentation with one-summable coefficients.

It remains to show that the initial values chosen above have the same linear process
representations. For any j € N, by definition ¥, is the n x n matrix in the (1,1) position
of FJ.
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Now suppose that, for some 1 <k < p, that the n x n matrix in the (k,1) position of
Fitk=1 equals ;. Then, since

D - By B,
Fitk — I - 0 L pitk=1
o -~ I, O

and the n x n matrix in the (k,1) position of F9**~1is W, by the inductive hypothesis,
the n x n matrix in the ((k+1),1) position of F/** is W, as well.

By induction, for any j € N the first n columns of F7 are given as
\I/j,1

Vjp+1
where we define ¥; = O for any ¢ < 0. Therefore, our initial values can be written as

Y;fo +p—1

= = W,e :
_ J - Jeto+p—1—j-
N
v §=0 =0 \Wj—p+1-Eto+p-1-j
to

oo
ijo ;- etotp—1—j

o0
Y= Vi1 Etotp-1-j

o0
2i=p—1Vj-(p-1) Eto+p-1-j

(o]
2520V Etgtp—1—j

oo
> 20 Vj - Eto+p—2—j

(o)
ijo W) ety—j

This shows that
oo
Y; = Z Uep
=0

for any t > ty, so that {Y;};>, follows a stationary VAR(p) process that has a causal

linear process representation with one-summable coefficients.

Q.E.D.
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The preceding theorem shows that the L?-boundedness condition need not be assumed a
priori when proving the stationarity of a VAR(p) process if the VAR process is started at some
finite time with appropriate initial values. In this case, the process has the same causal linear
process representation as in the case where it is assumed to be L?-bounded and does not start
at some finite time.

While we defined I(0) processes as doubly infinite processes, that is, processes with time index
Z, we now allow processes started at some finite time to also be I(0) processes. Specifically, we

say that an n-dimensional time series {Y;};>4, started at some finite time ¢o € Z is 1(0) if

oo
Yi=p+Y Ve
j=0

for any t > to, where {e;},cz is an m-dimensional i.i.d. process, u € R", and {V;};ey is a one-
summable sequence of n x m matrices. In light of this extension, the preceding theorem tells us
that the initial values of any intercept-less VAR(p) process started at some finite time, whose
companion matrix has eigenvalues within the unit circle and whose innovation process is i.i.d.,
can be chosen so that the process becomes 1(0).

A final comment is that the eigenvalue condition can, as usual, be replaced with the condition
that the roots of

|A(2)| =det(l, —P1-2—---— D, 2P)

lie outside the unit circle.

480



8.3.2 Error Correction Form and the Granger Representation Theorem

For now, suppose that there is no intercept in the VAR process above, that is, put § = 0. One
advantage of doing so is that we can apply the result in the previous section and work with
VAR(p) processes started at some finite time.

First, we require a different, more convenient representation of the VAR, process, called the

error correction representation. It is derived as follows:

1/;‘/ :q)lnfl_‘_""‘_q)py;ﬁfp_‘_gt
= (144 P,)Y; 1+ P(Yi oY1)+ +P,(Yip — Y1) et
P J
= (In*A(l))YthrZ@j *ZAYtﬂ‘H +et
=2 =2
=, —AQ1))Yio1 — (P24 +P)AY; 1 — - =Py AY}_pr1+ey
=, —AQ))Yi 1 +T1AY i+ + T 1 AY i1+,

where

for 1 < j <p—1. Rearranging terms reveals that

A}/t—l = —A(l)Yt_l +F1AY;5_1 + - +Fp_1A§/t_p+1 +&¢
=Y, 1 +T1AY; 4+ Ty 1 AY; 1 +ey,

where we define IT = —A(1). This is called the vector error correction model (VECM) represen-

tation of the original VAR process.

The VECM AR polynomial is defined as
N(L)=1,-T{L—-—T, [P
and satisfies

L(L)AY, = (1-L)I'(L)-Y,
=6—A1)Yo1+e=6+e—A1)L-Y; = (A(L) - A(1)L) Ys.

This implies that
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for any z € C, and, for any z # 1,

I'(-), being a polynomial function, is continuous on C, so

'(1) =1limI'(z) = lim A) = Az =—lim (A'(z) — A(1)) = —A"(1) + A(1),

z—1 z—1 1—2 z—1

where A'(-) is the first derivative of A(-).

Suppose |A(1)| =0, or equivalently, |A(z)| has a unit root. The n x n matrix A(1), and by

extension II, has rank 0 < r <n. We now present a convenient decomposition of II.

Lemma (Decomposition of Reduced Rank Matrices)
Let IT € R™*™ be a matrix of rank 1 <r < n. Then, there exist matrices «, 3 € R™*" of rank r

such that
II=ap.
Proof) Let {vi,---,v,} CR™ be the basis of the range R(II) of II, and define

a:(vl UT);

note that a is an n x r matrix of full rank. Letting {ej,---,e,} C R™ be the standard
basis of R™ and IIy,---,II, the columns of II, for any 1 <¢<n

II; =11-¢; € R(II),

so that there exists an r-dimensional vector b; € R" such that

Hi = - bl
Defining
by
B=|:1>
by,
[ is an n X r matrix such that
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Since « has full rank, o/« is nonsingular, implying that
B = (o/a) /1L

The range of 3’ is the same as that of o/II. Note that, if IIv = 0 for some v € R", then

B'v = o/Ilv = 0; conversely, if 3'v =0 for some v € R", then
v = af'v=0.

This indicates that the 5’ and II share the same null space and thus the same nullity;
because they are both linear transformations on R", by the dimension theorem they

have the same rank r.

Q.E.D.

In the case when r =0, we let &« = 8 = 0. Thus, the error correction representation can be

written as

AYi;=af Y1 +O1AY; 1+ + Op_1AY; pi1+er
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Orthogonal Complements of Full Rank Matrices

We reuiqre addition concepts to understand the representation theorem below.

For any A € R™ " with full rank 0 < r < n, we let the orthogonal complement A | € R**("=7)
be the matrix satisfying A’A; = O.

If r =0, so that A is the n x 1 zero vector, we define A as any nonsingular n X n matrix,
and if » =n, we define A =0.

In the case 0 < r < n, we can construct A, and thus see that it exists, as follows. Since A has
rank r, the columns {A4,---,A,} CR" of A are linearly independent. Letting V' be the vector
subspace of R” spanned by the columns of A, we can think of the orthogonal complement V= of
V: since R” is a finite dimensional vector space, V@ V+ = R". This indicates that the sum of
the dimensions of V and V' must equal the dimension of R”, which is n. In other words, V= is

an n —r dimensional vector subspace of R", and thus has a basis {Bi,---,Bp—,} C R™. Defining
A = (Bl Bn—r)a

A is a matrix of rank n —r because its columns are linearly independent, and we can immedi-

ately see that

B Bl A, Bl A,
(A= (4 A)=1| =0
B, . B, A B, A,

because the columns of A are all contained in the space orthogonal to V. Since the basis of
V1 is not unique, neither is A ; in most cases, we use a convenient normalization of A| that

puts as many entries equal to 0 or 1.
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Granger’s Representation Theorem

The following is our main result, called Granger’s representation theorem. The proof is adapted
from Johansen (1991).

Theorem (Granger’s Representation Theorem)

Let {Y:}iez be an n-dimensional time series that follows the VAR(p) process
Yi=®1Y, 1+ +QY; p+e
with error correction representation
AY; =11-Y; 1 +T1-AY; g+ 4T 1 - AY pi1 + ¢

for an n-dimensional i.i.d. process {e;}+cz with positive definite covariance ¥ € R™*". Let A(z)
be the AR polynomial corresponding to the above VAR process, and I'(z) the VECM AR
polynomial.

Assume the following:
i) |A(z)| has roots on or outside the unit circle.
ii) II has rank 0 < r <n with decomposition II = a3’, where a, 3 are full rank n x r matrices.
iii) Letting ¥ =T'(1), the matrix o/, 3, is nonsingular.
Then, there exist appropriate initial values Yp,---,Y7_, such that:
i) Defining

C=p1 (O/L‘I’ﬁl)ilal,

there exists an absolutely summable seqeunce {C}}jen C R™*™ such that

Y, =C- <zt:es> +C(L)ey—C(L)eg+ Yy
s=1

almost surely for any ¢ € N.
ii) {AY;}ien and {f'Y:}ien are zero-mean I(0) processes.
iii) |A(z)| has exactly 0 < n—r <n unit roots, so that there are n —r common trends.

iv) The cointegrating rank is 7; in other words, there are exactly r cointegrating relationships.
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Proof) The Case r =0
If r=0, then a = 5 =0, so that {AY;};cz follows a VAR(p-1) process with AR poly-

nomial I'(L). a;, ) are nonsingular, so by assumption, I'(1) is nonsingular and thus

IT'(2)| has no roots outside the unit circle. Furthermore, in this case A(1) = O, and

A(z)—2zA(Q1)

T(z) = 1—=2

so that
ID(z)[ =[A(z)[- (1 —2)""
for any z # 1. Premultiplying both sides by (1 — z)" yields
(1=2)"(2)[ = [A(2)];

and since this holds for z =1 as well, this holds for any z € C. Since |I'(z)| has no unit
roots, |A(z)| has exactly n unit roots, and because |A(z)| has roots outside or on the

unit circle, |T'(z)| must have all roots outside the unit circle.

Therefore, we can choose the initial values Y,_1,---,Yy so that {AY;},en follows a

stationary VAR(p-1) process with causal linear process representation
AY; =T(L) e

for any ¢ € N. Here, the MA(oco) coefficients are one-summable, so that {AY; }en is an
1(0) process. We denote W(L) =T(L)~. That {8'Y; }sen is 1(0) is trivial because 3 = 0.

By the Beveridge-Nelson decomposition, there exists a sequence of absolutely summable
coefficients {C;};en such that

t
Y, =¥(1) <Zss> +C(L)ey —C(L)eg+ Yy
s=1
with probability 1 for any ¢ € N. Here,

T(1) =T(1) " =81 (e, T(1)BL) o)

since a,f, are nonsingular n x n matrices, which proves the representation part of
the theorem. Finally, since the cointegrating space is the null space of ¥ (1), which is a
nonsingular matrix, the cointegrating space consists only of the zero vector. This shows

us that the cointegrating rank is 0.
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The Case 0 <r<n
Now suppose that 0 < r < n. Recall that the relationship

A2)=(1-2)T(2)+2z- A1) =(1-2)(2) —z-af
holds for any z € C between the AR and VECM AR polynomials, in light of the equation
A(L)Y: =T(L)- AY: —af i1 =c.
Pre-multiplying both sides by o’ and then o/, yields the equations

—d'af Y1+ T(L)-AY; = g
o\ T(L)-AY; =) &,

since o/, o = O.

To facilitate the proof, we define
a=a(da)™t

for any a € R™** of full rank, where 1 < k < n. Note that aa’ = a(a’a)"'a’ is a matrix
that orthogonally projects any vector v € R™ onto the vector subspace of R™ spanned
by the columns of a. Letting a, be the orthogonal complement of a, since R™ is the
direct sum of the vector space spanned by the columns of a¢, and that spanned by the

columns of a, which in turn are orthogonal complements, we can see that
ayay’ +ad =ai(d a) | +alda) " d =1,
Now define
Zy=PBY, and X,=p|AY;
for any ¢ € Z. It follows that
AY; = (BB +BLBL)AY; = B-AZy+ 81 X,
and substituting this into the two equations above yields

(—d/af'L+a'T(L)(1- L)) BZi+a'T(L)BL - X¢ = dey
o\ D(L)Y(1—L)-BZi+a\T(L)(1—L)BL - Xt = o\ &y,

where we used the fact that

—aIOé,BI'}/%_l — _O/aﬁ/ﬂ(ﬂlﬁ)flﬁ/'n_l
=—d'af'§-p"Ys1 = —a'af'BL- Z.
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In matrix form, the equations become

~ Zt o
A(L = ts
o))

where we define the polynomial

fl(z): _a/aﬁlﬂ'z‘i‘alr(z)(l—z)ﬁ OéT(z)ﬂJ_
AT oAl

We can now proceed in steps to show each of the claims above:

Claim 1: |A(z)| has exactly n—r unit roots

Note that

A1) = —d'af'f o'T(1)BL
0 o T(1)BL)’

so that
A(1)| = |o'a] |8l T(1)84].

All three matrices on the right hand side are nonsingular, so ‘fl(l)‘ # 0, meaning that

A(z) does not have a unit root.

On the other hand, if z # 1, then
Az) = (O‘ ) —af 24T (A=) (8 AL(1-2)")

- (O‘) A (8 BL-2)),

so that

A \—|( )| AR |(8 BL)|(1—2)n.

/
By the nonsingularity of (a/ ) and (5 B L), this quantity equals 0 if and only if
oy

A(z)| =0, and since all the roots of |A(z)| are outside or on the unit circle, if z # 1
and ‘ ’ =0 then z must lie outside the unit circle. We have shown that all the roots
A(z

) are outside the unit circle.
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The preceding analysis also shows that

o)
ay

for any z # 1, and since the equation holds trivially for z =1, we can say that it holds

(1 _ Z)’VL—T’

JAE)-| (8 8L))|

for any z € C. Since the roots of ’A(z)‘ all lie oustide the unit circle, it follows that
|A(z)| has exactly n —r roots that equal 1.

Claim 2: {AY;}ien and {5'Y;}ieny are mean zero I(0)

/

Defining ) = (04,

) and the polynomial B(z) as
@y

for any z € C, we can see that B(L) is a finite order AR lag polynomial:

A - (“) EICAE (j) 1) (5 0)

o) i
= (a) (= @1z— =@y (B 1) = (2L —Thz? = =T, 1) (8 0)],
oy

B(z)=Q 'A() =L,~ Y [® (5 6.)-Ty1(8 0)]+,

Jj=1

where we define I'g = I,,.

By design,

Since all the roots of B(z) lie outside the unit circle due to the fact that all the roots
of A(z) also lie outside the unit circle, the process {(Z/, X!)'}ien is weakly stationary

for appropriate initial values, and has the causal linear process representation

Xy

7 S
( t) = B(L)_léft = Z@J “Et—j
=0
-

@(L)St
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for any t € N, where {O,},cn is a one-summable sequence of n X n matrices. Since
y ) jfje q

B'Y, = ('B)Z; for any t € Z, the above result tells us that {'Y; }+cn is a mean zero I(0)

process under our initial values, with one-summable coefficient process {(5'8)©1;}jen

of r x n matrices, where ©1 ; collects the first r rows of ©; for each j € N.

As for the first difference process,

AYtZ(ﬁ(l—L) )( )Zi( 1-1L) BL)GJ"EH
=§:‘I’j'€t—j

J=0

for any t € N. Since {V,}en is a one-summable sequence due to the one-summability

of {©;};en, by definition {AY;},cy is a mean zero I(0) process.

Claim 3: Deriving the Granger Representation

The Beveridge-Nelson decomposition now tells us that

(Zss> +C(L)e,—C(L)eo+ Yy

with probability 1 for any ¢ € N, where the absolutely summable sequence {C};en is
defined as

s

i=j+1

for any j € N and

||
A
sy

|7
e
A

7=0
=(0 B.)B(1)~!
=(0 p)Am™ (Cy//)
ay

O (@, T(1)B) "
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Therefore,

t
Y;=C <Z€S> +C(L)e,—C(L)eg+ Yy
s=1
with probability 1 for any t € N, where

C=41 (' T1)81) .

Claim 4: Cointegration Properties of {Y;}:cz

The above representation tells us that the null space N¢r of the linear operator C’ is
the (augmented) cointegration space. Since C' = a). (B’Lf(l)’al)_lﬁi has rank n—r,
by the dimension theorem the nullity of C” is r, so that the cointegrating rank is exactly

r. Furthermore, since
O'B=0

by the definition of the orthogonal complement of 3, the columns of § are r linearly
independent vectors in R™ contained in the null space N¢v. Since N¢v has dimension r,
it follows that the columns of 3 form a basis of N, and as such they form a cointe-

grating basis for Y;.

Q.E.D.
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Granger’s representation theorem tells us that the cointegration properties of an intercept-
less VAR(p) process {Y:}iecz is determined by the rank r of A(1) = —II, where A(z) is the AR

polynomial. We can consider the following three cases:

i)

ii)

iii)

r=0

In this case, IT = O and the first-difference process {AY; }1en follows a stationary VAR(p-
1) process. Thus, we can simply apply the results of the section on stationary vector
autoregressions to study the properties of the first-difference process. This is made possi-
ble because there are no cointegrating relationships among the variables, as seen by the

fact that the cointegrating rank is 0.

O0<r<nmn
In this case, there are exactly r cointegrating relationships and {Y;}:cn is an I(1) process

with trend-cycle decomposition

t
yi—C (z ) O 4T
s=1

where Y contains initial values. C' is a matrix of rank n —r, which tells us that there are
n—r common trends driving the dynamics of Y;. Since Il # O, we cannot just estimate a
stationary VAR with first differences.

r=n
In this case, Il = —A(1) is nonsingular, meaning that |A(z)| only has roots outside the
unit circle. By implication, {Y;};en is an I(0) process under the appropriate initial values.
Analysis proceeds by estimating the levels VAR using the methods studied in the section

on stationary vector autoregressions.
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8.4 Estimation of VECMs
Suppose {Y; }1ez is an n-dimensional time series generated by the VAR(p) process
Yi=®1Y 1+ 4+ p+e
with VECM representation
AY; =11V, 1 +T1-AY; 4+ + Ty 1 - AY i1 + &4

We assume that the rank 0 <r < n of II is known, so that it may be decomposed as IT = a5’ for
n X r matrices a, 8 of full rank. Note that we exclude the case r =n because in that case {Y;}ten
is weakly stationary and thus different asymptotic rules apply. On the other hand, if 0 <r < n,
then Granger’s representation theorem shows us that {Y;}ien is I(1), and the asymptotic results
follow that of chapter 3.

Suppose the sample size is T, so that we have the sample observations Y7,---, Y. Then, we
define
v, N
Yo = , AY =
Yi_q AY],
AY;
X = : , forany p+1<t<T
AY‘t—p-i-l
Xpt1 Epti
X=| : |, e=| :
Xr er
I
I'= :

Then, for any p+1<t<T
AY; =11V, + T Xy +ey,
and stacking these observations yields

AY =Y_ ;- '+ X -T+e.
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Finally, we denote by A(z) and I'(z) the AR polynomials corresponding to the VAR in levels
and the VECM, respectively.

8.4.1 Assumptions and Preliminary Asymptotic Results

We make the following assumptions:

Al.

A2,

Cointegration Properties

We assume that {Y;}cz be an n-dimensional time series that follows the VAR(p) process
Yi=®1Y, 1+ + Y, +e
with error correction representation
AY; =11V, 1+ AY; g+ 4+ T - AY 1 + &4

for an n-dimensional i.i.d. process {g;};cz with positive definite covariance ¥ € R"*". We
assume the following hold:
i) |A(z)| has roots on or outside the unit circle.

ii) II has rank 0 < r < n with decomposition II = o', where «, are full rank n x r

matrices.

iii) The matrix o/, I'(1)3, is nonsingular.

For notational convenience, we put 5, = I, when r = 0. The form of a will be specified

later.

Suppose the initial values have been chosen so that the conclusions of the Granger repre-
sentation theorem hold, namely that {AY; }ren and {8'Y; }ren are mean zero I(0) processes
and that

t
v, :c@es) FODe+ s,
s=1

for any ¢t € N, where Y collects initial values, {C}}jen is one-summable and

C =3 (o, T(1)B) ).

Nonsingular Population and Sample Moments

By Granger’s representation theorem, {AY; }1eny and {3'Y; }ren are mean zero I(0) processes
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given appropriate initial values. Letting G : Z — R™*™ be the autocovariance function of

the first-difference process, we assume that

G@o) - Glp-1)

Glp—1)" - G(0)
is a positive definite np x np matrix. This implies that the submatrices

Go) - Gp-2)

Glp=2) - G0)

and G(0) of the above matrix are also positive definite.

We also assume that AY,Y_; and X have linearly independent columns almost everywhere.

This ensures that the matrix

AY’
v, [(ay v X)
X/

is nonsingular for large enough T

For later use, we let Gg : Z — R™*" as the autocovariance function of {3'Y; }+cn. We assume
that the variance Gg(0) of 'Y} is positive definite if » > 0; it equals 0 if r =0 and § = 0.

A3. 1.I.D. Innovations
We assume that the innovation process {e; }1cz has finite fourth moments. Since {AY; }1en
is a one-summable causal linear process with innovation process &, it follows from one-

summability that {AY;};en also has finite fourth moments.

The main asymptotic results concerning these quantities are given below:
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Theorem (Preliminary Asymptotic Results)

1
Maintain assumptions A1l to A3. Define the long run variance ¥, = CXC’ and X2 =C E%, and let
{W™(r)}rep0,1) be the standard n-dimensional Brownian motion. Then, the following convergence

results hold jointly:

% (A;/) (ay x)5

Go) - Gp-1)
Gp-1)" - G(0)
1 lyl D O
Tﬁ —1€—
%5'1/111/,15 2 G5(0)

%mﬁl (ay X) B (880 - BAp)

1

SV (AY) S A ( /0 1 W”(r)dW”(r)’) A+ Ag

xS @ ([ wrearner) ]+ (a0 a,)

Lo, 4 L VALY
TY,1€ = A /0 W™ (r)ydW"(r)" | X2

1 / d ! n n / /
ﬁYqY_l — A /0 W™ (r)W™(r)'dr | A

1

Tyilylﬁi{A(/Olwn(r)dwn(r)')z%’(r(1)0—1n)’+A0—(Al Ap_l)l"}oz

where
Ap=%,— Z G(])
j=h

forany 0 < h<p-—1and

1

alda)™ ifr>0

19 ifr=0

o=

In addition, we can obtain the following rate of convergence, which need not hold jointly with

the above:

X'e = 0,(T"?).
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The following matrix equalities also hold:

%=G0)-Ay- o'~ (G(1) - G(p—1))T
G(0) aw-2)\ [ cay Y
r= : — Ba’
G(p—2) G(0) Glp—1) Ay
Apa| = <A1 Ay 1) Ta
Gs(0)a = Ao — B (A Apr)T

Proof) Note that, under our assumptions, there exist one-summable coefficients {¥;};cn, such

that
AY, = U(L)z;
for any t € N. Define the doubly infinite processes {u;}icz as
ug = V(L)ey

for any t € Z; we have u; = AY; for any t € N. Furthermore, let us define {S;};en as

t t
Si=Yi-Yo= AV, =Y u,
s=1 s=1

for any t € N. Since {e;}1e7z has finite fourth moments and is i.i.d., we can see that the
main asymptotic results derived in the previous chapter hold for {S;}.en as well. For

the sake of completeness, they are enumerated below:

N

1
=S e S iwr()
thl

o

!

LS u b A
Tt:l

!

Z wply_p, 2 G(h) for any h >0

1
T
T 1
f Z 1€ h—>A(/ W™ (r)dW"(r ))E?’—kZ forany 0<h<p-1
t=h-+
T
f ZSt 1uth—>A(/ W"(r dW”())A'+Ah forany 0<h<p-—1
t=h+
1
mZSt_lgA'/ W”(T’)dr
t=1 0
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1 & 1
73 2SSt 4N (/ W”(r)W”(r)'dr) N
t=1 0

where X, = U(1)XW¥(1), % is the Cholesky factor of ¥, A = \P(l)Z%, W™ is the stan-
dard n-dimensional Wiener function, and {W"(r)},¢[o,1) the corresponding Brownian

motion.

Therefore,
Ut Ut

t=p+1
Ut—p+1 Ut—p+1

() 935

17T 1T
T Zt:p—i—l uguy T T Zt:p—‘rl Utuf:—pﬂ
1T 1T
T Zt:p—i—l Ut—p+1u2 T Zt:p+l ut—p+1u2—p+1
G0O) - Glp-1)

A . . .
G(p—1) G(0)

T T, 2

1 T 1 &

SYL(AY) == ) Vi (AY) =7 > Vi
t=p+1 t=p+1

1 /
— (1T / 1T /
fy—lX - (T Dimptt Ye1Uy T X hepta thlut—pﬂ)

4y [A(/OlW"(r)dW”(r)’>A/]+(A1 o Ap)

1 1 & d 1
Y= Y YH—>A-/ W (r)dr
T3/2 T3/2 i 0

Iyiv, =L ET: ViV,

—1r-1= —1X4
T2 ™,
1 & 1 & /
=72 > S8 +Y T2 > S
t=p+1 t=p+1
1 & T—p
+ T2 Z St—1 Y(J/—l‘ﬁybyol
t=p+1

4 A (/01 "(r)W”(r)’dr) A
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Moreover, since {u; }+cz is a causal linear process with absolutely summable coefficients

and iid innovation process with finite fourth moments,

Ut—1
1 < 1 & d
— ) vec(Xie)) = —=) vec : gl SN0,2XQ].
Ut—p+1
It follows that
Lxes Ly xe—o,)
VT T,
By implication,
lX’&t£>0
T .

It remains to show the convergence results for terms invovling 5. If » =0, they hold

trivially because 8 = 0. Below, we assume that r > 0. Since
C'=pBu(a\ T(1)BL) e,
B'A = (B'C)%2 = O and therefore
| d
Tﬁ Y_15 — O
| d
Tﬂ Y (AY) = 5'Ay
1 d
FOVLX S (A M)
The limits on the right hand side are all non-random matrices, so it follows that
]' IAVdS D,
Tﬂ Y e=>0
1 AV P o
FBY(AY) B 5
1
T5/YL1X 5B (A1 Ap—l)

as well.

499



Since
AY =Y_;-Bd’+ X T +e,
premultiplying both sides by Y’ yields

Y (AY) = (YL, Y 8)a’ + (Y, X)T + Y. e

This tells us that
1 1 1 1
<TYL1Y_1B> Oé, = TYil(AY) — (TYL1X> F — TYilg.

Since o« is nonsingular (a has ful rank), we can therefore express %YL 1Y_18 as a

continuous function of the random matrices studied above:

1 1 1 1

This means that %YL 1Y_ 18 converges jointly with these quantities, with asymptotic

distribution given via the continuous mapping theorem as
Lo d ! n nN AR ~ ! n n(.N\ L.
SV YA /OW (N dW™ () ) A'a+ Aga — A /OW (AW (r) ) S¥a
1 p—1 !
—A(/ W”(r)dW"(r)’) N({YTi]a=(Ar -~ Aps)Ta
0 i=1

=A (/01 W"(T)dW"(T)f) S (D()C L) a+ Ao~ (A Apq)Ta

It remains to show the matrix equalities. We first show the equalities for r > 0. Pre-

multiplying

(;ngl@ o B A (/01 W”(r)dW"(r)’) S (D)~ 1) +hoa— (A Apy)T

by ' tells us that

Gs(0)a’ = /A (/01 W"(r)dW”(r)') SY(C()C-L)a+8 808 (A Apy)T

=B No—B (A Apr)T
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Premultiplying both sides of
AY =Y_;-Bd’+ X T +e,
by X’ and (AY') yield

X'(AY)=X'Y_ ;- + (X' X)[ +X'e
(AY)(AY) = (AY)'Y_1-Ba’+ (AY)' X - T+ (AY) ..

Inspecting the last equation, we have
Lavye=Lavyay)- <1(AY)’Y ) ol — (1(AY)’X) T
T T T - T ‘
Taking T'— oo on both sides,

1

T(AY)'EAG(O)—lA (/Olwn(r)dwn(r)')/A’+Ag fa'—(6(1) - Gp-1)T

=G(0)— Ay’ = (G(1) - Gp—1))T.

Meanwhile,

1 /. (1o / 1., 1,
T(AY){-:—aB (TY_lg)—i—F TX& tpee

LY (/01 W”(r)dW”(r)’) sYynoy,
so the uniqueness of probability limits tells us that
% =G(0)-Ay-Ba’~ (G(1) -~ Gp-1)T.
Note that we also have
I=X'X)"Y(X'(AY) - X'Y_;-Ba’ — Xe).
Taking T'— oo in the relation

I'= (;,X'X>_1 (;X/(AY) — (;X’Y_l) -Ba — ;X%)

tells us that
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Meanwhile, premultipyling
1 1 1 1
<TYI1Y—1/B> Oé/ = TYil(AY) — (TY/1X> P — TYLIE'
by a yields
1

1 1

and taking T"— oo once again yields
0= [A </01 W"(r)dW”(r)’) S (C)C 1) +A0— (A -+ Apy)T
Since
o\ T(HC=d,
we can see that

T(1)C—1,)aL=a; —a; =0,

so that
A()Ou_: (Al Apfl) FOéJ_.
When r =0, the equality
% =G(0)- (G(1) G(p—1))T

follows by premultiplying

p—1

et = AY; — Z LAY pia
i=1

by e, and taking expectations, while the equality

-1

G@o) - G-2) Gy

Gp-2) - G(0) G(p—1)

simply represents the Yule-Walker equations. Meanwhile,

Gs(0)a' =B'ho— ' (A Apy)T
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holds trivially because «, 5 are zero vectors. Finally, the equality
Ao= (A1~ Apy)T
follows by taking T'— oo on both sides of

1

1 1

and using the fact that C' =T(1)"1.

Q.E.D.
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8.4.2 The Concentrated Log-Likelihood

As in the section on stationary vector autoregressions, we study the properties of the Gaussian
Quasi-MLEs of the model parameters. Assuming 0 < r < n for now, the parameters of interest

are
OZ,,B,F,E,

where «, are full rank n x r matrices. To define a parameter space on which the quasi log
likelihood is differentiable, we must first show that the set of full rank n x r matrices is an open

subset of R™*". We can define the set of full rank n x r matrices as
FRY" ={AcR™" | A'/Ac PS™*"},

where we used the fact that A’A is positive semidefinite and thus has full rank if and only if it
is positive definite. Defining the function f:R™ " — R"™" ag

f(A)=AA
for any A € R"*", we can see that
FRan — ffl(PSrXr)’

that is, FFR™*" is the inverse image of the set of all positive definite r X » matrices with respect
to f. Thus, we can show that F'R™ " is an open subset of R™*" if f is continuous with respect to
the metric induced by the trace norm on R™"*" and R"*", since we already showed that PS™*"
is an open subset of R"*",

The continuity of f follows from the fact that, for any A € R™*" and ¢ > 0, if B € R™*"

satisfies

9
A-B in(1l, ———

we have

1£(A) = f (Bl = |A’A=B'B|| = [(B-A)(B-A)+ A(B—A)+(B—A)A|
<|IB—A|* +2]| Al | B~ Al
< QA+ DB = All <e.

Therefore, FR™*" is an open subset of R™*" with respect to the metric induced by the trace

norm on R™*". It now follows easily that the set
R = vec (FR™")

is an open subset of R™ with respect to the euclidean metric (this follows from the same line of
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reasoning used to show that A is an open subset of R™"+1)/ 2,

The full parameter space is then given as
O =RExR”(P-D x A,

where vec (a),vec(f) € R, vec(T') € R™*(P=1) and vech (X)) € A. Clearly, © is an open subset of
R2nr+n*(p=D+n(n+1)/2 We deonte the vectorized parameters by

a=vec(a),
= vec (),
=vec ("),
o =vech(X).

The Gaussian (quasi) conditional log-likelihood is, in turn, given as

T _
taby.0) = " P rog(am) - T Prog)m
T
LS Avi—af Y - TXYSTHAY —af Y - TX)
2t =p+1
T — — 1
= —n(2p)log(27r) 2 Proglx| - St (37N AY =Y fo’ = X T)(AY =Yy - B’ — X T)].

In this section, we concentrate out the parameters one by one until the likelihood is a function
only of 5. In what follows, we assume that the MLEs (given other parameters) always exists, so

that we need only inspect the first order conditions.

Concentrating out I

The log likelihood can be written as

_(T=p)

-p

l(a,b,vy,0) = log(2m) —

log |%]

[\D\H

t=p+1

2

T

> [AYi—af Vi - (LQX)) } 27 AY; - af' Vi - (L QX))
=p+

Given a,b,0, the MLE of v, 47(a,b,0), must satisfy the first order condition

T
- > (L@X)EHAY - af Vi~ (L@ X))ir(a,b,0)| =0,

t=p+1
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rearranging which we obtain

T -1 T
(a,b,0) [ ®( > XtXt’)] vec( > Xt(AYt—aB’-Yt_n’)

t=p+1 t=p+1
(I QX' X)) )vec (X'(AY) = X'Y_1 - Ba)
= vee ((X'X) ' X'(AY =Y.y - 5d)),

analogously to the stationary vector autoregression case. Therefore, the MLE of T, f‘T(a,b, o),
becomes

A

I'r(a,b,0) = (X'X)' X' (AY —Y_; - Bd),
and the concentrated log-likelihood is
l—(a,b,0) =1(a,b,57(a,b,0),0)

n(T —p)

= —Tlog(%r) B

log|2|
1 A A
—gtr {E_I(AY—Y,l B’ — X -T'r(a,b,0)) (AY —Y_ -Ba'—XTT(a,b,U))}

n(T —p)

= —Tlog(%‘) - _plog|2\

- %tr [2—1(AY — Y.y Ba/Y Mx(AY —Y_, -50/)} ,

where My = It_, — X (X'X) 71 X" is the residual maker of X. Define the residuals from regressing
AY and Y_1 on X as

Ra = : =Mx(AY) and R_;= : — Mx-Y ;.

/ /
AT Ry p

Then, since Mx is symmetric and idempotent, we can write

l_(a,b,0) = _n(T2—p) log(2m) —

__nT=p) )log(27r)

1 _
Plog|s| - St [E "(Ra—R_1-Ba/)(Ra— Ry ﬂa/)}

—Liog|y|

2
1 T
—5 > (Rag=af RS (Rag—af-Royy).
t=p+1
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Concentrating out «
The concentrated log likelihood can be written in terms of the vector a as

_n(T'—p) —p

l_(a,b,0)= log(2m) —

2

1 T

—5 > (Rar=(RL AR )a)S ™ (Ras— (RLy Q) In)a).
=p+

t=p+1

log [X|

Given b,0, the MLE of a, ap(b,0), must satisfy the first order condition

_ Z /R 1 t®I RA t L17tﬁ®In)dT(b70’)) =

rearranging which we obtain

VGC( Z RAJR/_L,:B)

t=p+1

T
0) = [( Z ﬁlRl,tR/_LtB) ®In

t=p+1

= ((B'R_1R18) " @) 1) vec (RyR15)
= vec (R’AR_lﬁ(ﬂ R R_1B)" ) .

Therefore, the MLE of «, & (b,0), becomes
dT(va): /AR—lﬁ(ﬂ,R/—IR—lﬁ)_lv
and the concentrated log-likelihood is

l_ya(byo) =1_y(ar(b,0),b,0)

= —"<T2_p)10g(27r) = Piogy
- %tr 271 (Ra— R+ Ban(b,0)) (Ra — B - Bar(b,0)))|
n(T —p) —p

1
= 2 TP e (o) — log| %] - tr (Z7'RaMnr_,5Ra),

where Mg_,g=1Ir_,— R_1B(B'R_{R_18)"1B'R" is the residual maker associated with regres-

sions on R_1[.
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Concentrating out X

As we derived in the chapter on stationary vector autoregressions,

Ol_ry o(b,0)
B

T 1
— Py-1y 5 RAMp_ sRAY

for any ¥ € PS™*™. It follows that, given b, the MLE ZA]T(b) of ¥ is

A 1
Sr(b) = 7 RaMn_,sRa.

making the concentrated log-likelihood
l*'y,a,a(b) = L%a(ba&T(b))

T2 g 2m) 1) — L2 o 810)

M(log(%’) +1)— T=p log

2 2 T

1
_pR/AMR—lﬁRA"

508



8.4.3 Maximum Likelihood Estimates when r > 0

Using the concentrated likelihood derived above, we can derive the maximized log-likelihood
and the MLE of 5. Afterward, we can use the MLE of S to recover the estimates of «,I" and X

using the formulas derived in the previous section.

For notational convenience, we define the quantities

1 /

1
Sa,-1= Ti_pRA'RA
1

- /
Sfl — 7T_pR_1R71.

Note that

Sa Sa1 1 (R, 1 [AY
= Ra R.,)=— My (AY Y.y,
[0, 5] a5 () etov o)

Since Mx has rank T'—p—n(p—1), for large enough 7T this is larger than 2n and therefore the
2n x 2n random matrix above is almost surely positive definite. It follows that, for large enough

T, Sa and S_; are positive definite, and that the Schur complement
So1— SIA,ASEISA,—l
is also positive definite.

Returning to the concentrated log-likelihood, we have

T— T—
Lo ®) = =" og(om) 1) T Prog[ss — Sa 188518 35 |

Since Sa — SA,,15(5'5_15)_15/S’A7_1 is the Schur complement of the block matrix

Sa Sa,—18
B'Sh_y BSaB)’

it follows that

| ( Sa Sa_if

=|B'S_ . _ B g -1 g’
/B/S/A,—l B/S—1ﬁ>l |/8 15’ ‘SA SA, 1ﬁ(/85 16) B A,—l’

= |Sal-

B'S-18—B'Sx 155" Sa, 18-
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Since 3'S_13 is positive definite, we now have

-1
n(T —p T—p 1Sal-|8'S-18 _BISIA,—PS’A Sa,-18
Iy a0(b) = —(2)(log(27r) +1)— 5 log Y] ’
T, o Tep 8(S-1 -85, 15598, 1)| T-p,

Since the only term with 3 is the second one, the QMLE of § is the solution to the maximization

problem

e  V(B)=log| /(51— Ss, 155 5 -1)B| ~log| 8’5 15].

Necessary Conditions for Maximization

For any symmetric n X n matrix M, define the function gp; : R — PS™" as

gu(b) =log |5 M|

for any b € R, where b =vec () for § € FR™*". Note that

(s (),

which implies that

dvec (' M) ovec ()
PreeTMD) _ (80 @ K+ (1, @ 8 0)| 2!
and thus
avec(ﬁ’M,B

In addition,

—1
0A A
for any Ae PS™", so
dlog|A] 1
= A
Ovec (A) Vec( )
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By the chain rule, it now follows that

dgn(b)  Olog|B'Mp| .avec(ﬁ’Mﬁ)
o dvec(B'MB)  Ovec(B)

= vec ((B'MB) ™) [(B'M @ 1) Ko + (1, @ 'M)]
= vec ((8'MB) ' B'M) Ky +vee (MB(5'MB) ™)'
= vec (Mﬁ(ﬁ’M,B)—l)'.

Therefore,

a‘gém = vec (Sﬁ(ﬁlsﬂ)_l - 5—15(5,5—1@_1) ’

where we define
S=8_1—-8r_15:"Sa 1.
Therefore, the QMLE 7 of 3 must satisfy the first order condition

SBr(BrSHr) ™t = S_1Br(BrS-_1p7) "

Maximizing the Likelihood

Define
N 1, .
CT = SilﬁT?
1
where 52, is the Cholesky factor of S_;. Then,

. . 1L
S_1Br(BpS—1Br) "t =82, - Cr(CrCr)

AA s s a1 _1
= SBr(BpShr) T =8-S_F'Cr |Ch(S_E-S-S_¢
Defining
1 iy
M=S_1%-885_7
_1 1
:In_57252,—15515&—15712/7

which is positive definite since S is, we have

CA'T(CA'%CA'T)_I = MCA'T(CA'%MCA'T)_I.
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This means that the maximized log-likelihood becomes

T— 1 T—
T =p) (log(27r)—|—1+log|SA|> - plog - .
2 n 2 AT
T— 1 T—p. |CPMCr
n(2p) (log(27r) —|—1+log|SA|> - plog ‘ T ~ ’
n 2 r.Cr

We now derive an expression for the rightmost term, and, through that expression, obtain an

estimator for the cointegrating space. To proceed, we require the following algebraic results:

Lemma

(

Properties of Self-Adjoint Linear Operators)

Let (V,(-,-)) be a finite-dimensional inner product space over the real field, and T' € L(V) a

self-adjoint linear operator on V, that is, a linear operator on V such that

(Tv,u) = (v,Tu)

for any v,u € V. Then, the following hold true:

i) The eigenvalues of T' are real.

ii) There exists a basis of V' consisting of orthonormal eigenvectors of T'.

Proof)

i)

ii)

Let A € C be an eigenvalue of T with corresponding eigenvector v € V', which must
be non-zero by definition. It then holds that

Mv,v) = (X-v,0) = (Tv,v) = (v,Tv) = (v, \-v) = Xv,v)

by the bilinearity of the inner product, as well as the definition of self-adjointness
and eigenvectors. Since (v,v) # 0 due to the fact that v is non-zero, we have A =\,
and thus A € R.

We proceed by induction on the dimension n of V. Denote the norm induced
by (-,-) as [|-||. When n =1, letting {v} be a basis of V, there must exist some
A € R such that T'v = Av, since T'v which belongs to V and is thus a scalar multiple

of v. Therefore, {”5—”} is a basis of V' that consists of orthonormal eigenvectors of 7.

Now suppose that the claim holds for any real inner product space of dimension
n > 1 and self-adjoint operator on that space. Suppose that (V,(-,-)) is a real in-
ner product space of dimension n+ 1 and that T is a self-adjoint operator on V.

Choose any eigenvector v,41 € V' of T normalized to have norm 1; there exists a
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A € R such that Tv,41 = A-vp41, in light of the preceding result. Defining the sub-
space W = span({v,+1}) of V, since W and V are both finite-dimensional spaces,
we have V =W @ W, where W+ is the orthogonal complement of V. Since W
has dimension 1 (v,41 is non-zero), and V is an n+ 1-dimensional space, the fact
that V is the direct sum of W and W tells us that W+ must have dimension n.

Let T € L(WL,V) be the restriction of T on W; since T is self-adjoint on V,
T must be self-adjoint on W+. By the inductive hypothesis, there exists a basis
{v1,--+,v,} CV of W that is comprised of orthonormal eigenvectors of T.V=

W@ W+ tells us once again that {vq,---,v,,v,11} is a basis of V. Since
(Unt1,0:) =0

for any 1 <4 < n since v, 1 belongs to the orthogonal complement of W, |jv, 41| =

1 and for any 1 < ¢ <n there exists a A\; € R such that
T’Ui = TUZ‘ = )\z *U;

since v; is an eigenvector of T' of norm 1, it follows that {v1,- -+, vy, vn41} is a basis

of V' comprised of orthonormal eigenvectors of T'.

Q.E.D.

Lemma Let {y1,---,y,} CR" be a linearly independent set of n-dimensional vectors that are

collected into a matrix

y= (y1 yr) e R™

of full rank r. Let A € R™*™ be a positive definite matrix, and suppose that

y(y'y) ' = Ay(y'Ay)~!

holds. Then, the vector space V = span ({y1,---,y,}) is invariant under A, that is, Av € V for
any v € V. In addition, there exists an n X r matrix E whose columns are orthogonal eigenvectors

of A, and a nonsingular matrix P € R"*" such that y = FP.

Proof) We first show that V' is invariant under A. The orthogonal projection (as a linear

operator) onto V' is defined as

/

projy = y(y'y) " 'y';
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we can easily see that, for any v € R”,
(v=y(y'y)"y'v)y=0.

Choose any v € V. Since there exists an a € R" such that v =y-a, it follows that

projy (v) = y(¥'y) 'y'v =v.

Now note that
projy (Av) = y(y'y) "'y Av =y (y'y) " (' Ay)a.
Since
y(y'y) "'y Ay = Ay
by assumption, we have
projy (Av) =y(y'y) "' (y Ay)a = Ay -a = Av.

Therefore, Av € V and the subspace V is invariant under A.

Let T be the left multiplication transformation corresponding to A, and T its restriction
to V. Since A, and by extension 7', is invariant on V, it follows that 7" is a linear operator
on V. Furthermore, it is self-adjoint because A is a symmetric matrix; by the previous
lemma, there exists a basis {ej,---,e,} CV of V that is comprised of orthonormal

eigenvectors of T and thus of A. Defining

E= (el er,)

since {y1,---,yr} is a basis of V' and thus contained in V| there exists a vector P; € R"
such that

yi=FE-P;

for each 1 <i < 7. Defining

it follows that y = EP.

To see that P is non-singular, note that, by the same reasoning as above, there exists
a A € R"™" such that



Thus,
I, =FE'E=FEy\A=(E'E)PA=PA,

where the first equality follows because the columns of E are orthonormal. This shows
us that A = P71,

Q.ED.

Since

A

Cr(ChCr) Y = MCr(CHrMCr)7H,

everywhere on {2, the preceding lemma tells us that, for any outcome w € €2, there exist or-

thonormal eigenvectors eq,---,e,. of M and a nonsingular r x r matrix P such that
éT e (6]_ . 61”) P
—_———
E

Letting u; € R be the eigenvalue of M corresponding to e; (it is real because the eigenvalues of

symmetric matrices are real), it follows that

p oo 0
M-E=FE-| :
0 Loy
and thus
\C{rM CT! _ |P'E'MEP|
Cy0r] | IPEEP
oo 0 )
=|[E'ME|=|| : - || =]]m
0 - =1
Finally, note that the eigenvalues u1,---, i, are solutions to the equation

_1 _1
0= |M—pu-I| = ‘(1 ) I~ S 7S 1S3 Sa 1877

= ‘(1 —p)-S_1— S’A,_15£15A771HS:H‘
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Thus, the maximized log-likelihood must be equal to

N T— 1 T—
lp = _n(2p) (log(27r) +1+ nlog|SA|> ~——3 plog

_ _n(T'-p) 1 T—pg N
- (log(27r) +14 nlog]SM) — 2izllog(1 —)\z)

for the r largest solutions A1 > -+ >\, > 0 that solve the equation
A-S_1 =S 18588 1| =0.

Note that 1> Ay >--- > ), >0 are the r largest sample canonical correlations between Ra and
R_; (for more details, consult section 2.1 in the factor model text). Heuristically, in the case
that there are no lagged differences (no X), this means that the cointegrating vectors in Br
must be determined so that the sample correlation between AY and Y_; is maximized. This is
in accordance to our usual conception of cointegration that Y_; must drive long run changes in

AY if the variables in Y; are cointegrated.

It remains to obtain a tractable expression for the cointegrating basis BT- We saw above
that the columns of Cp = S%,l Br at the maximum can be chosen to be any linearly independent
eigenvectors corresponding to the eigenvalues 1 — :\1, I A\ of M. To simplify things, note
first that, for any eigenvector v of M with eigenvalue pu, the quantity v is an eigenvector of the
positive definite matrix S:I% S’A’_IS;lsA,_lsj’ with eigenvalue 1 — p; this follows by noting
that

_1 1
Muv=v—S_2S5 _1Sx'Sa 15 2 -v=p-v,
so that we have
_1 1 _1,
S_fS'A,_lsg Sa—15_7 v=(1—p)v.

R 1,

Thus, it follows that the columns of Cp = SE/I B can be chosen to be orthonormal eigenvectors
_1 _1 . .

of S_fS’AfnglSA’_lS_f/ corresponding to its r largest eigenvalues A\; > --- > A, > 0. Note

that we have imposed the normalization

CrCr = BpS_1pr = I,
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Summary of QMLE Values
Given the quantities
Ra=Mx(AY) =AY - X(X'X)"'X'(AY)
Ri=Mx-Y =Y 1 -X(X'X)"'X'Y,
1
Sa = RaRa
S_1= LR’ R
-1 = T—p —14t-1

1
SA,—l = mR/AR—17

the Gaussian QMLEs of the model parameters are given as follows:

~ _L1, . A
pr==S_{ (Cl,T Cr,T) ;
N N ) _1 3 _1,
where Cy r,---,C, r are orthonormal eigenvectors of SffS’A’_lSAlSArlef

corresponding to its r largest eigenvalues M>>0>0
dr = RAR 1 Br(BrR R1fr)”"
S7=8Sa—Sa 187 (3{[’5—15})71 BrSi, 1
Pr = (X'X)7' X' (AY = Yoy - fraf)

The maximized log-likelihood is

> n(T-p) 1 T-py <
=~ <log(2w)+1+nlog\5’A|)2;10g<1>\1).

Note that, if the eigenvalues of S:%S'A7_IS£15’A7_1 are distinct, then BT is unique up to sign

changes in its columns.
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8.4.4 Maximum Likelihood Estimates when r =0

So far, we have studied the (quasi) maximum likelihood estimates of the model when 0 < r < n.
The case when r = 0, that is, when there is no cointegrating relationships, is much simpler to
analyze. 7 = 0 is equivalent to the claim that II = a3’ = O, so that the VECM becomes a VAR

in first-differences:
AY; =T1-AYy 1+ +Tp 1 AYy pi1+er.
Therefore, the maximized log-likelihood is the same as in the stationary VAR case, given by

A T— 1
lp= _n(2p) <log(27r)+1+ nlogSA) ,

and the QMLEs of I" and X are

I'r = (X'X)"'X'AY

iT:SA:Tl_p(AY—X.fT)'(AY—X.fT).

Since the assumptions on the first-difference process { AY; }+cz and the innovation process {e; }1cz
are identical to those for stationary vector autoregressions, the asymptotic results proved there

continue to hold; specifically,

where
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8.4.5 Specifying o |

When studying the asymptotic properties of the QMLEs derived above, it is conveninent to
choose the following specific form for the orthogonal complement ;. Assuming that r > 0,
define

Po(M)=a(e’M o) ta/ Mt

for any positive definite matrix M. Since the matrices I, — P,(X) and P,(X) are idempotent,

their rank equals their traces, so that
rank(l, — Py(X)) =tr ([, — Po(X)) =n—r.
Consider the matrix
ST I — Pa(E)).
This matrix clearly has rank n —r, and
ST = Py(R) =S =S (@S ) e/ BT
shows us that X ~!(I,, — P,(X)) is positive semidefinite. Therefore, it has the eigendecompsition
»~1I, - P,(%)) = PDP'

for orthogonal matrix P € R™*" and diagonal matrix D with diagonal entries equal to the

eigenvalues of ¥~1(I,, — P, (X)), which are non-negative; the last 7 entries in D are 0. Denoting

D
D= © :

where D € R(=7)%(n=7) ¢ollects the non-zero elements of D, define
Dl
2
a, =P e R,
O

aja) =X NI, — Py(X))

We can then see that

o oy =D.
By implication,

a o a=2"I,-Py,(X)a=0
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and thus

o la=D"10=0,

so that «  truly does act like the orthogonal complement of a. Another important property

that this o) possesses is that, because
Yaid| =1, —P,(X),
and the matrix on the right hand side is idempotent,
Yay (| Yal)d| =Sad|,
which implies that

o Yoy =1 ;.

When r =0, we define

the inverse of the Cholesky factor of .

Define the n —r-dimensional Brownian motion {B(s)}se(o,1] as
B(s)=d/, 37 - W"(s)

for any s € [0,1], where {W"(s)}sc0,1) is the standard n-dimensional Wiener process. Since
o Yoy = Iy, it follows that {B(s)}sc[0,1) has variance I, and therefore is identically dis-

tributed to the standard n — r-dimensional Wiener process. This establishes that
& X7 W(s) ~ W (s)

under our choice of o .

520



8.4.6 Consistency of QMLEs

Now that the QMLEs have been derived, we can study their asymptotic properties. We start
with the r largest sample canonical correlations 5\1, e ,S\T of Rao and R_1, and then make our
way back up to f]T and f‘T.

Note first that the canonical correlations, being real ordered eigenvalues of the positive
definite matrix S:%S’A’_ISEISAAS:%/, are continuous functions of S:%S’A?_ISZISAAS:?
(for a formal proof of this result, consult section 1.2.3 in the factor model text). This ensures
that :\1, “ee ,5\7« are well-defined random variables, and that we can use the continuous mapping
theorem to derive the asymptotic distribution of the canonical correlations. Formally, we will

denote
R _1 1 -1
(A1, Ap) = eig), (SfS'A’lsg SA,—15_¢ ) ,

so that eig) (-) is a function that extracts the r largest eigenvalues from an n x n matrix with
real ordered eigenvalues.

The quantities Sa,S5_1,54,—1 defined above have the following asymptotic properties:

Lemma (Asymptotic Results for QMLE)

Under assumptions Al to A3, the following convergence results hold jointly:

SINE-ITIN

1
Tl_ps_l KN ( /0 W”(r)W"(r)’dr) I\

1
T—p

81581 % (LA @ T WA ([ W w6y ds) (BT B8

-1
(77881)  =0,00)
S.15=0p(1)
B'S_1B 5
1 /
Sa—1 LN pa,—1+A (/0 W”(T)dW"(r)’) A
Go) - Gp-2)\ (AW ey) N

~(6@) - Gp-1) ; :
Glp—2) - G0 AW @awn(ry)

Sa 185 pa 1B

BISA,—l = Op(l)
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1
Sh a1 LA (/ W”(r)dW"(r)’) Z‘%'ab
0

where
G(0) cr-2)\ [ eay
a=G0)-(6() - Grp-1) s
G(p—2) G(0) Gp-1)
G(0) Gp-2)\ [ A
poa=Ga0) =8 (A - Ap) : - : |8
G(p—2) G(0) A
G(0) Gp-2)\ [ A
a1 =M= (G(1) - Grp-1) : : : :
Gp—2) - G(0) A,y

pasp—1 and pa —y are related to one another as

UA :Z+HA,7150/ and M—la/:ﬁ//j/A7_1-

Proof) We can recover the probability limit of SA as

Sa = 7 RaRa = 7 (AY) My (AY)
1 . 1 , 1, .\ 1 )
= ﬂ(AY) (AY) — (T_p(AY) X> (T—pX X) (T_p(AY) X)
GO) - Gp-2)\ [ Gy
LGO)-(61) - Gp-1) : - : :
Gp-2) - G(0) G(p—1)

Note that pa is the Schur complement of the positive definite matrix

G@o) - Glp-1)

Glp—1) -+ G(0)

so that it is also positive definite.

Likewise, we can conclude that

1 1
B'S_18= ﬂﬁ’RLIR,lﬁ = ﬂﬁ’YLIMxy,l,B
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We also have

1
Sa 1 = g (AY) My Yy

1 , 1 , 1 o, N\t 1 !
= e (AY)Yo (T_p(AY) X) (T_px X) (T_ple>
KN ( /0 1 W"(r)dW”(r)’)lA/JrAg
GO) - Gp-2)\  (A(feWrE)aney) A
~(c) - cpr-1) : g : :
Glp—2) - G(0) A(JEWn(rawn () A
a(0) ap-2)\ [ N
~(6) - cp-1) : :
G(p—2) G(0) A4

When r > 0, using the fact that

GO) - Gp-2)\ [ Gy GO) - Go-2)\ [ A
r'= : : : - : : : Ba,
Gp—2) -~ GO) cwr-17) \cop-2 - a0 A

the above limit can also be reformulated as
, A (g wr)awn(ry) A
1
Sa—1 4 A (/ W”(r)dW”(r)’) N +A-T :
0
A (W) awn(ry) A

Go) - G<p2>)1 (A(f&W"(r)dW”(r)’)'A’)

(p=2) - G(0)

GO) - Gp-2)\ [ A
-(6y - Gp-v)| z
Gp-2) -~  G(0) A
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—T(1)A (/01 W”(r)dW”(r)’)IA’ LA

GO) o Grp-2)\ (AW Earey) A
_aﬁ/(Al Ap—l) : )
Gp-2) - G(0) A (fawr)awn(ry) A
G(0) ar-2\ [ A
~(e) - G- s
G(p—2) G(0) Ay
It now follows easily that
G(0) cp-2)\ (M
Sa1BL A= (GQ) - Gw-D)| i |8
G(p-2) G(0) A,

= pa,—183

since 'A = O, where the convergence in distribution changes into convergence in prob-

ability because the limit is non-random. Similarly,

GO) - Grp-2)) [ A
BSa BN -8 (GO) o Gr-1)| i :
G(p—2) - G(0) Ay
GO) - Gp-2))  (AlWrmavtey) v
-#(e) - Gp-1) A :
Gp-2 -~ G(O) A (W)W ry) N

where the convergence this time is in distribution.

If r > 0, then

AT(1) o, =%2'C'T(1)a,
=22 (FL0(1)ar) 01 ay

Ly
:EQ aJ_,

while if 7 = 0, because A = CX2 = F(l)*lE% and «) = I,, we still have A'T'(1) ) =

»3’ar . Therefore,
d ! / i,
Sh s b A ( / W (r)dW™ (r) ) S¥a) +Agal
0
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(A )| |
Glp-2) -~ G(0) G(p—1)

1
=A (/ W"(r)dW”(r)’) “¥ai+Agar— (A - Api)Tar
0
1 1
_A < / W”(r)dW”(r)’) ¥,
0
where the last equality follows because

Ao = (A1 -+ Apor)Tal.

Meanwhile,

T—p  (T—p)?

K ( /0 1 W"(r)wn(r)’dr) N,

since WYL 1X = 0p(1). Pre- and post-multiplying both sides by 5, implies

=
1 / / ! n n !/ !
T_p/BJ_S—lﬁj_ 4 8 A (/0 W™ (r)W™(r) dr) NGy
Here,
BLA=(B181)(a!, T(1)B1) Le/ T2,
so that
s S (AT ([ BB s ) (BT (L)

where we define B(s) = a’J_Z% -Wm(s) for any s € [0,1]. Since B(s) ~ W™ "(s), we can
see that

1
s AT ([ W) ds ) (BT (1) B0,
Clearly, the limit has full rank n —r, so that

1 —1
(7

AR =0,
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We can also see that

1
S 18=—+—-Y' | MxY_
18 T—p 1 Mx 18

_ Tlpy’ly_lﬁ— (Tlpy’lx> (Tle’X> B (Tlpﬁ’Y’lX)/
4 [A (/Olwn(r)dwn(r)') DY (D()C L) + Ao — (Ar - Ap_l)r}a
GO) - Gp-2)\ (Ao WA ey) N
8 (A )| :
Gp—2) - G0) A(fFwnrawn ))&
co) - Gr-2\ ([ a\]
(A M) | :
Go-2) - GO) ) \A,

Therefore, we can conclude that S_18 = O,(T).

The relationship between pua and pa _; can be seen by noting that

X =G0)-Aysa’ —(G1) - Gp-1))T
G(0) ap-2\ [ cay
=G(0)—Ag-pa’ — (G(1) - Gp—1) :
G(p—2) G(0) G(p—1)
G(0) G(p—2) Ay
-(G@) - Gp-1) : Ba’

Gp-2) G(0) A,y

= pa —pa,—16a.

The relationship between p_1 and pa 1 follows from

,ufloé/:Gﬁ(O)O/—B/ (A1 Ap,1> —T
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=4 Ao—(A1 Ap—l)

= HM,A,A'

Q.E.D.

Suppose r > 0. Note that

p—1 pa—1pB
BINIA7_1 HA
is the probability limit of

B'SaB Sa-18) [BY, 1 Y_18
(ﬁ’S’&_1 N ) - ((AY)’) (T—pMX> (AY) '

If we assume that the smallest eigenvalue of this matrix is bounded below at a level greater than

0, it follows that
p-1  pa,—1f
BI,U/A,_1 mA

must also be positive definite. By impliction, p_1, pa and the Schur complement p_1 — 5IMIA,_1MZIMA,—15
must also be positive definite.

If » =0, then we can still assume that pa is positive definite.
We can also show that P,(ua) and P,(X) are related in the following manner:

Lemma (Relationship between P,(ua) and P, (%) )
Under assumptions Al to A3, if » > 0, then the following hold true:

Po(X) = Pa(pa) and X7 (I, — Pa(X)) = Ngl (In — Pa(pa))-

Proof) The above results make use of the fact that
pa=X+pa 18 =S +ap 1o
First we show that P,(X) = P,(ua). To this end, note that

pal =S =S apad
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this can be seen by direct verification through the identity pua = X+ ap_1a’. It follows
that

o/ugla =o' la— O/E_lau,lo/ugla

o ut =a/S —o'S ol pt
direct verification via the first equation leads us to the conclusion that
(o/,ugla) g (0/271(1) ! + 1.
Therefore,

a (o/,ugla)_ o/ugl =« O/E_loz)_l + M—l} [a/E_l — O/E_lozu_lal,ugl}

1
oS pd ST =y — pd/ S apo/ !

2) + (ap1a’) ST = (apora’) Tt = (apora) ST apoal) g
Y)+ {(a,u_lo/)*lilfl —i—In} {In - (au_lo/)*l,ugl} —I,.

Since au_10/ = ua — X, we can see that

(ap-1a) 'S =X - 1,

(ap—10) = I —Spy',

so that

-1
P,(pa) =« (a'ugloo o it = Py (D).

It remains to show that
z! (In—Pa(X)) = Ngl (In— Pa(pa)) -
Since Py(pua) = Po(X), we can see that

Al (In = Palpa)) = ppa' = pp' Pa(X)
-1,

zugl—ugla(a’ugla) o py

Pa(pa)

=S =S N apo1ad) )yt — Pa(E) pa!
-1
=yl E_l(a,u,lo/),ugl -y la (O/E_la) o/ugl

-1
=x1-xla [,u_l + (O/E_loz) ] o/ugl
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=yl_-xlqg (o/,ugla)il o/ugl

Pa(pa)

»lowTP,®) =211, - Pu(D)).

Q.E.D.

The preceding results allow us to prove a consistency result for the sample canonical corre-

lations 5\1, e ,XT obtained as the r largest solutions to the eigenvalue equation

AS_1 = Sh_1S3"Sa 1| =0.

Theorem (Consistency of Eigenvalues)
Maintain assumptions Al to A3. Let 5\1 > > 5\n > 0 be the real ordered solutions to the

eigenvalue equation
AS_1— S5 155" Sa 1| =0.
If » > 0, then
At h) B (AL, A, 0,---,0),

where A\; > --- > A\, > 0 are the ordered eigenvalues that solve the problem

‘Auq - B’M’A,_luglm_lﬁ\ =0.

On the other hand, if » =0, then

Proof) The Case r =0

We first prove the result for the case r = 0. In this case, because 5, = I,,, we have

(ros) o
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and by implication,

si=_1 <1 s >_1— (1)
AT p\T—p7) T

Since 5\1, e ,5\,1 are the solutions to the equation
-1 L _1,
’)\ I —S_{ SN 155 Sa, 157 | =0,
and
_1 1 _1,
S 75k, 155158157 = 0p(L).
by the continuity of ordered eigenvalues 5\1, S ,S\n converge in probability to the solu-

tions of the equation
IA-I,| =0,

that is, to the n-dimensional zero vector.

The Case r >0

Recall that, if » > 0, we assumed that

pe1 a1
6,N,A7_1 ma

is positive definite. Thus, A1,---, A, are the eigenvalues of the positive definite matrix
*% 7ol -1 *%’
B_i B A 1WA A —1BR_T

so that A1,---, A\, are real, ordered and non-zero.

For any A € R, defining My = (5 S_15 L)fé, the inverse of the Cholesky factor of
B S-1B.1, we have

(8,80 - [AS—1 = S 1Sa" a1 1(8.81)]

_ | (5') (AS-1 -S4, 155" Sa1) (8 5.

1

_ 1y B'S_ap BSaBLY B’S’A,_ISESA,_M 5'53,_15;15A7—1ﬂL
BSap BLS-1pL BLSN 1S Sa—18 BLSA 1S5 Sa 181
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N B'S_1p B'SaBiMy \ [ B'Sh_1Sx'Sa 1B B'Sh 157" Sa 181 My,
Mrp\ S8 Mrf\ S_18. My MTﬁﬁ_S/ArlSZISA,—IB MTﬁiS/A,—ISEISAﬁl/BJ—MC/F

I, O
X
O M;!

Since (B3,81) and My are nonsingular matrices, it follows that the solutions to the

eigenvalue equation ‘)\S_l - S _1SngA7_1’ = ( are solutions to the equation

\ p'S_15 B'S_apLMp ) 5/S/A7_1SEISA,—1B 5'521_15115A,—1ﬁLM’T _0
MpB'\ S Mrp|S_161 My Mrpp Sy _1Sx'Sa—18 MpB SN 155" Sa 181 My

The preceding result tells us that

(Tl_pﬁj_s—lﬁj_) T Op(1),

so that

1

(/Bj_s—lﬂJ_)_l = m (

1
T—-p

1
53_S—I/BJ_> = 0p(1),

implying that

N

My = (B1S-181) 2 = 0p(1)

as well by the continuity of the Cholesky operation. Therefore,

B'S_18 B'S_161 My o [ H @)
Mrp\ S_18 Mrpp) S_181 My O I,

and

Mrf, S 153" Sa 18 MBSk _Sa'Sa 18.Mj

LN (ﬁ///A,_ﬂiglﬂA,lﬁ O)'

( BSh_1Sx'Sa 1B B'Sh_,SalSa 181 M )

0 @)

By the continuity of real ordered eigenvalues and the continuous mapping theorem,

(:\17 o 75\n) should converge in probability to the solutions of the eigenvalue equation
p-1 O B'in _pix' pa 1B O )
‘/\ ( O I ) B ( o OA oll~ ’)\M—l _5/U/A,71MA1MA,—16) X Ty

This equation has exactly r non-zero solutions, denoted A1 > --- > A., and n —r solu-

tions equal to 0.
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Q.E.D.

While the uniqueness of the ordered sample canonical correlates allows us to obtain probabil-
ity limits for them, the potential non-uniqueness of the corresponding eigenvectors of S:lé S’A’_ISEIS A7_15:1% '
makes it more difficult to obtain limiting results for BT- Fortunately, we can establish that the
cointegrating space, at the very least, is consistently estimated, in a sense to be discussed below.

First we decompose BT as the sum of the projections of BT onto the space spanned by the

columns of S and its orthogonal complement; specifically, we let

Br=B(B'B) B Br+BL (B .BL) " B br.

T yr

Since the column space of § is the (augmented) cointegrating space, we can say that the coin-
tegrating space is consistently estimated if 7 = 0,(1), that is, if the projection of BT onto the
orthogonal complement of the cointegrating space vanishes as T'— oo. In other words, the coin-
tegrating space is consistently estimated if BT belongs to the cointegrating space (the column
space of ) with probability 1 as T — oc.

To show this consistency result, we require more preliminary asymptotic results. First, define
S(A)=AS_1—SA_15x'Sa,1

for any A € R. Note that, since Aj,---, A, are the solutions to the equation [S(A\)| =0, S(\;) is

singular for any 1 <i <mn.

Lemma (Rates of Convergence of Eigenvectors)

Maintain assumptions Al to A3, and suppose that r > 0. Then, the following results hold:
i) Br=0p(1), i1 = Op(1) and i7' = O,(1).
ii) 97 = O,(T7') and B’S(S\i)ﬂ-ii;ﬁ = O,(T™1) for any 1 <i<r.

iii) For any 1 <i<r,

o 1 B )
8S(8-dur =B (V"¢ ) Walna,1Bir +op(1).

Proof) We proceed in steps.

Step 1: fr = 0,(1)

We first show that 37 = O,(1). This follows from the normalization condition
BrS_1pr =1,
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We transform S_; in the same manner as in the preceding theorem; defining My =

(ﬁj_S_lﬁl)_l as above, so that Mp = 0,(1), note that

B'S_15 B'S_11 My I, O I I, O
= = S_ .
‘ (Mw;s_lﬁ MTﬁ;S_lmM'T> (0 MT) (ﬁ;) o 81) (0 MT)

Letting LL' = ¢ be the Cholesky decomposition of ¢, we can now see that

-1
o s (8 (L 0o\, (L o 1,
BrS—1Br = Pr (ﬂl) (O MT_1> LL (O MT_1> (5 /31_) Br =1,

or, defining

op=1' (g MO_l) (ﬁ ﬂL)ilﬁA’T,

T

we have
Sbbp =1,

This means that the columns of §7 are orthonormal and have norm 1 for any 1T'€ Ny,
so that HSTH < /r and thus op = O,(1). Furthermore,

Br= (ﬁ 5J_> (g ;2) (L)~'-brp,

where

L 0\
(5 9)-a0

because M7 = 0,(1). Furthermore, since

Cﬂ) H—1 0
O In.)’

a nonsingular matrix, (! = O0,(1) and (L’)~!, being the Cholesky factor of (71, is also
O,(1). Therefore, 7 is the product of a nonrandom matrix ([3 B L) and three Op(1)

matrices, so that it is also Op(1).

Since 27 = (8/8)" 14 Br, by implication &y = Op(1) as well.
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o B _ —1
Step 2: ;7 =0,(T"")
Recall that the columns of

A

Cr= S%;BT = Si (ﬂl,T B’“vT)

1 1
. -1 _ —17 . . Q Q
are eigenvectors of S_2 S\ 715’AISA,_1S_12 corresponding to the eigenvalues Ay, -+, A

Therefore, for any 1 <17 <r,
5:1%5'&,15515A,_1 Bir =N\ S%;Bi,Ta
or equivalently,
S(\) - Bir = P\is—l — S’A,_nglSA,_l} Bir = 0.
For any 1 <i<r,
Bir = Bair + BLikr
and the equations
B'S(\)B- i +B'S(\)BL-Gir =0
BLS(N)B-Eix +BLS(M)BL - Gir =0

hold. From the asymptotic results for QMLE and the consistency results for the eigen-

values shown above,
B'SA)B=Xi-B'S_18—B'Sh 155" Sa—18=0y(1),
B'S(A)BL =X B'S_18L—B'Sh 152" Sa,~18L = Op(1)
BLS(A)B =N BLS_18—BLSA 153 Sa 18 = Op(1)

Lo ofs . BLSaBL 1 .
FASA)BL =N = — 81 S) 15K Sa 181

4N BLA (/01 W"(r)W"(r)'d?“) NBy,

where \; > 0 is the ith largest solution to the equation ’)\M—l — B\ _1u£1,uA7_16 =0.

By implication,

(Roistns) =0,

as well.
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We showed above that &7 = Op(1). Therefore,
" [RPVAPRYRY i A
Tjir = (77SO0BL)  BLS(R)B-dir = Oy(1)
which tells us that
Ji = Op(T7H).
By implication,
B'S(N)B-dir =—F'S(N)BL-Gir = Op(T™)

as well.

Step 3: i7" = Op(1)

Using the normalization condition, we can see that

I, = BpS_1pr = (Bir + BLir) S—1 (Bir + BLir)
=PSB+ 3 BS_1BL - 9r+ 97y BLS-1B T+ 97 B1L.S-18L - Or-

Since 97 = O,(T~ 1) and &1 = O,(1),
- B'S1B1-r = - (75161 ) Tir = op(1)
since 'S_1 = Op(1). Similarly,
- BL5BL0r =Ti- (55161 ) - Tir = op()
since | S_181 = Op(T). It follows that
I, = BpS_1pr =il B'S_18 - i1 +0p(1).
It follows that
i B'S_1B-dp B IL.

Because the determinant is a continuous function, by the continuous mapping theorem

we have

- 18'S_18] B || =1.
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8'S-18] & |i-1] >0, so
1

L
lor] B ()2 > 0.
1]

The elements of the adjugate of a matrix A are polynomials of the elements of A.
Therefore, the adjugate of a random matrix that is bounded in probability is also
bounded in probability. We just showed that |T1T| =0,(1), so

A—1 _
T gy

i(@r) = Op(1).

Step 4: An Expression for ﬁis(j\z’)ﬁ'i’i,T

The final result follows by noting that

BYLSh 1 —B1LS 1B —BL Y’lMX(AY Y- /Ba)}

ipYilMx(X-F%—s)]
=5, (1Y’ ) /61( Y’lX) (1)(’)()_1 (1X'5).
T—p T—p T—p

Since - SX'e=0y(1),

88,1 = (B1518) o = B (= ¥!ie ) +o,1),
The asymptotic results for QMLE tell us that

o = pZ(pa-18)',
and §'S_1 and Sa _1 is consistent for p_y and pa _1/3, so
1S, 1~ B SaB(E'S13) 'Sy = Bl (V") oy,
where we used the fact that S_15 is Op(1). Therefore, for any 1 <7 <r,
BLS(N)B @i =N B S_1B- &1 — BLSA 157" Sa—1B Tix
=N\ BLS_1B-#ir *,83_5715(,8/5715)_15,53,_15’;15&715‘@',T

- B <Y/ 15) SA'Sa-18-Eir+op(1)
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= 31518 (8S18) " [\ BS18—F'Sh 195" Sa 18] - dir
—BL <Tl_py’15> SASA 18- Zir +op(1)
=B1S1B(8'S1B) " BS(A)B-ir
-6 <T1—pYi15> SA'Sa1B-2ir+0p(1).
We saw above that ﬁS(XQBﬁcLT = Op(T1) and thus o0,(1), so that

“ R 1 _ N
BLS(A)B- &ir = =Bl (T_pY) S3'Sa-18- i+ op(1).
Finally, since S&l EN ,uzl and S 1/ EN pa,—13, we have

o 1 B )
BLS(N)B-&ir = —B) <T—pYi1€> pa A, -1 &g+ op(1).

Q.E.D.

The preceding lemma can be directly used to establish several consistency results:

Theorem (Consistency of Parameter Estimates)
Maintain assumptions Al to A3, and suppose that r > 0. Then, the following hold true:

i) The cointegration space is consistently estimated:
BL@T = Op(Til)-

ii) IIp = &p- A% is a consistent estimator for II:

Iy B 1= af.
iii) Sr is a consistent estimator for X:
Sr b %
iv) T'r is a consistent estimator for I':
I'r BT

Proof) i) This follows immediately from the preceding lemma. Heuristically, it tells us that

the projection of BT on the orthogonal complement of 8 vanishes as T'— 0o, so
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that, for large T, Br lies in the cointegrating space with probability close to 1.

ii) Note that

A

Br = B+ BLir,
so that
Briz' —B=Bririp' = 0p(T ™),
since 7 = O,(T~ ') and &1 = Op(1). Therefore,

. . 1 ~ T4 1 17
Iy = arfr = (T_pR/AR—1> pr [BIT (T—pRl_lR_l) 5T} Br

= SA771,@T (B&“S—IBT) - B%

A~ N A~ —1 A~
A—1 [ ~—1 ~—1 ~—1
= Sa,—18r27 (xT "B S_1Priy ) i Br

B pa—1Busif =af =1L

iii) Similarly to the preceding result,

& A Al 5\ 71 Aol
Y =8A—8a_18r <5T5—1ﬁT) BrSa.—1

. . . 1 .
o1 (a1 =1\ L1
= SA —Sa, 187187 (l‘T "BrS_1Priy ) &7 BrSh 1

B pua —pa—1BuZ1B ua 1
=Y+ pa 180 —pa, 1o’ =B

iv) Finally, using the consistency of I, we can see that

Pp =T+ (X' X)XV (= 1) + (X'X) 7 Xe

- 1 / -1 1 / / r/ 1 ! -1 1 /
—T+ (TX X) (TX Y_1> (' —17) + (TX X) (TX g)

1 ~
since (%X’X) =0p(1), +X'Y_1 = Op(1), II' = Il = 0,(1) and £X'e = 0,(1).
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That ﬁATi}l —B=0,(T~1) can also be expressed as
BT — Bir = Op(Til).

This is reminiscent of the result in factor models that the factor estimates are consistent only for
a rotation of the true factors. As in factor models, because the cointegrating relationships are
non-unique, our estimates of the cointegrating relationships collected in ﬁ} is consistent only
for a rotation of the true cointegrating basis . In this sense, too, is the cointegrating space

consistently estimated.
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8.4.7 Testing for the Cointegrating Rank

Here we state and derive the limiting distribution of two test statistics designed to test for the

cointegrating rank r. To this end, we first derive the limiting distribution of the last n —r sample

canonical correlations, 5\r+1,~- ,S\n, under the assumption that the true cointegration rank is
O<r<n.
It turns out that /A\TH,--- ,;\n converge at a rate of T to their limiting distributions. The

formal statement and proof are given below:

Theorem (Asymptotic Distribution of Eigenvalues)
Maintain assumptions Al to A3. Then,

~

Q d
(T/\T—O—L' o aTAn> — (7717' o ann—r)a

where 17 > --- > n,_, are the ordered eigenvalues that solve the equation

|)\- / W)W (s ds — ( / 1 Wn—f(s)dwn—f(s)’> < /O 1W”_T(s)dW”_’"(s)’>, o0,

0 0

or equivalently, the ordered eigenvalues of the positive definite valued random matrix

(/ W (s)dW™ " ( ) (/ W ()W (s )ds) 1(/01W"’"(s)dww(s)’>.

In addition,

(Z )\) [(/ W ()W ) </ W ()W (s )ds) 1(/01W"_T(s)dW”_T(s)’)].

i=r+1

Proof) The Case r =0

Again, we deal with the case where there is no cointegrating relationships, so that » = 0.

In this case, T5\1 > > zjn > 0 are the ordered solutions to the eigenvalue equation

1
‘)\ <TS_1> - 537_15518A7,1 =0.

Letting F' be the weak limit of SA _, the continuous mapping theorem tells us that

Thi>->TA\, >0 converge weakly to the solutions of the equation
‘/\ (1) </ W™(s)W"(s )ds>E2T(1) —F’MglF’ =0.
Since puap =% and a | = 53" when r = 0, the above equation can be written as

1
‘A-r(l)lzé’ (/ W"(S)W”(s)’ds> Ser(1) Y — F’aLalF‘ =0.
0
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Since F'o; and
) 1
r(1)-'ss (/ W"(r)dW”(r)’)
0

are both limits of S’ _;a | when =0, the uniqueness of weak limits tells us that they

are identically distributed and thus that T, ,Tj\n converge weakly to the solutions
of the equation

—153 (/1 n n ’ ) 1, —17 1k (/1 n n /> (/1 n n /)l 1, -1/
A1) 'nz W™(s)W™(s) ds | 22'T(1)"Y —r(1)"in2 W™ (r)dW™(r) W) dw™(r) | £2'T@1)
0 0 0

or equivalently, the equation

‘A- /0 W (s W (s ds — ( /0 1 W”(r)dW”(r)') ( /0 lwn(r)dwn(r)’)/ —0.

The Case r >0

Note that (T'A,)~* >--- > (T'A;)~ > 0 are the ordered solutions to the equation

1 _
’Ts_l —1-Sh_1Sx'Sa 1| =0.

As above, we can use the fact that (ﬁ B L) is nonsingular to conclude that (T'A,)~!

Y

e > (Ts\l)_l > 0 are also the ordered solutions to the eigenvalue equation

| (5'57:1,3 ,8’5}1[& ) . (/B/S/A’_l‘SZlSA,l/B B/S/A,_l‘SZlSA,lﬁJ_) ‘ 0

/ S_ / S_ — -
ﬂJ‘T 18 BJ_ Tlﬂl 6lSlA,—ISAISA7_IB /giS/A’_l‘S’AISA,—IBJ_

Note that
ﬁ’S’A,_nglSA,_lﬁ ﬁ’S’A,_lsngA,_lm
ﬁlS'A,qS&lSA,flﬁ BLS'A,ASESA,qﬂL

A (Braapatva B Buy iy F
Fluy'pa 1 Flup'F

a positive definite matrix, where F' is the limiting distribution of Sa 13, , and likewise,

B'S_18  B'S_1B. o) 10
/ T ! T & .
lﬁ?—lﬁ lﬂsj—jlﬁJ_ 0 BiA (fol Wn(T)Wn(T)/dT') NG,

By the continuity of ordered eigenvalues, ((T j\n)*l, .. ,(T5\1)*1> converge in distribu-

tion to the ordered solutions of the equation
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O O . Bltp akaia B By aea FY|_
O BLA(Jo Wr(ryW(r)dr) A'81 Flup'pa, 18 Flup'F

The matrix on the right is positive definite, so the solutions to this equation are non-
negative and real valued (they are the eigenvalues of a positive semidefinite matrix). If
1 > 0 is a non-zero solution to the above equation, it is also a solution to the equation

0=|n- ﬁlM/A,flﬂgluA,—lﬂ

1
_ _ _ -1 _
X [BLA (/ W"(T)W"(T)’dr> ANBL—n-F {MAl_NAl:UJA,fl/B(B/H/A,—llLAlﬂA,flﬂ) B/NIA,—lﬂAl] F‘
0

Since the first term is always non-zero, it follows that any non-zero solutions to the
eigenvalue equation of interest must also solve the equation

1
_ _ _ —1 _
BiLA (/ W"(T)W"(T)'dr) NB|—n-F' {Ml—uAluA,ﬂ/J’(ﬁ’M/A,—wAluA,—lﬁ) 5'#&,—1%1}17‘ =0.
0

This equation has n —r positive roots, so the equation

o) 0 . Bun _ypix pia—1B8 Bus _pn'F 0
O BLA(fy Wr(r)Wr(rydr) B, Flux pa—1p Flux'F

must have n —r positive solutions and r solutions equal to 0. It follows that

where the convergence is in probability because the limit is non-random.

It remains to find the non-zero roots to the above equation. Note that

HA = x a,—13 (BINIAﬁlMZlMA;lB)il LYNSY e
= pa! = patapor (poa/iylap ) g
= Mgl (In -« (o/,ugla) - o/,ugl>
= :“Zl (In— Pa(ﬂA))_l =x! (In— Pa(z))_l = OZJ_O/i

where the last two equality follows from results shown earlier. Therefore, the non-zero

solutions to the eigenvalue equation are also solutions to the equation

BLA (/01 W”(r)W”(r)'dr) ANB| —n- F'aJ_aJ_’F' =0.

Since | F'a;; and
1 1
ga( [ wrmawn ey ) s¥a,
0
are both limits of S’A7_1a 1, the uniqueness of weak limits tells us that they are identi-
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cally distributed and thus that (Tj\n)_l, e (Tj\TH)_l converge weakly to the solutions
of the equation

s wrowrote) s wsis( [ wromer )t [wromor) 5
Since
1 ) X
BLA (/0 Wﬂ(S)dWﬂ(S)/) 2a; ~ (B B1) @\ T(1)8) </ W (s )dW"T(s)’>
1
BiA (/ W"(T’)W”( )A /BJ_ ~ (ﬂlﬂj_) aLF </ W" 7“ 71 T(S)/CLS) (ﬂlr(l)/aL)—l(ﬁiﬂLL
0

we can say that (TAp)~1,---,(TAr1)"! converge weakly to the solutions 7j; > --- >
Tin—r > 0 of the equation

1 1 1 !
/ W ()W (s) ds — . ( / W"""(s)dW”_T(s)’) ( / W”""(s)dW”"”(s)’) 0,
0 0 0
Letting n1 > -+ > np—» > 0 be the ordered solutions to the equation
1 1 1 !
A [ wersyas = ([ @aw sy ) ([ wersarisy) | <o
0 0 0

since n; = % for any 1 <i <n—r, it follows from the continuous mapping theorem that
the first claim of the theorem holds true.

To see the second claim, note that the trace of a positive definite matrix is given as the
sum of its eigenvalues. Therefore, since n1 > -+ > n,_, > 0 are the ordered eigenvalues

of the positive-definite valued random matrix

</01 Wn_T(S)de_T(S),>, </01 Wn_T(S)W”_T(S)’ds> B ( /0 1 W”_T(S)dW”_’“(s)’) ,

we can see that

() (o) (e )]

Q.E.D.

We now consider two tests for the cointegrating rank.
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The Trace Test

Initially, consider testing the null hypothesis
Hy:rank(Il) <r<mn
against the alternative hypothesis
Hy :rank(Il) > r

for some 0 < r < n. The likelihood ratio test statistic is given as

LART:*2 |ﬁllp l(a,B,H,E)fsup Z(Q,B,H,E)‘|
Hy Hy

=n(T—p) <1og(27r) +1 +Tlllog|SA|) +(T'—p) ilog(l — 5\2)
i=1

— [n(T—p) <10g(27r)+1+ ilog\SA\) + (T—p)ilog(l —5\1)]
i=1
=—(T—-p) z”: log(l—:\i)
i=r+1

Suppose the null hypothesis is true. The stochastic version of a second order Taylor approxima-

tion around 0 tells us that
1og(1 - /\> S VR |
where )\; is a convex combination of 0 and \;. Since T\; = Op(1), it follows that

(T—p)A =~

and, by implication, (T —p)A\? = 0,(1) as well. Therefore,

n n

LRr=(T-p) 3 5\¢+% Y (T-p)X;

i=r+1 i=r+1
n

=(T=p) Y Ai+oy(1).

i=r+1

Slutsky’s theorem now tells us that

LRy % tr [( /0 1 W"_"(s)dW”‘T(s)/>, ( /0 1 W"—T(S)W”—T(s)'ds> - ( /0 1 W”‘T(s)dW"_T(s)’)] |

This is called the trace test due to the form of the limiting distribution.
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The Maximum Eigenvalue Test

An alternative to the trace test considers testing the null hypothesis
Hy:rank(Il) =r
against the alternative hypothesis
Hy:rank(Il)=r+1

sequentially for » =0,--- ,n— 1, stopping only when the null can no longer be rejected. In this

case, the likelihood ratio test statistic is given as
LRT = _2“(@7/871_[72 ’ HO) —l(Oé,,B,H,E ‘ Hl)]

=n(T —p) (10g(27r) +1 —i—:llog\SA\) +(T-p) ilog(l — 5\1)
i=1

1 r+1 R
_ ln(T—p) (10g(277) +1+ nlog\SA\) +(T=p) Y log(1- )\)]
=1
=—(T-p) log(l - 5\T+1).

Suppose the null is true. Relying on the same second degree Taylor approximation as before tells

us that
A 3 d
LRT = (T_p))\rJrl +Op(1) — M,

where 77 is the largest eigenvalue of

(/01 Wn_r(s)dwn_r(s)l)/ (/01 Wn_r<S)W"_’“<S)’d:~r)_1 < /O 1 W”_T(S)dW”_’”(s)’> .

This is called the maximum eigenvalue test, again due to the form of the limiting distribution.
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8.4.8 Asymptotic Distribution of QMLEs

Here we derive the asymptotic distribution of the QMLESs of 3,11 and I'. We first use a previous

result to establish the limit of BT, or at least a rotation of it.

Theorem (Asymptotic Distribution of Cointegrating Relationships)
Maintain assumptions Al to A3, and suppose that r > 0. Then,

-1

T (Briz'—8) S 5 ( /0 lB"_T(s)B”_T(s)’ds) /0 "B (s)dv (s,

where {B"7"(5)}sejo,1] and {V"(s) }se[0,1] are n—r and n-dimensional Brownian motions defined

as
B""(s) = (BLAL)( T(1)BL) - W™ (s)
n /1 —1 -1 /77 1wl n
V(s) = p—1 (ﬁ NN MA,_1B> B'lin 1 pix 52 - W™ (s)

for any s € [0,1].

Proof) For any 1 <i <r, recall that

N

Bi=p-Zir+ B0
and
BLS(N)B - i+ BLS(N)BL - Gir =0
Therefore,

T (Bz - B@',T) =T -B10ir
1 . -1 S
— 6. (7805008L)  BLSG0B-dur.

We saw above that

1 ! 3 d / ! n n ! I

TPLS(A)BL = Ai- BLA /0 W YW (r)'dr | '8y,
where A; > 0 is the ¢th largest solution to

‘)‘M—l - B’M’A,_luglua,-lﬁl =0;

by implication,

1

-1 -
(3500 ) A @ 0 Gy ([ W @wrsyds) (@l B0
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It was also shown that
A R 1 _ N
BLS(N)B @i =—p1 (T—PY/lE> HA i, -1 BEi T+ op(1).

Therefore,

T (B ir) = o (30L50082) 2 (o vhie ) uss 18- du-+oplD)
1

-wmmm*%ﬂw%([WW@mwwmﬁ (@ T(1)8L)(BL5L) '8,

1 _ N _
h (Hy,lg) pa Ha—1B-Eir AT +op(1).
Defining
AN - 0
D= | : :
0 Ars

we can now see that

-1

) 1
7 (e par) = (8L ETW ) ([ W W (s ds) (@ TWEL(E )78
1 / —1 A —1
X ﬂy—ﬁ ta Ba,—18 21Dy +op(1).
Recall that, for any 1 < <r,
B'S(N)B-ir = B'S_18- &1 — 5/52,715215&—15 &y = 0p(1).
Since

B'S_1B8-Ni — p—1-Ni = 0p(1)
B'Sh. 158" Sa—18 =B tia _1pa a1 = op(1)

and Z; 7 = Op(1), we have
H—1 T TN — 5/MIA,_1/L£1MA,—1B T =o0p(1)
as well, so that

po1- 27Dy — B'ts iy a1 8- 3 = 0p(1).
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i = 0,(1) and 23 = O,(1), so that

-1
srD; et B (B/N/A,—lluglﬂAﬁlﬁ) [

This reveals that

A 1 -1
T (Briz' —8) = BL(BLA) (BT o) ( / W”’“(s)W"T(syds) (! D(D)BL)(B1L8L) 81
< (Ve ) a8 Dy 7+ 0,(1)

-1

= (e e (| 1 W W () ds) (@l T8 5L) Bl

1 ~ - -1
X (T_pYiy?) NN (5/NIA,71MA1MA,—1B) fi—1+0p(1).

Finally, we know that

1 / d, ! n n(,\ 1,
Ve bA /OW(r)dW (ry ) =¥,

SO

1 -1 e -
B (T_pY’la> OISl G NS BT

1 ) _
(8T @A) ([ W aW(s) ) £zl a 18 (Fuis amana18) i,

Therefore,

r(ret-5) 4o ([ Borwmreas) [ B @asy,

where the processes { B"7"(s) }s¢[0,1] and {V"(8) } se[o,1] are the n—r and n-dimensional

Brownian motions defined above.

Q.E.D.
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Chapter 9

Estimating Structural Break Points
Bai and Perron (1998)

In this paper, the authors estimate multiple break points at once under the assumption of struc-
tural changes in regression coefficients, and also present a way to test for the number of break
points. In this chapter we deal with the former problem, namely the estimation of multiple break

points through simultaneous and sequential means.

Assuming that there are m break points 11, - - , T, in the sample, so that there are m+ 1 regimes,

the model in question is given as

y=x; - B + 2z -0 tu
—~ O~~~
1xp px1 1xk kx1
for any T;_1+1 <t <7Tj; and 1 <j <m+1, where Tp =0 and 7,11 = T. Due to the presence
of regime-independent coefficients 3, this is a model of partial structural change; if p =0, then
every slope coefficient becomes regime-dependent.
Our objective is to estimate the structural break dates 71, --,T;,. The true dates and parametes

are denoted with the superscript 0.

There exists a convenient way to organize the data. Define Y = (y1,---,yr)’, X = (21, -+ ,27)/,
U= (u1, - ,ur) and
Zé“j_1+1
Z =diag(Zy, -+, Zmy1) where Z;= : for any 1 <j<m+1,
zépj

with § = (1, -- 76m+1),‘

Then, the model can be expressed in matrix form as
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9.1 Estimation of the Break Points

To estimate the break points 11, - ,T},, the authors use a least squares method. Specifically, for
some ¢ > 0, denote by B, 1 the set of all potential break dates {7} = (11,--,T},) in {1,---,T}
such that |T; —Tj_1| > ¢q for 1 <j <m+1. For any {T;} € By r, define the sum of squared

deviations given break points {7} as

m-+1 T
r({T},8,0) = 3 Z r—xy8 — 216;)?
J=1t=T,_
= Y-Xﬁ-Z&)’(Y—Xﬁ—Za).

The minimizers of the above function with respect to /3, are given by the least squares estimates
R \ -1
s\ _ (xx xz\ T (x,
sq{Ty) | \Zx 7z z'|

BUTY) = (X' MzX) ' X'MzY

which implies that

~ _ N —1 —
S{TY) = (2MxZ) 7'My,

where M7 and Mx are the residual makers associated with Z and X.

Defining V ({T}}) = (X, Z), the concentrated sum of squared deviations is then given by

SrU{T3}) = Sr({T3}, BUT.0(T3}) = Y Myqr)Y-

We define our break point estimators {7} = (T1,---,Tj,) as the solutions to the minimzation

problem

i Sr(AT:Y) =Y My (.Y
o T({T5}) VT

subject to W = (X, 2).

Our estimators of § and ¢ are then given by
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9.2 Assumptions

The following are the assumptions made to ensure that the estimators of the break points are

consistent and well-behaved estimators.

Formally, we assume the following:

(1) Existence of Break Fractions

We assume that there exist fractions 0 < A\ < --- < A% < 1 such that

TJQZLT)\?J
forany 1 <j<mand T € N,.
It follows that
79 0 1
R G
T — "7 < T +T

79
for any T'€ N4, impyling that - TN )\? as T — oo for each 1 < j <m+1.

(2) Asymptotic Properties of Sample Covariances
Denote w; = (2}, 2,)’ for any t € N, and define W = (wy,--- ,wr)’. Let W be the diagonal
partition of W at the true break points 77,---, 79, that is,

w/

79 41
j—1
WO = diag(Wy,--- , W2, 1) where W)= : forany 1 <¢<m+1.
wro
J
Then, we assume that, for any 1 <j <m+1,
1 017770 1 i P A0 7 7
/ _ / _ 71T 1,z
7070 WiWi =m0 70 el 0
J J-1 J Il =19 41 Jzx 3z
for some positive definite (p+ k) x (p+ k) matrix Q?.
By implication,
1 T m+170 _ 0 ) 1 T]Q
T2 = 2 S g, 2 v
t=1 j=1 J J=l=10 41
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for any T' € N, ; as such, we can conclude that

where () is positive definite because each Q? is.

Identification Condition for Break Points
We assume that there exists some lp > 0 and ppin > 0 such that, for any { > lp and 1 < j <

m+ 1, the minimum eigenvalues of

TO ,+1 70
1 1
/ * /
Aji_11= 7 g wywy, and  Aj = 7 wwy
t=T) | +1 t=T) 1

are greater than or equal to ppyin. In other words, the matrices A;_;; and A;‘-l are positive

definite matrices that are bounded away from 0.

Nonsingularity of Regressors
For any ¢ <[ such that [ —¢ > k,

!

/

Bi=)Y_
t=i

is nonsingular.

Uncorrelated Errors
Since we are interested in investigating structural breaks when the regressors include lagged
versions of the dependent variable, we assume that the error process {u;}+cz is a Martingale

Difference Sequence (MDS) with respect to the filtration
F= {]:t ‘ te Z}
on Z where

th =0 <{ws}s€Z U {us}sﬁt)
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for each t € Z, such that

sup Elu |*T¢ < 00
tez

for some ¢ > 0.
Furthermore, by the definition of an MDS E [u;] = 0, and we assume that E [u? | F;_1] = o
for any t € Z.

An FCLT for Martingale Difference Sequences

Let the stochastic process {v;}iez be defined as
VUV = WUy

for any t € Z. We assumed above that {u;}ez is an MDS with respect to the filtration F;

since vy = wyuy is Fi-measurable for any ¢ € Z by the definition of F;, and

E [’Ut | Ft—l] = Wt E [Ut ’ ft—l] (U)t is ]:t_l—measurable)

=wy-0=0, (MDS property of u;)

it follows that {v; }1ez is also an MDS with respect to F.
For any 1<4,j <p+k, {Vij+ = (u} — 0*)wirw;ji }tez is a mutually uncorrelated sequence
of random variables with finite mean; to see uncorrelatedness, note that, for any t,s € Z

such that s < t,

E[VijtVijsl = E[E[Vije | Fio1]- Vijs]

[ E [u? | -thl} - 02> witwjt‘/%j,s] =0,
and for finite mean, note that
E [V%j,t] =K [(E [u? | .7'—1571} — 0'2> witwjt} =0.

It follows from the WLLN for uncorrelated sequences that

1T

72 Vit 0,

t=1

and because this holds for any 1 <4,5 < p+k, we have

T
1
T Z(u? — o) ww, B 0.
t=1
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Finally,

by assumption (2), so we have

1

M|

Therefore, it makes sense to assume that {v; }ez follows some sort of FCLT result. Specif-

ically, define the stochastic processes {S7(7)},c(o,1] and with continuous paths as

s

1
Sr(r)= ﬁ ; v+ ﬁ(TT — I_TTJ)’ULTTJ_H

for any r € [0,1]. Letting S7 be the random function in CP*[0, 1] corresponding to {S7(r)}rep0,1):

we assume that
d 3 +k
ST — 0 Q 2. WP s
where Q% is the Cholesky factor of .

Defining {V(r)},¢j0,1] @s the process collecting the lower k rows of {S7(r)},c[0,1) and Vr

the random function corresponding to {Vr(r)},¢o,1), it follows that

1
Vr(r) = T > murt ﬁ(TT = [TrD)z7r 4107 41

for any r € [0,1] and

for some k-dimensional random function B* corresponding to a Brownian motion process.
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(7) Uniform Convergence of Sample Covariances
Assuming that the regressor z; contains lagged values of the dependent variable, so that
{zt}tez is not strictly exogenous, our break point estimators are found by solving the

minimzation problem

min T: Y' M
o Sr({T;}) = v Y

subject to W = (X,2)

for some € > 0.

We assume that

L
— Z z20 B Q(r) — Q(s)
t=|Ts|+1
uniformly on the set of all (r,s) € [0,1]?, where (0) = O, Q(r) — Q(s) is positive definite
for any 0 <s<r <1, and

sup
(v,u)€[0,1]2, v—u>e

(2(v) =0 w) 7| < +oo.

Note that, for any T € N, such that 7 > =1 = L1 tEFTsJH

(r,5) € [0,1]? such that r — s > ¢ by assumption (4), since

22y is positive definite for any

|Tr|—|Ts| >Tr+1-Ts=T(r—s)+1>eT+1>k

in this case.
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9.3 Preliminary Results

The following are results that Bai and Perron establish prior to the proof:

i) Rate of Convergence of XJQ’MZJ.XJQ
For any 1 < j <m+1, define X¥,--- vXSerl and Z9,--- ,ZSLH as

/ /

T z

T]071+1 T§71+1
X9 = : and Z¥=
J : J
/ !
) 20
T; T;

for any 1 <j <m+1, so that W]Q = (X]Q,Z?).
Choose any 1 < j <m+1, and note that

XYM, 0X? -1
17 ouyo o0 o0 L o y0
79
9 —T9 1 J
=L = 0_ 70 > w)
T 7 =T 1, %
t=T9_ +1
79 70 -1 79
70 _ 70 1 J 1 j 1 j
J Jj=1 / ’ ’
T \-T ; S B o 2w TO_70 2,
=T} | +1 J J t:T]071+1 J J t:T]971+1
By assumption (1),
TO
J PO
TN

as T'— oo for any 1 < j <m+1. This, together with assumption (2), implies that

X' Mz X)

b 0,—1
T - ()\9 - A?—l) (Q?,x - Q?,xz : Qj,z . Qj,zx) ’

where the right hand side is nonsingular due to the nonsingularity of @);. Therefore,

X9 My0 X9 XU MpX9\ ™
———— and |——F—F—
T T

are Op(1).
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ii) The Sizes of Submatrices
Let there be full rank matrices S1,V; with m and n columns, respectively, and r rows.
Now let S,V be full rank matrices with the same number of columns as S1, V7, but now
with 7+ s rows. We will show that S'My S — S| My, S; is positive semidefinite.

To this end, let the matrices Ss, Vo, with the same number of columns as S1, Vi, collect the
lower s rows of S and V. Choose any o € R™, and define y = Sa € R"™"%, y; = S1a € R”
and ys = Sea € R®, so that y = (y1,v5)"-

We approach this problem in terms of projections. Defining
b=V'V)"'WW'y and b = (V{V1) Wy,

it is easy to see that Vb is the projection of y on the column space of V and Viby the

projection of y; on the column space of Vi. By definition,
1~ Vib ‘2 inf y; — Vib|?
A 101 = blelﬁv Y1 10| .

Note that

2
2

‘y—VB =\y1—m6]2+\yz—v26]22 ‘yl—VllAy ,

2 |y —Vib
y2 — Vab

o2 .2
Suppose that ’y — Vb) < ‘yl —Viby| . Then,

2

)

A~

S

'91 — V113‘2 < ‘yl —vib| + ‘yz - ‘/213’2 = ‘y—‘/l;’2 < ‘y1 ~Viby

.12
which contradicts the assumption above that ’yl - Vlbl‘ is the infimum of |y; — Vlb]2 over

the set of all n-dimensional vectors b. Therefore, it must be the case that
.12 .12

’y1 - V1b1‘ < ‘y— Vb‘ .

Since
.12 . N
‘yl - Vlbl‘ = (y1 — Vib1)' (y1 — Vib1) = y1 My, 11
12

and ‘y — Vb‘ =y’ My -y, we finally have the inequality

o/ (8" My S — S1 My, S1)a =y Myy — y) My,

= ‘y—VB’Q - ‘y1 - Vll;l’g > 0.

This holds for any o € R™, so S’ My S — S| My, S; is positive semidefinite.
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iii) Rate of Convergence of X'M;X over B.rr

We will now show that

sup
{T;}eBer,r

under the stated assumptions.

Choose any {Tj} € By, sothat 0< Ty <--- < Ty, <land Tj—Tj—1 > €T forany 1 < j <
m+1, and construct Z as the diagonal partition of Z = (z1,---,2r)" according to {T}}. It
follows that

P, =2(Z'2)"Z,

where Z'Z is invertible for T large enough so that €T > k due to assumption (4). Using

block matrix operations, we now have

-1

Zy - 9] VAVAREREE @ Zy - 0
Py=|: S : S
O - Zpi O - Z1Zmm o - Z .,
Z(Z\z) 1z - O
_ : : =diag(Pz,, -+, Pz,...)-

0O Zm+1(Z;n+1Zm+1)_IZvln+1

and as such,

MZ:ITfPZ:diag(lef"7MZm+1)'

Define
x/Tj71+1
X; = :
ar,

for any 1 <j <m+1, so that

]\421 O Xl m+1

X'MpX = (X1~ X)) | 0 L =3 XMy X
=1
O - Mgz, ) \ X J
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Let R1,--,Rm+1 be the regimes under {77}, that is,
Rj=A{Tj1+1,---,T5}

for any 1 <j <m+1. Let RY,---,RY, ., be the true regimes.
Suppose that none of the true regimes are contained in a single regime under {77}, that

is, suppose that, for any 1 < j < m+ 1, there does not exist an 1 <4 < m+ 1 such that
RY CR..

In this case, because Ty =Ty =1, TY > Ty + 1, since otherwise R will be contained in R;.
Now suppose, for some 1 < j <m+ 1, that T]Q > T+ 1. Then, it must be the case that
TJQH > Tj41+1, since otherwise, the regime R?H = {TJQ +1,--- ,TJOH} would be contained
in Rj1 = {Tjs1,--- Tia }-

By induction, T,?Hl =T >Tn+1+1=T+41, a contradiction. Therefore, it must be the
case that there exists at least one 1 <j<m-+1 and 1 <¢<m-+1 such that R? CR;.
This implies that T;_; +1 < TJQ_I +1< T]Q < T;, so that (XJO,ZJQ) is contained within
(X, Z;). By the above result on submatrices, it follows that

XMz, X;— X) My XY
J

is positive semidefinite, and because each X]My X is positive semidefinite, we can see
that
m+1
X'MyX = XJ'MpoXJ = 3 X[Mz, Xy~ X}’ Mz X
I=1
is also positive semidefinite.
Since X?M ZQXJQ is a positive definite matrix, this implies that X’M ;X must have full
J
rank (otherwise, there exists a vector a such that o/ X'Mza =0 < o/XJQMZQX]Qa, a con-
J
tradiction). Therefore, X’M;X is nonsingular and by extension positive definite.

Furthermore, the above implies that

-1
X;)/MZJOX_;) (X/MZX)l
T T

-1
is positive semidefinite, and as such the maximum eigenvalue of (X JQ’ Mz X jo> is larger
J

than or equal to that of (X'M;X )71. Since the operator norm of positive semidefinite

matrices is equal to their maximum eigenvalue, it follows that

—1
(X’MZX>_1 g X3' Mo X7
T = T ‘
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The above holds for any {T}} € By for some 1 < j <m+1, so we have

XOMHx0\ !
< max (w)

su
> T 1<i<mA+l T

(X/MZX> -1
{T;}eBer,r

T

We saw above that, for each 1 <j<m+41,

XOM,0x0\
JtZr g
() o

so it follows that

sup
{T;}eBer,r

(X'MZX>_1 —0,(1).

T
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iv) Rate of Convergence of X’MZZO over B.rr

We will show here that

X'M;Z°

sup T

{Tj}€Ber,T

=0,(1).

Choose any {T;} € By, and let Z be the diagonal partition of Z according to {7}}.
Then, the residual maker M, = I — Z(Z'Z)~'Z' is symmetric and idempotent, so that
it is positive semidefinite (its eigenvalues are either 1 or 0 due to idempotence) with
rank(M;) =tr(M;) =T — (p+k) > 0 for large enough T'. Therefore, the operator norm of

M7 is equal to its largest eigenvalue, which is 1, and it follows that

H X'M 2"

L2 < L2 <o (Rarx) e (2 z)

This holds for any {71} € B.rr, so

1

X'M,Z° 1 (1 29 =0\ 3
sup =27 I <tr (X’X)2tr (ZO’ZO>2 .
{T;}€Ber,T T T T
Since
1 m+1 TQ 1 _TQ 1 Tjo » m—+1
I'v _ J— J ' 0 0 0
XX =3 = B DR B (/\j —)‘j—l) jo
T — T T’ T —
j=1 J J t:T]‘Ll-&-l Jj=1
and similarly,
70
L o0 T]O—l_T]Q 1 : 1| P 0 0 0
TZJ Z = T TO —TO Z tht — ()\‘7 _)\j—l) j,z

I I a=T0 41
for any 1 <j <m+1 by assumption (2), together with the condition

1 07 0

<

=1

H1Z0/Z
T

we can see that X'X and £+Z%Z° are O,(1). It follows that

X'M,Z7°
su —_—
5 T

{T;}eBer, 1

= 0,(1).
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v) Rate of Convergence of P;U over B.rr

We will show here that

sup | PzU|* = 0,(1).

{Tj}eBET,T
First note that, for any {7} € By, we can write
\P;UP=U'PU=U'Z(Z'2)"'Z'U
1 -, N /1, N1/ 1 -
= Z’U) (Z’Z) (Z’U),
(ﬁ T T

so that

U'PU = yU’P—U;

1 - _ —1
A =Z2'Z .
of|(772)

We now examine the terms on the right hand side one by one.

2
Step 1: The’ L Z’U‘ Ordinate

Since
! T1
Z . 0\ (u >h
7'V = | = : ,
o - 7,n+1 ur ZtT:TmH Ut
we have
1 . 2 mtll g T} 2
—7'U| = — 2l
e R IR

m+1

—Z

2

)

(%) (%)

where the last equality follows because T% | T TJJ for any 0 < j <m+1.

Define the set

J.={(v,u) €0,1* |v—u>el}.

By the way in which we defined B.r 7, Tj —Tj_1 > €T, which implies % —
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such,

2
<(m+1)- sup |[Vr(v)=Vp(u).
(v,u)ede

1 -
—=7'U
.
Because this holds for any {7} € B.r 1, we in fact have

<(m+1)- sup |Vp(v)—Vp(u)*
(v,u)€Je

sup
{T;}€Ber,r

We now show that the function of Vp defined above is continuous on C"[0,1], and therefore

that the term itself is O, (1) by the FCLT assumption and the continuous mapping theorem.

Let the function g:C"[0,1] — R4 be defined as

9(f) = sup [f(v)— f(u)]

(v,u)€de
for any f € C"[0,1].
Now choose any f,h € C™[0,1], and assume without loss of generality that

9(f)= sup |f(v)=f(w)|> sup [h(v)—h(u)|=g(h).
(v,u)€Je (v,u)ede

Then, define f: J. — R, as

f(v,u) =[f(v) = f(u)]

for any (v,u) € Je. J. is closed and bounded, so it is compact, and f is a continuous
function on the compact set J.; by the extreme value theorem, there exists a (v*,u*) € J.
such that

[f() = fu)] = f(v"u) = sup flo,u)= sup [f(v)—f(u)l.

(v,u)EJe (v,u)EJe

Therefore,

l9(f)—9(h)| =g(f)—g(h) = sup [f(v)—f(u)|— sup |h(v)—h(u)

(v,u)€Je (v,u)€Je

=|f(W") = f(w)[ = sup |h(v) —h(u)]

(v,u)ede
<|f(0") = f@)] = [h(v") = h(u")]
<|f(0") = f(") = (h(v") = h(u"))]
<|f") =h)|+[f (") =h(w")] <2-|[f = hllc-
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Therefore, g is Lipschitz continuous on C"[0,1], and by the continuous mapping theorem,
2 d k k keoy |2
sup |Vi(v) = Ve(w) = (Vi) % (W) = sup |W*(v) = Wh(u)]".

(v,u)EJe (v,u)€Je

It follows that

sup  [Vip(v) = Vp(u)® = Oy(1)

(v,u)eJe
and as such that
1 4, |
sup |—=Z'U| =0,(1)
{Tj}EBET’T \/T P
N |
Step 2: The (%Z’Z) H Ordinate
Because
X S VAVAREE o)
1rz-
T . M
O %qunﬂzmﬂ
we have
-1
(%Z{Zl) 0
1o, )"
A = :
(7272) . -
and thus

m+1 1 T} -1
<Y X a
=\

el -
<(m+1)- sup ( Z Zﬂ’é) ;

(U,u)EJe T t= LTUJ+1

where the inverse functions exist for large enough 7' by assumption (4) because we restrict

our attention to (v,u) € [0,1]? such that v —u > e. This holds for any {T}} € Ber 1, so

1 - _ -1
~7'7
(77)

sup
{T;}€Ber,r

L) -
<(m+1)- sup ( > ztzg) :

(v,u)EJe t=|Tu)+1
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By assumption (7), which states that

L )
T Z 212y — Qr) — Q(s)
t=|Ts|+1
as T — oo uniformly on Jq,
L) -
(m+1) swp (= > zmz| || Bm+1) swp |(Q@E)-2@w@) T,
(v,u)€Je T t=|Tu|+1 (v,u)€Je

where the inverse matrices on the right hand side exist because v —u > varepsilon, which
means @ (v) —Q (u) is positive definite by assumption (7).
Since the value on the right hand side above is assumed to be finite, we can conclude that

1 - _ —1
~7'7
(777)

sup
{T;}eBer,r

= 0,(1).

It now follows that

—27'U
VT

) -1
( / )
T

sup ]PZU]2§< sup
{T3}Ber,r {Tj}€Ber,r

2
{T‘] }GBST,T

sup  |PzU* = 0,(1).
{T;}Ber,r

)

and as such that
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vi) Rate of Convergence of X'P,U and ZO’PZU over B.rr
We will show here that
1

VT

1

VT

X'PyU

sup ZO’PZU‘ =0,(1).

{T;}€Ber,T

s sup
{T;}€Ber,r

This follows easily from the preceding result.

Note that
= X'PU| <P, x|
vT VT
for any {T;} € B.rr. Thus,
1, X'X 3
i, = omen (2)

We already know that both terms on the right hand side are O,(1), so that

L
VT

sup
{T;}€Ber,m

X’PZU‘ = 0,(1).

Likewise,

sup

1 ZO/ZO > %
{T;}€Ber, T ’

~0.
Nl ’PZU‘ < (supryyep.r | P7U)) -tr< -

and by the same reasoning as above,

sup
{T;}€Ber,T

1 s o]
ﬁZO PZU‘ =0,(1).
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9.4 Consistency of the Break Fraction Estimators

We first prove that the estimators 0 < 5\1 << 5\m < 1 of the break fractions, which are defined

as

>
NS

for any 1 < j < m, are consistent for the true break fractions A{,--- A0 .

This is shown in several steps:

9.4.1 Step 1: Convergence of the Sum of Squared Differences
For any 1 <t <T, define 4; and d; as
- a:;BA — 223] and
dy =z} (3—50) +2 (53‘—5?)

for any 1 <t <T such that Tj_14+1 <t <Tj and T | +1 <t <T? for some 1 <j<m+1,
1 <l <m+1. That is, @ is the residual for the ¢th observation and d; the difference between
the fitted values and their true counterparts.

By definition, 3 ({77}) and 6 ({77}) minimize the sum of squared deviations
m—+1 j
Sr{TP},8,0) =" > (m—xiB—=20;)?

0
Jj=11t= T +1

with respect to [3,9. Therefore,

St({17}) = Sr({T}, BUTYY).6(T7Y) < Sr({T7},8°,8%) =D _uj.

t=1

In addition, by definition {7}} is the minimizer of S7({T}}) on B.rr. Since {17} € Beryr due

to our assumption that
0 0
Aj—Ajo1>¢€

for any 1 <j <m+1, it follows that

Z?Zé ({T3}) < Sr({13}) g
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Note that u; — 4y = d; for any 1 <t¢ <7T. By implication,

T T T
Zu?EZﬂf:Z Z -2 Zutdtv
=1

so that

An easy consequence is that

1 T
= —Zutdt.
thl

We wll now show that this term converges to 0 in probability.

Define Zy,-- , Zpy1 as
,/\
T 141
Z] — :
/

for any 1 < j <m+1, and let Z* = diag (Zl,--- ,Zm+1). Let 29,..., 29 m+1 and Z9 be the popu-

lation counterparts.

Note that
T m—+1 Tj R m+1 T]Q
Zutdt = (Zutxt> 5 BO Z Z UtZ;/ (5] — Z Z u,,z,é 5?
t=1 3=1 \t=T;_,+1 J=LA\¢=T9_ +1
21 31 Z? 51
'X(B—B)+U : -U’ :
Zm+1 : 8m+1 Za(’)nJrl : 5m+1
/X(B_60)+U/Z*S_U/Z050’
so we have

1 & 1 . 1 ,-. 1
= d — IX _ 0 - lz*(;_i /ZOCSO.
T;Utt TU (B 5)+TU TU
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For any fixed {T}} € Ber T, let Z be the diagonal partition of Z under {7}}. Now we have the

following results:

. sup ‘%U’X(B({Tj})_ﬁo)‘ = o0p(1)
{T;}€Ber,r

By definition,

BUTY) = (XM X) ™ X'MzY
= B0+ (X' MzX) "' X'M5Z°° + (X' Mz X) ™ X' M4U.

It follows that
1 . 1 _ _ 1 _
U'X (B -p°) = FUX (X'MX) " XMz 2060 + U'X (X' Mz X) ™ X' MU.

The first term above is majorized as

1 _ _ XM X\ Y || x'p, 20
‘U’X (X'M,X) " X' M, 7% < ‘ UX’ H Z) Hz ’50
T
so that
- 2V =1 7as7_ 7050
sup |=U'X(X'M;X) " X'M;Z°6
{T;}€Ber,T
1 X'MX\ ! X' M 570
S‘X'U’-( sup (Z> )( sup —Z -‘50,
T {T;}€Ber,T T {T;}€Ber,T T

We already saw that all the terms on the right hand side are O,(1), except for ‘%X ! U’.

This term can be majorized as

1
7]

1z
= *Ziﬂtut <
T

and because
Sr(1) % N (O,JQQ)
by assumption (6) and the continuous mapping theorem, we can see that
Lo
TX Ul =o0,(1).
Therefore,

1 _ _
sup  |=U'X (X'MzX) "' X'M,Z°°| = 0,(1).

{Tj}€Ber,T
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On the other hand, the second term is majorized as

)

X’MZX) !

1, 1 1 X' MU
—U'X(X'M-X)  X'MU| < |=U'X]|- : Z
U KM X)X < U ‘H( T =7

so that

sup
{T;}€Ber,T

Lorx (', x) ! X’MZU‘

/ _ -1
’ ‘1X,U’_< s (X MZX>
T {T;}€Ber,T T

) . < sup
{T;}€Ber,T

The first term is 0,(1), and the second is O,(1). As for the third term,

X’MZU‘
=== ).

X'MyU| |1 1
< | =X —X'P;
=2 < [pxvfs |pxeay]
for any {Tj} € Ber o, so that

X'MzU
T

1
X'P—U’ ;
Gl

sup
{Tj}€Ber,T

1 1
<’X'U‘+< sup
‘ T V T {Tj}EBET’T

both terms are op(1), so

X'MzU
T

sup
{T}}€Ber,T

’ =0p(1).
It follows that

sup
{T;}€Ber,T

Lorx () X’MZU‘ = 0p(1).

Putting these two results together,

ZU'X (BUTY) - )

sup
{T;}YeBer,

=o0p(1).
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i, [ () = 28) <o)

Using the fact that

_ _\ —1 — _ _ -\ —1 —
— (Z’MX Z) 7' Mx Z°6° + (Z’MXZ) 7' MxU,
we can see that

1 1 (78 X ~0 ¢0

U (28((T3)) - 2°9°)
_1/‘ ~1 ‘_1‘/ ~0 0 1/‘ 71 ‘_1‘/ 1/‘00
= U'Z(ZMxZ) " ZMx 2%+ U2 (Z'Mx Z) 2/ MU~ 0" 2%

Note that

o (x _ X'X X'Z
ww =" | (x2)=("" )
7' 77X 7'Z

so that the lower (2,2) block matrix in W'W is given in two different ways:
(zMx2) ' =(22) " +(22) 7x (X'Mux) "' x'2(22)
This implies that
Z(7'MxZ) My = [Ir+ P X (X'M;X) ™' X'| P My,
and as such that
%U’Z (7' Mx2) 2y (2°6°+ MxU)
_ %U’ |Ir+ Py X (X'MzX) ™ X'| Py My (2°° 4+ MxU)

1

1 1 1 - 1
— _U'P,X(X'M-X)" X'P,M )<20-60+M -U).
\/T A ( A ) ZX \/T X \/T

Each term is majorized as follows:

1
U'P; MX‘ ( sup U'P; )
‘ v v T {Tj}EBET,T| Z|

1 ] 1
—U'P; X (X'M;X X’PMX‘g sup UP
ﬁ Z ( Z ) Z \/T {Tj}EBETT| Z|

1 2

f

) )

(X MZX

X ( sup
{T;}YeB.r,T

571



‘ZO 8| < \50

|7

e 7 <[l

The only term whose rates of convergence are unknown is ﬁU . But this can be easily

seen to be Op(1); for any § >0,

1< ) 1<
P TZ:U,: >0 <= fZ(ut
t=1 t=1
]E H(u? - o?)
T252t 1s=1 { }
1 X
— 7252 E [(uf — 02)2}

Since sup;¢z E [uﬂ < 400 by assumption,

T—o00

1T
lim P <|T;u§—o’2

-4 -

and because this holds for any ¢ > 0,

1 1 L,
— U ==Y 2 R
‘ N eI
Therefore, ‘ﬁU ‘ = O,(1), and we can conclude that
sup ! U'P;M op(1)
—_U'P,My| =
{Tj}EBET‘T \/T Z b
1 _
sup | —=U'P;X (X'M;X)"' X'P;Mx| = 0,(1)
{Tj}EBET’T \/T
7°.8% = 0,(1
’\/* p( )
1
My -—=U|=0,(1).
My —=U] = 0,1)

By implication,

sup
{T}}€Ber,T

vz (Z’MXZ)_l 7'M (2050+MXU)’ = 0,(1).
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Finally,

Here,

where S7(1)

as well.

1 170 c0
—U'Z"§
‘TU

1T
<|= 2+
< 2w

'\50‘.

‘ ZZtuze M,

77l

= O,(1), so we have

1 _
‘TU’ZO(SO =0,(1)

Putting all the pieces together,

sup
{T;}YeBeT,T

<

%U’ (Z6({13}) - 2°°)

sup
{T;}YeBer,T

Lz (Z’MXZ) 2y (2050 + MXU) ’ 4 ’;U’Z%O
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Therefore, we are able to conclude that

'X(BUT;Y) B+ U'Z5({T = U200 =

sup
{T;}eBer,

op(1),

and because {T;} € By, it follows that

1< 1 N BT
For any § > 0,
1T T
t=1 t=1

T 1 T
< Zutdt > 5) <’T Zutdt
t=1

>5>,

and because the rightmost term goes to 0 as T'— oo by the definition of an op,(1) process,

>6> =0.

T—o00

1T
lim P||=Y &
n P (7

This holds for any é > 0, so

R \
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9.4.2 Step 2: Deriving a Contradiction from Inconsistency

In this section we will use the convergence result proven above to show that, if

min ‘)\l —)\2’ 20
1<i<m

does not hold for some 1 < j <m, then we have a contradiction. To make the notation clearer,

we explicitly state the dependence of the break fraction estimators 5\j on the sample size T', as
AT -
We again proceed in steps:

The Implication of Inconsistency

Suppose, for some 1 < j <m, that
i \X )\0‘ 50
lg}lgnm T, 5

By the definition of convergence in probability, there exists an 7 > 0 such that n < § and

1<Ii<m

P( min P\T’l_)\?’ >’I7> 7L>0,

as T — oo, and this in turn means that there exists a g9 > 0 such that, for any T € N, there
exists a T > T such that

]P’( min P\T’Z_A?‘ >n> > £g-

1<I<m
This means that there exists a subsequence N of N, such that
P( min (A= >n) > .
(ér}lsnm T, j n)=¢€o

for any T € N.

Characteristics of the Interval [T'(\} —7),T(A] +17)]

We now investigate how large T must be for T]Q to be the only true break point to fall in
[T(A} =), T(A) +n)].

Since we assumed 1 < §,

£
)\Q—n>)\2—§>/\?_1,
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which in turn implies that

T (A =n) >TA_ > |TA) | =T).,.

lJikeWise,
0 0, ¢ 0 €

which implies that

T(\+n) <T-\), —T;

for T' such that TS5 > 1, or T > %, we now have
T (N +n) <TA)p —1< T,
This shows us that

[T(AF =), T(A] +m)] € [T}y +1,T7]

if 7> 2,

Since
0__ 0 0 110
15 = LT)\jJ € [T/\j,T)\j +1),
if Tm > 1, then
0 0
T +1<T (X +7),
so that
0 0 0
T7 € [T(Af =), T(Aj +n)].

Since T > % implies T" > %, it follows that, for any 7" > %, TjO is the only true break point to be

contained in

[T(AF =n), T(A] +m)].
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Deriving the Contradiction

For T € N such that T > %, let w be an outcome contained in the event
m A
ﬂ{‘)\T,l —A?‘ > 77} € H.
=1

In this case,

~

Ar(w) & [X] = 1,77+,

for any 1 <! <m, and because

for each 1 <[ <m, we have
Tri(w) & [T(A]—n), T(A) +m)].

for any 1 <1 <m. In other words, no estimated break point falls in the interval [T()\? - n),T()\? +

n)] under outcome w.

Suppose that the above interval is contained in the ith regime under w, so that

A

Ti1(w)+1 < T —n) < T\ +n) < Ti(w).

Then, for any ¢ € [T()\? - n),T()\? +n)], since ¢ < T)\? implies ¢ < TJQ and t > T)\? + 1 implies

t> T]O7 we have

>

dy(w) = ri(w)=09) ifte[T(\)—n),TAY] '

A A

o (w) (Br(w) — B°) + 2 (w) (074 (w) — (5?+1) ifte [T)\? + 1,T(/\5-) +n)]

Denoting [T()\g - n),T/\g-)] = A; and [T)\g-) + l,T(/\g-) +n)] = Az, and suppressing the dependence

on the outcome w for notational brevity, we have
1 ¢ 2 1 o, 1 2
TZthTZdlﬁ—TZdt
t=1 teAq teAs
A o\’ 79 A 0
L, (ﬁT—B) LS (BT—/ﬁ)
— s o) |Tn [t I NS
5T774 — 5j T77 t:TjO—T’V] 5T,l - 6]

N 4 T94+Tn A
pr—p° I [ Br—28°
+ n- R 0 Ti Z 'U,)twt A~ 0 .
6T,i - 5]+1 n t=T041 5T,i - 6]—‘,—1
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For any d-dimensional vector a and a conformable positive semidefinite matrix A, letting A =
PDP' be the eigendecomposition of A,

d
o/Aa=a'PDP'a=Y D; (P'a);
=1

> (fgingi) <i (P'a); )

=1

= (min Di> ‘P’a’Q = (min DZ) Jal?.

1<i<d 1<i<d

Here, minj<;<q D; is the smallest eigenvalue of A.
By the identification condition for the break points (assumption (3)), given that Tn > Iy, the

minimum eigenvalues of

1 TP 1 T+Tn
/ /
T Z wiw, and T Z WWy
t:TJQ—Tn t:TJQ-H

are bounded below by pmin > 0. Therefore,

~ 2 n 2
1 & Br—B° Br—B°
T d% 21 * Pmin A + 1| 4
T ; 5T7i — (59 6T,i - 6?+1
A N 2
1 pr—B° Br—B°
> =17 Pmin * A ol "1+ 0
1 2
= §U * Pmin 5]_1,_1 (5;)‘ .

Define C' = %n-pmin > 0.

Since the above holds for any 7' € N such that T > max (%, %) on the set
m A
M Ar =] > mh,
=1

it follows that

p (ﬁ{]xm BU n) <p <;2T:d,? - |t _59.\2> .
t=1

=1

Since
lﬁl{‘:\m —)\?‘ >n}= {1I§I}i§nm);\T»l _ /\?‘ >
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and
. ? 0
m —\- >
P (1<ll<nm ‘)\T’l )\]’ > n) = €0

for any T' € N, it follows that

1< 2
co <P 5> > C|o,, — o
Tt:l

for any large enough 7T in the subsequence N of N,. This contradicts the fact that

so it must be the case that

for any 1 <j <m.
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9.4.3 Step 3: Matching Estimators with True Break Fractions

Finally, it remains to show that, for any 1 < j <m, j\j is the break fraction estimator that is
consistent for /\9. To make the proof simpler, we prove the result for the case where there are
three breaks, that is, m = 3.

We showed above that, for any 1 < j <3,
min ‘5\5 — )\?’ 5o,
1<I<3
so that, by definition,
lim IP’(min ‘S\l —)\?’ > 5) =0,
T—oo \1<I<3
or equivalently,

lim P(min ’5\1—)\?‘ §5) =1

Tooo \1<i<3

for any 0 > 0 and 1 < j < 3. This property allows us to first prove the consistency of 5\1, and

then proceed forward until we reach \s.

Preliminary Results

Defining
3 0] « 1 _
{[h=2]= 3} =
for 1 <1,5 <3, we will show that
]P)(AT’[]')—)O
as T'— oo for any 1 <1,j < m such that [ > j.
o A3
If ‘:\3—)\(1)‘ < 5, then
€ 3 0 3 0
52 ‘)\3—>\1‘ > A3 — Ay
implies
3 0, ¢ 0o 3 0
)\3§)\1+*<)\3—*6<)\3.

2 2
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This means that

5\1<5\2<5\3<)\g,

so that
8 =[] 2 ]
o e 3
> 2¢e — 3= —€.
Therefore,

AT,l C {1rgli£3‘5\l *)\g’ > g&},

and as such

P(ATJ) < P(min ’5\1—)\(3),‘ > 28) .

1<I<3

The right hand side goes to 0 as T'— oo, so it follows that P(A7 1) — 0 as well

o Ar3o

Now suppose that ’5\3 — )\8‘ < 5. Then,

>

e ~ ~
5 Ag =8| > As -8,

so that
Z\3§A3+§</\g—%<)\g.

As above, this implies that

i o] = ] = g
and as such,
]P)(ATQ) <P <1I£li£3‘5\l — )\g’ > ;) .

Again, this implies P(Ar2) — 0 as T — oo.
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o Aron
Suppose that ’5\2 —)\(1)‘ < 5. Then,

>

% Xz—A?\zXZ—A?,

so that

€

< .
2 2

S < A?+§ <N-
As above, this means that
A< A < AY,
so that
’5\2—>\3‘ < ‘Xl—Agl.
Note that
2= 28] > |3 = 29| =[R2 = XY >g—§:§.

If, in addition,

5\3—)\8‘ > 5, then

min ’)\j — )\8’ = min (’)\2 -
1<5<3

5\3—>\8D >

£
2

Y

Putting these results together, we can see that

A7 C { P\j —)\8’ > %} UAT 32,

min
1<5<3
so that

R €
P(AT,Zl) < [P( min ’)\j —Ag‘ > 2) -HP)(AT732) .

1<j<3

We already saw that the last term on the right converges to 0, and the first term on the right

also converges to 0 by the result derived in the previous section, so P (A7) —0as T — oo.
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The Consistency of M

Choose any 0 < d < 5. We first state the following decomposition:

P o s =8) =P ({81 < s =38 o P}
For j =2,3,

p({[3 28] <o} n {28 = min [\ -]} ) < (|8 -8 < 5) = A

where the right hand side goes to 0 as T'— oco. Therefore,

({3 <o} {8 -8l = i [} -0

as T — oo.

Since
P(min ‘Xj—)\?‘ §5> —1
1<5<3

as T — oo, together with the preceding result it must be the case that

P({&l—xﬂga}m{pl—A?::ﬂﬂgpr—xﬂ})—>1

as T — oo. Finally, because

P ({2t <5} ] = i ) <2 (e8] <)

and the left hand side goes to 1 as T — oo, we have
P(|h - <) =1
as T — 00,
If 6 > 5, then
(-t <5) < (] <3)
where the left hand side goes to 1 as T — 00, 50
P(|h - <8) =1

as T — oo.
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We have seen that, for any 6 > 0,
P(|h - <8) =1
as T'— oo. Thus, by definition,

PYES\S

The Consistency of 2

Choose any 0 < § < 5. As above, we first state the decomposition

P ( i [3; -] <) =§;P<{\Xﬂ‘”3\ <op{in-8]= pin [ }).
As above,

]P’<{‘5\3—)\8’ ga}m{\xg—xg = min \&—%]}) §P<’5\3—)\3‘ < ;) = Apss,

1<I<3

where the right hand side goes to 0 as T'— oco. Therefore,

P({lﬁg—)\g‘ ga}m{pg—xg — min \x,_xg\}) -0

1<i<3

as T — oo,
If |Ay —A3] <4, then

3= 29| > [A3 - 28] - [ - 29| >5—5Z%,
so that

IIOWESHES) gp(\ﬁl—x{( >;)
By the consistency result proved above,
P(‘Xl—/\?‘ >;) =0

as T — 0o, so that

P(’S\l—)\g‘gé)ao
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as T — oo and therefore

P({bl—Aﬂgé}m{pl—Ag::ﬂﬂaﬁrmgu)—+o

as well.
These results, together with the property that
P(min ‘S\j—)\g’ §5> —1
1<5<3
as T — oo, imply that
: $. 10 20| |5 1O _
Jim B ({8 =] <o} {[3 4] = poin [3 -]} ) =1

Again, this allows us to deduce that

Jim P (|3 -] <) =1.

If § > £, then
P(]XQ—AS\ g;) <P (|} -2y <),
where the left hand side goes to 1 as T — 00, 50
P(|A =8 <) =1
as T — cc.

We have seen that, for any § > 0,
P (|3 -2 <6) =1
as T'— oo. Thus, by definition,

3. P O

585



The Consistency of A3

Choose any 0 < 6§ < 5. As above, we first state the decomposition
P (i [3, 28] <) :gp({\xj_xg\ <o} {[i, 8] = i[5~ 4]}
If ]XQ—Ag‘ < §, then
o= 28| > A3 23| - [A =AY > e~ 5> %

50 that
P(|h—2g| <o) SIP’(P\Q—A%’ > ;)
By the consistency result proved above,
IP’(‘XQ—/\Q‘ > ;) -0
as T — 00, 5o that
P(|A =y <8) =0
as T — oo and therefore

P({]XQ—AQ‘ <obn{[A - 28| = min \x,_xg\}) —0

1<1<3

as well.

Likewise, the consistency of A\ for AY implies that

P({‘Xl =M <oA= = min ‘f\l—)\g’}> 0.

1<I<3
By implication,
(o] < 0} {8 = min 3 - }) =1

which implies that

B <) =1

We can deal with the case § > 5 as above, so A3 is consistent for \J.
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9.5 The Rate of Convergence of the Break Date Estimators

So far, we have shown that the break fraction estimators are consistent for the true break
fractions, that is, 5\j RS Aj as T'— oo for any 1 < j < m. We are now interested in the rate of

convergence of the break dates; that is, the rate of convergence of

T -1 =T (3 ) d

for each 1 < j <m. It will turn out that the above quantity is O,(1), or equivalently, that :\j —Aj

converges to 0 at the same rate as %

As above, we prove the result for the case where there are three breaks, that is, when m = 3,
and prove that Ty — TY is bounded in probability. The proofs for T —TY and Ty — T will then
be seen to be similar to that for T — TY so that we are done.

In addition, we will assume that the model is one of pure structural breaks (p =0) in order to
simplify the proof.

We once again proceed in steps.

9.5.1 Step 1: Obtaining a Probability Bound

We want to show that 75 —T20 is Op(1); in other words, that for any n > 0, there exists a C' > 0
and T € N, such that

}P’(’TQ—TQO‘>C><17

for any 7 > T. To this end, we first derive an upper bound for the probability P (‘T H— TQO‘ > C’)
for any C' > 0.

For any ( > 0, define the set
ch{(T1,T2,T3)€BaT,TH7}—T]Q‘SCT for any1§j§3}.
For any 1 <5 <3, if‘j\j—)\?’ < ¢, then, because TJQ: LT)\?j,
T 10 <TX = TA) < |[T(3; = A))| < 7,

and

T <A —Th,+1<T (|3, - 20|+ =) <7

g —dis A —TA LS ‘J*j‘+f<f
for large enough T', so that

) -1 <¢T
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for large enough T'. Therefore, for large T,

<P ((T17T2,T3) € Vg)
which implies that

hmP@A@j@ew}ﬂ

T—o00

A~

by the consistency of the break fractions 5\1, S A3,

Now we can start constructing the upper bound. For any C' > 0, note that
P(|T—15|>C) =P (T~ 19 > C) + P (T~ 1§ < ~C).
Because the two terms on the right hand side are symmetric, we focus on the last term. Define
Ve(C) = {(T17T2,T3) € BeT,THTj —T]Q‘ <(T, Th—T9 < —C}.
Clearly, V¢(C) C V¢, and

P(TQ —TQO < —C) < ]P({TQ —TQD < —C}ﬁ{(Tl.TQ,Tg) S V’Q}) +IP({T2 —T20 < —C}ﬂ{(fl.fg,’fg) §é ‘/’C})

<P ((Tl.TQ,T;),) € %(C)) +P ((Tl.TQ,Tg) ¢ ch) .

We focus on bounding the first term. Recall that ST(Tl,T n,T3) is the least squares sum of squared
residuals given the break points (11,7%,73) € Ber . By definition, the estimators (Tl,Tg,Tg)

minimize this SSR, so
Sr(T1,Ts,Ts) < Sp(Th, 19, T3),
or equivalently,
St(Th, Ty, T3) — Sp(T1,T%,T3) < 0.
If (T1.1%,13) € V¢ (C), then Th —T9 < —C < 0 and

St(T1,Ts,T3) — Sr(T1,T9,T3)

E <0
T9 — 1T

)

which implies that

St(Th,Ts, Ts) — Sp(T1,T9,T)

min <0.
(T\ T2, T5)EV, (C) 19 — Ty B
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Therefore,

Sr(Ty, Ty, Ts) — S (T, TY. T
]P’((Tl.Tg,Tg)EVC(C’))SP< (11, T, 15) (11,15, 3)§0>7

min
(T, T%,T3)€V, (C) T20 =T

and we can bound P (Tg -T9 < —C) above by

: Sr(Ty, T, Ts) — S(Ty, T9, T
P(TQ_T20<_C)SP min Sr(13,1», 3)0 St(Th, 15, T3)
(T1,T2,13)€V:(C) 9 — Ty

From the result derived above,
Th—{réop ((Tl.Tz,Tg) ¢ VC) = 0,
so there exists a T € N, such that

]P)((Tl.Tg,Tg) ¢ va) <

>3

for any T > T.
We need only show that there exists a C' > 0 such that

>3

S (Ty, Ty, Ts) — Sp(Ty, T, T
P min (11, T, 3)0 (11, Ty, 3>§0 <
(T1,T2,T3)eV:(C) 15 =15

for large T' to conclude that

P(Th—T) < —C) <

N3

for some C' > 0 and large T
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9.5.2 Step 2: Decomposing the Difference of SSRs
For any C' > 0, choose any (T1,T»,73) € V¢(C), and denote \; = % for j =1,2,3. Define
SSRy = Sp(Tv,T»,T)

SSRy = Sp(T1,T9.T3)
SSRsy = Sp(Ty, To, T, Ts).

Then, we can write

Sr(Ty,Ts,T3) — Sp(T1,T9,T3) = SSR; — SSRy
= (SSR; — SSR3)— (SSRy— SSR3).

Note that each term that comprises the rightmost term is the difference in SSRs of a model with
3 breaks and one with an additional break. Thus, the problem reduces to one of comparing two

models, one a restricted version of the other.

Asymptotic Properties of the Model with an Additional Break
Under the break points 1%, Ts, 7Y, T3, the model can be written as
Y =764 U,

where Z* is the diagonal partition of Z in accordance to Ty, Ty, T, T, that is,

7 = diag (21,23, 25, 23, Z)

for
/ / / / /
2 2741 “Ty41 #1941 2Tyl
Zl = ) ZQ = . ) ZA = ) Z3 = ) Z4 = )
/ / / /
le ZT2 ZTQO ZT3 27.

and 6% = (6,069,696 ,69"), where 49 is repeated once because T is categorized into the second
regime in the true model.

The estimator 0* = (8%,85,6%,05',0%") of 6* satisfies
8* _ (Z*/Z*)—lZ*/Y.

Let 2% = diag (27,23,2%,79, 7)) be the diagonal partition of Z according to the true break
dates with 75 between the first and second true break dates, specifically the break dates
T, T, T9,T9. We choose ¢ > 0 small enough so that TP < 7. In this case, the true model

590



is written as
Y = ZO* 50* + U7
and we can expand 5% as

S* — (Z*IZ*)—IZ*/Y
— (Z*IZ*)—IZ*/ZO* '60* + (Z*IZ*)—IZ*/U

_ 50* + <IZ*IZ*) - (12*/[])
B T T

+ (;Z*'Z*>_1 {J{Z*/ (ZO* . Z*)] '

+2*'U is o,(1) because
= zug = —= (Vr(r) = Vr(s)) = 0
Tt:LTsJ—I—l \/T

|
for any 0 < s <r <1 by assumption (6), and (%Z*’Z*) is Op(1) because

|l -
( > mé) 5 () - Q(s)

t=|Ts|+1

forany 0 <s<r<1.

In addition, we can see that

min(7y,TY) {
T - T7|{
Tg—max(Tl,Tlo){
19 - T
min (7Y — T9,T5 — Ty) {
|79 - T3{
T —max(T9,T3){

— ZO* o Z*’

SO O & O % O
o © & © OO
Q< O O O© O O

S o © O O

S o © O O

S 4

where the values on the left hand side refer to the number of rows associated with each row of

blocks and x, y denote non-zero elements. Therefore,

1 B B 2 1 max(Ty,T{) max(13,79)
H\/T<ZO*Z*> <2 T Z22t+f Z Zézt .
t=min(T1,77)+1 t=min(T3,79)+1

591



Since the first term on the right hand side can be written as

1 max(77,T7Y)

0 /
‘)\1—/\1‘- TR Z A I
|T1 - T1| .
t=min(T1,T7)+1

where the latter is O, (1) and [A) — A\ | = £|T{ — T3 | < ¢, and the same holds for the second term,
we can see that

2

1 7 0% 7% _
H\/T(Z ~2*)| =¢-0,(0).
Therefore, we can see that
A 1-,=0" 11 - Lo N M L mwadl2 1L /a0 -
* 0% < Z*IZ*> ‘Z*l ‘ <Z*1Z*> HZ*/Z* H ZO*_Z* ‘
5 — 6% < (T =270\ +| (7 - ﬁ< )

= 0p(1) + V(- 0p(1) = V(- Oy (1).

-1
In other words, for small ¢ > 0, large C' > 0 (the large C' is so that (%ZZ’ZZ) is not too large)
and large T, 53* is close to 5;-) for j =1,2,A,3,4.
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Difference in SSRs via Restricted Linear Regression

The model with break points 17,75,7T5 can be viewed as a special case of the above unrestricted
model subject to the restriction da = 3. In other words, SSR(Ty, Ty, Ty, T3) and SSR(Ty, T, T3)
are the sum of squared residuals from the unrestricted model above and the model subject to

the restriction
Ré* =0,
where R is an k x 5k full rank matrix defined as
R=(0 O I, —I; 0O).

The estimator of 0* subject to the restriction RJ* = 0 solves the constrained minimization

problem

: 1 7% ok ! 7% Ok
i, 5 (Y-2) (v -2)
subject to Ré* =0.
The Lagrangian for this problem is
1 7% Ok ! 7% Ok / *
E_E(Y—Zé)(Y—Zé)—uRé,

where 1 is a k-dimensional vector of Lagrangian multipliers. Letting 0* be the estimator of §

under the restricted model, we have the f.o.c.
7y - 25) = R
so that
=5 (2727) 'R

-
Premultiplying the f.o.c. above by R (Z 7 *) , we can see that
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Therefore,

5t = 6% — (Z*’Z*)*l R {R (Z*'Z*)*1 R’] B RS

Using this formula, we can express SSR; —SSR3 as

SSRy -SSRy = (Y~ 28") (v - 2°6") - (Y - 2°6°) (v - 2°F")
— K xR SHI el 7k S 12V Z* (3* . S*>

R [R (z727) " R’} ~ rée

Under the R defined above,
R6* = 6% — 6%,
and because

(Zy'zy)~" - 0

Y

_ N1
0 - (zyzy)”
we can see that

St 7\ L o ! # ke \—1 ey —1171
R(z"Z") R| =[(ZXz8) " +(z5'z)7"]
Therefore, the difference in sum of squares can be written even more compactly as

SRy -SSRy = (55 -83) [(2528) "+ (z/25) 7] (5 -84).

By a symmetric argument, because SSRy is the model with break points T7,7%,T3, we have

SSRy— S8Ry = (8- 63) [(28z3) " + (25 z) 7] (85-53).

594



9.5.3 Step 3: Rate of Convergence of the Difference in SSRs

From the result above, we can see that

Sp(Ty,To,T3) — Sp(T1,T9,T3) = (SSR; — SSR3) — (SSRy — SSR3)
= (f5-63) [(z5z8) "+ (zz) "] (5-8)
~(B5-88) [(z8za) 2y 2] (B -6n).
Since
(b-0a) [(zaza) "+ (2523) "] (33-6a) = (33 -64) Zaza (- 83).

we can further bound the above quantity below by

St(T1,T,T3) — Sp(T1, T3, Ts)
> (55-0a) [(z8za) "+ (z525) 7] (85-08) - (5-08) 2 za (55— 4a).
Note that

1 -1

_ 411 Z*,Z* -1 Z*/Z* -1
T20—T2 |:( A A) +( 3 3) :| [ TQO—TQ + T2O_T2

(ZZ’ZZ >_1+T20—T2 ( 73 7% )1
T9 — T Ts—T9 \T3—T9

-1

The eigenvalues of

Z*/z* 1 T2O
ACA th/
0 __ 0 _ t
B-T, T9-T, %,

are bounded below by pmin, so that the eigenvalues of

(#5)
9~ T,

are bounded above by p—i . Likewise, the eigenvalues of

19— Tp ( 7573 >—1
T3—-T9 \T3—TY

TO—Ts
T3—T7
diagonalizable, this means that the eigenvalues of

are bounded above by p_1 - , and because two positive definite matrices are simultaneously

(ZZ’ZZ >1+T20T2 ( Z3y 73 )—1
9Ty Tys—T9 \T3—T9
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are bounded above by

T —T Ts—T
—1 2 2 1 3 2
pmin <T3—T20+1> :pmin‘Tg_Tzo'

In other words, the eigenvalues of

1 *f 7w\ —1 wt sy —1171
o7 [(ZA/ZA) +(25'23) }
are bounded below by
T5—T9
Pmin Ts— T, .
As such,
Sr(T1, Ty, Ts) — Sp (11,13, T5)
9T,
T3 _T20 Sk Tx 2 Tx S\ ZZ/ZZ Sk Sx
> pminm |03 —0A| — (52 —5A> ™ Ty (52 —5A) .

We saw above that
5; _5? = \/Z'Op(l)a
for any j =1,2,A,3,4, where 6& = 49. In addition,

ZXZ}
LA%A _ 0,01

by assumption, so that

(55-03) 7278 (53-83) = - 0,0,
Finally,
Ty 1§ = 13— 19| > 19 - 19 |15~ 19| > (19 - 19) - T

and

Ty—Ty < ‘Tg—T??’ + ]TQ—TS\ +(19-19)
< (T??—T20>+2CT,
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so that

-1 (\-X)—¢
T5—To = (A —A9)+2¢

and
T-T9 |« (A3 =29 —

min 5*_ i '— 5 (5

P T T 3 ()\0 )\O +2C ‘ 3 2’ +C O ( )
Putting all the pieces together, we have

§T<T17T27T3) - S’T(TlaT207T3) (AO )\2
> min-— 03 — 0 2-¢-0
9T, = Pmin N N9+ 2¢ ‘3 2‘ 20 Op(D).

The first term does not depend on 71" and very little on (, provided that it is small. Thus, for
small (, large C' and large T, there is a large probability that

St(T1, T, T3) — St (T4, T, T3)
0Ty

>0,

and by implication a small probability that

St(T1, T2, Ts) — S (T, 19, T5)
9T

<0,

which is precisely what we intended to show.
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Chapter 10

Testing for Multiple Structural
Breaks

Bai and Perron (1998)

Here we consider two ways to test for multiple structural breaks. The first one tests the null of
no breaks against the alternative of r breaks, while the second sequentially tests the null of r

against the alternative of r+ 1 breaks.

10.1 Testing the Null of No Breaks against the Alternative of m
Breaks

We wish to test the null hypothesis
Hy: There are no structural breaks
against the alternative hypothesis
H; : There are exactly m structural breaks.

Under the framework of the structural break model studied in the previous chapter, we can view
these hypotheses as representing a restricted model and an unrestricted model, respectively,

where there are km restrictions

0= (51 = 6]',
for 2 < j <m+1, so that there are no structural breaks under the null.

To obtain a tractable test statistic for testing Hy against H;, define the set

A= {(/\1,--- JAm) € [0,1]™ ] [Aj —Aj—1] > € and )\j:% for some n € N, for any 1 §j§m+1}.
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for some d € N, and small € > 0, where we put A\g =0 and A,,,+1 =1 as in the previous chapter.
The second requirement, that each A; be a rational number with divisor d, is, strictly speaking,

not required, but has been included to facilitate the proof and enable an exacty grid search.

Suppose that (A1,---,\p,) € Az represents a collection of true break fractions in the sample.
Then, letting the break points be given as T71,---,T),, where T = |T'A;] for any 1 < j <m, the

model can be written as
ye = w45+ 2405 + uy

forany 7,1 +1<t<Tj and 1 <j <m+1, or in matrix form as
Y =XB+2Z5+U,

where Z is the diagonal partition of Z = (z1,---,2r)" according to the break points Ti,---, T},
and 0 = (d7,---,0],,1)", as we defined in the previous chapter.

In this case, the alternative hypothesis H; can be viewed as an unrestricted version of the above
model, and the null hypothesis Hy can be viewed as imposing the following linear restrictions

on the model:

Ho: R5:0
for the km x k(m+1) full rank matrix
Iy I -~ O O
R=
O O - Iy —Ij

Therefore, granted that (Ap,---,\;,) are the true (potential) break fractions, the problem of
testing whether there are 0 or m structural breaks reduces to testing for the linear restrictions
Ré=0.

We can naturally think of the following F statistic:

_ (SSRo—SSRy,)/km
~ SSR,/(T—(m+1)k—p)’

FT(>\17"' 7Am7k)

where SS Ry is the sum of squared residuals under the restricted model of no structural breaks,
SSR,, is the sum of squared residuals under the unrestricted model in which the break dates
are given by 11, -+, T, T —(m+ 1)k —p is the degrees of freedom in the unrestricted model
(there are m + 1 regimes during which the k-dimensional coefficient of z; changes, along with
p coefficients corresponding to the regime-independent exogenous variables x;), and km is the

number of restrictions.

Under the null hypothesis, there are no structural breaks, so to consider all potential break
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points, our test statistic takes the form

sup Pr(m;k)=  sup  FPr(Ai, -, Am, k).
(AL, Am) €A

If the test statistic is large, then it means that there is evidence supporting the structural break
model under at least one set of structural break points over the model with no breaks, and

therefore we can reject the null of no breaks.

10.1.1 Computation of the Test Statistic

For any (A1, --,Am) € A¢, our formulation of F(A1,---, A\, k) is given in terms of the sum of
squared residuals under the restricted and unrestricted models.
The fact that the null reduces to a set of linear restrictions allows us to use only estimators from

the unrestricted model to compute F(Ay,--+, A, k).

We first consider the unrestricted model. The estimator of 5 and § from the unrestricted model

N N\ —1
B\ (xX'x Xx'Z X'y
5| \zZx 7'z zv |’

and by the FWL Theorem, we have

are given by

= (X'MzX) "' X'MzY = B+ (X'MzX) ' X' MU

@

Z’MXZ) MY =5+ (Z’MXZ) MU

(@9
Il
~

Note that the estimator of ¢ is found as the OLS estimator in the transformed model

MxY = MxZ§+ MxU.

In contrast, the estimator of § in the restricted model solves the restricted minimization problem

. 1
min -
SCR(m+1k 2

subject to RJ =0.

(MxY — (Mx2)5) (MxY — (Mx2)5)

The Lagrangian for this problem is
1 N _
L= (MxY = (Mx2)3) (MxY —(MxZ)5) — i - Ro,
where p is a km-dimensional vector of Lagrangian multipliers. The restricted estimator 6ofé
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satisfies the first order condition
Z'Mx (MxY —(MxZ)5) = R
and the constraint R = 0. We can now see that
6=0—(Z'MxZ)"'R'p.
Premultiplying the f.o.c. by R (Z’M)(Z)i1 yields
R (Z’MXZ) MY — RS = (R (Z’MXZ) - R’) o,

_ -1
where R (Z’ MxZ ) is nonsingular because R is of full rank.

Therefore,

Using the formula above, we can now derive a closed form expression for SSRy— SSR,,:

S8Ry~ SRy = (MxY — MxZ- S)' (MxY —MxZ-5) — (MxY ~ MxZ- 3)/ (Mxy —MxZ-6)

§' 7' Mx Z6—8'Z' Mx Z6* —2Y' Mx Z - (5 - 3)
N _ \—1 -1
— 'R [R (Z’MXZ) R’] RS.

The test statistic can now be expressed entirely in terms of estimators derived from the unre-

stricted model as:

_ (SSRy—SSR.,)/km
~ SSR,/(T— (m+1)k—p)

FT()\la"' 7)\mak)

. _ \—1 -1
SR {R (Z’MXZ) R’} RS
' SSR,,

:<T—(m+1)k—p)

km
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10.1.2 Assumptions

To derive the asymptotic distribution of the sup F test statistic above, we need only retain

assumptions (5) to (7) above.

Specifically, we assume the following; note that we retain the definiton of w; = (z}, 2;)" we made

above.

(1)

Uniform Convergence of Sample Covariances

We assume that there exists a positive definite matrix @ € R¥** such that
1 U

— Z waw, B (r—s5)Q

t=|Ts|+1

uniformly on the set of all (r,s) € [0,1]? such that s < r, and that

l
§ /
t=i

is nonsingular for any ¢ <[ such that i —1 > k+p.
Note that this both strengthens assumption (7) above and includes assumption (2) and
(4) above as a special case. In addition, this assumption precludes trending regressors.

We allow @ to be decomposed as

. Qx Qz’z
Q - sz Qz 7

where the dimensions of the submatrices are conformable with x;, z;.

Uncorrelated Errors
We assume that the error process {u; }1ez is a Martingale Difference Sequence (MDS) with

respect to the filtration
F=A{FR|tel}
on Z where
Fi =0 ({ws}sez U{us}s<t)
for each t € Z, such that

sup Elu |*T¢ < 400
tez
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for some ¢ > 0.
Furthermore, by the definition of an MDS E [u;] = 0, and we assume that E [u? | F;_1] = o
for any t € Z.

An FCLT for Martingale Difference Sequences

Let the stochastic process {v;}iez be defined as
Ut = Wil

for any t € Z. As we showed in the previous chapter, the preceding assumption implies
that {v;}ez is an MDS with respect to the filtration F such that

T
1
T Z(u? — o) ww, B 0.
t=1
Furthermore, assumption (1) implies that
1T
o2 T Zwtwé N a2Q,
t=1

so we have

Therefore, as in the previous chapter, it makes sense to assume that {v;}+cz follows some
sort of FCLT result. Specifically, define the stochastic processes {S7(r)},¢jo1] and with

continuous paths as

for any r € [0,1]. Letting St be the random function in C?**[0, 1] corresponding to { S (r) brefo,1)>

we assume that
d 3 +k
St — oQ2 - WPTH

where Q% is the Cholesky factor of Q.
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It follows that, letting {A7(r)},cp0,1) and {Br(r)}r¢p,1) be defined as

[Tr]
1 1
Ar(r) = 7\@ Z Tyt + 7T(T"”— | Tr)) (wI_TT‘J-i-l 'ULTrj—i-l)
t=1
[Tr]

1 1
Br(r) = ﬁ t; Zpug + ﬁ(TT —[Tr]) (ZLTTJH 'ULTrj-l-l)

for any r € [0,1], the FCLT results

1

Ar b oQ2 WP

1
Br % -0z -wk*

1 1
hold by the continuous mapping theorem, where @7 and @7 are the Cholesky factors of
Qz and Q..
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10.1.3 The Asymptotic Distribution of the Test Statistic

In this section we derive the asymptotic distribution of the sup F test statistic defined above.
To this end, we show that Fpr(Aq,---, A\p; k) converges to some distribution that is a function of
(M, "+, Am) uniformly in A., and as such that the supremum statistic converges to the supre-

mum of those distributions over A..
First fix some (A1, , A ) € Ac. We will investigate the asymptotic properties of F'(A1,- -+, A k).
For the sake of completeness, we reiterate the definition of Fp(Aq,--+, Ap;k):

_ (SSRy—SSRy,)/km
" SSRw/(T—(m+1)k—p)

FT()\la"' 7)‘mak)

Asymptotic Properties of the Unrestricted Model

We have already derived the least squares estimators B and § of B and ¢ under the unrestricted

model as

B=B+(X'M;X)"" X' MU
A~ — N\ —1 —
=0+ (2'Mx2)  Z'MxU.

Denoting 4 = (') and v = (8',6)’,

where we defined W earlier.
Define D = diag(A1, A2 — Aq,---,1—\p,) € R™*™. Since

1 T / 1 T / : 1 T /
T D=1 Tty T 2t=1Tt2 T D p=Tt1 Lt
o 1 Ty / 1 T / .
lW’W — T Dt=1 2t T 2t=1%t% 0
T . . . ’
1 T ! 1 T /
T Zt:TWL+1 tht O T T Zt:T’m"'l tht

by assumption (1)

Qaz )\1 'sz (1*>\m) 'Qa:z
lW/W £> )\1 : sz )\1 : Qz (0] — fo (L{mD) ®Q$Z — Q’
T . . . . (DLm)®sz D®Qz
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where ¢y, is the m-dimensional vector comprised of 1s, and Q is positive definite.

Furthermore,
ﬁ i weug Ap(1)
R ﬁzﬁl zug | Br(\1)
T : : ’
ﬁZtT:TmH ZtUt BT(l) _BT()\m)

so by assumption (3),

0Q3 - WP(1)

1, cQ2 W\ 1 Z.wr(
—TWUi : ! :J(Q:%.Wp(l)): (UQ B ( )>

1
0QZ (Wh(1) = Wk(\y))
as T'— oco. By the continuous mapping theorem and Slutsky’s theorem, we now have

1

VG- = ()

WU i> Q—l (UQ% 'Wp(l))
B*

or that

By implication, 4 —~ = 0,(1), that is, 4 is consistent for ~.

The scaled sum of squared residuals SSR,, is decomposed as

1 -\ ESN

- (v =w4) (v -w4)
1, ree

=7 (W(v—'y)JrU) (W(7—7)+U)

_All—/—> . _u<1—/> 1
v=9) (TWW (Y= +200 =N WU ) +7:UU.

1
TSSRm =

—~

We saw above that ~W'W is O,(1) and +W'U and 4 — v are o,(1). In addition, because

{u? — 02}4¢z is an MDS with respect to F, it is an uncorrelated sequence, which means that

1 2
E‘TU’U—02
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Since SuptezE]ut|4 < 400 by assumption, we can conclude that

2

1
@TWU—H -0

as T'— oo and thus that

Therefore,
LSsR, 2o
T )

and likewise,

1
T—(m+1)k—p

SSR,, & o2,

where the left hand side is the denominator of F'(Ar,--+, Am; k).
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Decomposing the Difference of Sum of Squared Residuals

To investigate the asymptotic properties of
F7=SSRy—SSR,,,

we introduce a convenient decomposition of the sum of squared residuals.

i) The Unrestricted Model
As usual, we start with the sum of squared residuals under the unrestricted model. Note
that SSR,,, can be written as

SRy = (V- X5 ZS)' (v -x5-20)
m—+1 Tj

=2 X m-wup-zd)”

J=1t=Tj_1+1

where 3]- is the part of § estimating d;. Defining
7
DY(G.g)= Y (ye—aif—250))?

t=T;_141

for 1 <j <m+1, which is the sum of squared residuals under the unrestricted model

computed using only the data from the jth regime, we can write

m+1
SSRy =Y DY(j.j).
j=1

It remains to be seen ho to compute each DY (3, 7).

Define Xy, -+, Xin+1, Y1,--+,Yim+1 and Uy, -+ ,Up41 as

/
Ty 41 YT _1+1 UT; ;41

ij , j , and sz

for 1 <j<m+1. Then,

Z, - 0 Shova Z X,

! T / /
o - m+1 Zt:Tm—i—l 2Ly L1 Xm+1
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so that

X'X X! 7
X'X X'Z Z1 X AVAL
7'X 7'z : :
Zp1Xmi1 O

m

and
XY

X'y Y
Zv | :

/
Zm+1Ym+1

X/

ZI

m

m+1Zm+1

O

+1Z4m+1

By definition, the least squares estimators B and 4 of 0 and ¢ satisfy

B
X'X Xz\| & | (XY
77X 7'7 |\ 2y
so for any 1 <j <m+1, we have

(4&»44)(

uo,'” W

) =ZLY;,

5= (2;2,) 712} (V; = X,8).

or

For any 1 <j5<m+1,
Y}' :Xj,B—f—Zj(Sj-i-Uj

where

g
I

o1
under the null hypothesis. Since

B=B+(X'M;X) X' MU,
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it follows that

5 =(2;2;)7 2} (Y; - X;3)
=0;+(Z;2) " Z;X;(8 - B) +(Z;2;) "' Z;U]

and thus
T
t=Tj71+1

= (Yi-X;6-25,) (v - X;6 - 25,
:(Xj(ﬁ—B)JrZ}(éj—S) ) ( J(B=B)+ 2,5 —5)+U)
= |(Iryry 2 — 2325271 2)) X, (B = B) + (Iny 1, — 225271 2)) Uj’2

= | My, (U; = X;(X'MzX) 7 X MZU)\ |
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ii) The Restricted Model

We now decompose SS Ry so that each piece has a similar representation as DY (7, 5).
Define Xl,j’ Zl,ja }/1’]', and Ul,j as

(xt U
Xij=1| 1|, Zig=|: |, Yy;=]|": and Uy ;=

=~

@) z

/ /
Ry Ty yr; Uty

for 1 <j<m+1. Thatis, Xy ;, Z1,, Y1, and Uy ; collect the observations of the respective

variables up to regime j.

Recalling that B and & are the least squares estimators of 8 and & under the restricted

model,
5 =5
for any 1 < j <m+1 due to the restriction RS = 0, and the sum of squared residuals under
the restricted model is given by
T ~ ~ ~ ~\/ ~ ~
SSR() = Z(yt —a:;ﬂ - 2251)2 = (Y —Xﬁ — Z51> (Y - XB - Z51> .
t=1

We now derive an expression for SSRy.

By definition, 5 and é are solutions to the minimization problem

. o - m+1  Tj ;
S (Y - xp - 26) (Y—Xﬁ—za):i > (-8 —29))

min 5
+1)k
BERP SER(MHL) J=1t=T; 141

—_

subject to ;=01 for any 1 <j <m+1.

Substituting the constraints into the objective function, our goal reduces to solving the

minimization problem

(Y -XB-26) (Y -XB—Z6).

T

. 1

Beng%nen@k 52(‘% —aif - Z£51)2 -
oL t=1

Therefore,

It follows that

B=(X'MzX)"'X'MzY =+ (X' MzX) 1 X' MU
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and
b =(22)"' 7' (Y - XB),
and because
Y=Xp+27Z6+U
under the null hypothesis, we have
=0+ (Z'2)'ZX(B-B)+(2'2)"1 Z'U.
Substituting this into the formula for SSRy, we have

SSRO:(Y—XB—Z&) (Y XG— ZS)
= (X(8-B)+2(51 - 51>+U) (X(B=B)+2(61-31)+D)
:‘(IT—Z(Z’Z)*IZ’) +(IT 2(2 1Z)U‘

- ‘MZ (U= X (X' Mz X) ™' X MU ]2.

Analogously, define
2
DR(1,5) = ‘MZL]. (tny —Xl,j(X’MZX)*X’MZU)‘

for any 1 < j <m+1. Then, SSRy = D®(1,m +1), so that
m

$SRy =3 (DR(1,j+1)= DF(1,5)) + D(1,1).
j=1
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Therefore, we can see that

Fj =SSRy —SSRy,
m m+1
=3 (DR(1,j+1) - DR(1,5)) + DR(1,1) = 3 DY (.5)
j J=1

Il
i

M

(DF(1,j+1) = DR(1,j) = DV(j+1,5+1)) + D*(1,1) - DY (1,1).

<.
Il
—

Defining
Fj;=DR(1,j+1)-D"(1,5) - DY (j+1,j+1)
and
Fjo=D"(1,1)-DY(1,1)

for 1 < j <m, we will now study the asymptotic properties of Fr. j and Fj*m.
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The Convergence Properties of F7; for 1 <j<m

For this part, fix 1 < j <m, and define
Vi =(X'MzX) ' X'MzU and Vp=(X'M;X)'X'M,U.
Noting that

Ut j1Urj1 = U1 UL+ U Ui
X1 g X = X1 X0+ X0 X0
21 j1Z1501 = 21 j21j+ Z5 1 Zja
X112 =X1,;215+ X1 Zj0
X1 41U = X1 ;U015 + X1 Ujn

! ! !
21,1 U1 = 21 U+ 25 Ujsr,

and defining

T}
!
Sj = Zl,jULj = Zztut
t=1

Tj
_ L /
Hj =2y ;7= Zztzt
t=1
T;
_ ! B /
Kj=2y;X15= Zztl‘t
t=1
Tj
— v/ L /
Lij=X1;X1;=) a7}
t=1
T;
/
Mj=X{ ;U= iy,

t=1

we can see that

Ff;=D"(1,j+1)-D"(1,j) = DY(j+1,j+1)
2 2 2
:‘MZLM (Ul,j+1—X1,j+1VT)‘ —’le,j (UU_XLJ'VT)‘ —’sz (Uj_Xj(WT)’

= (Urjy1— X141 Vr) Mz, ;. (U ji1 — X141 Vr) — (Urj — X1,;Ve) Mz, , (Ur; — X1,;Vr)
—(Ujs1— X1 V) Mz, (Ujy1 — Xj 1 V)

7y / 1yt ) 1yt )
= ULj-‘rlMZl,j-H U17j+1 -2 VTXl,j+1MZ1,j+1U1J+1 + VTXl,j+1MZ1,j+1X1J+1VT
! ! ! !/ ! /
- Ul,jMZI,j Ul,j + 2 : VTXLjMZLj Ulv] - VTXL]MZLJX]-»]VT

! ! 7/ / {7/ ! [ /
- Uj+1MZj+1Uj+1 +2- VTXj+1MZj+1 Ujs1— VTXj+1MZj+1Xj+1VT
! ! !/ / ! /
=U1,11Uj —2- VX j U j + Ve Xy 0 X jm Ve
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— UL UL +2-VAX| Uy — VX)X Ve

o UJI'HUJ/'H +2- VfXJ/'HUjH - VII‘XJ/'HXHIVT

- S}-ﬁ-lHj_—i-llSj-i-l +2- VYI“K],‘-i-lHj_-i-llSj-‘rl - VCZ,“K]/'—&—lHj_-&-llKj—HVT

+ S H S —2- Vi K H S+ Vi K H KV

+ (S = 5) (Hjr — Hy) ™ (Sjr = Sj) = 2- Vi (Kja — Kj) (Hjn — Hy) ™ (S0 — ;)
+ Vi (Kjp1 — Kj) (Hjza — Hy) ™ (Kjp1 — Kj) Vp

=2 (Ve = Vi) (Mj1 = M)+ Vi (Ljsa — L) Ve = Vi (Lisa — L) Vi
- S§'+1Hj_+115j+1 +2- VT/KJ/'+1HJ'_+1151'+1 - VT/KJI‘+1HJ‘_+11KJ'+1VT
+ S8 HS; =2 VI K H S+ Vi K H KV
+(Sj11—8) (Hypr — Hy) " (Sj1 = S)) =2V (K — K;) (Hjoa — Hy) ™' (S0 — ;)

+ Vi (Kjp1 — K;) (Hjsr — Hy) " (K1 — K;) V.

There are a total of 12 terms in the above expression; we study each in detail.
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For T'>d, T'A; is an integer, so by assumption (3),

Ry 1 (x. 1 Tl
VT Lilu, ., = ZU:S(/\)
»J 3 T
(\}TSJ) VI \Z; VT i
L oQz-Wrh (),

and by assumption (1), we have

Ty iy oy
L K3\ 1 (Sliwal Siet) LZJW 20
- T T t

%Kj %Hj T Zti1zt$; Zt;1zt2'£
and

L(Lj—L;) A(Kj-K;) 1 Tl

+1 +1

O oo SRS wiwy B (A1 = Aj) - Q.

7(Kj1—Kj)  7(Hjp— Hjy) t=[Th; ) +1
Furthermore,

\FVT_( XMZX> \/TX’MZU

-1

1 (1 T 1L N\ (1 '
/ ! / /

thl thl Tt:l Tt:l

1 & (1 r 1 1z

72.%'{&15— Ziﬁt%) (ZZ#ZQ) <Zztut>

VT 5 r= r= VT =

b (00 0u@'Qn) (QF (1) - QuQ ¥ WHY) ) = 4°

as T — oo by assumptions (1) and (3), where

Q:c - sz Q;l sz

is nonsingular because @ is positive definite.

Similarly,

_ 1 -1
ﬁVT—< X’MZX> ——=X'MzU

I
L — |
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Since
1 Dim =M+ M=)+ +(1=Ap) =1
and

(10 @ Qe @) B = 0- Q@ 2 (WH(M) + (WF (M) = WH(A)) 4+ (WH(1) ~WF(A,)
=0 szQz_%,Wk(l)u

the weak limit above can be expressed as
o d -1 —1 13 -3/ wrk .
VIVe %0 (Qr' = Qe Qu) Q2 -WP(1) = QuaQz - WH(1) ) = A

Thus, VT Vr and VT ‘_/T converge weakly to the same limit.

We can then write F7 as

' [TAj+1]
Fij=2-NT (Vo= Vr) (Ar(\gi1) — Ar(hy) + (\FVT) (1 > 3:th) (vTvr)

T t=|TA;|+1

1 [T'Aj+1] .
_(\/TVT> (T Z a:txé) (\/TVT>

t= LT)\jJ+1

[TAj41]

1
—BT(/\j+1)/ (T Z ZtZ,é) BT()\j—H)

t=1

, [TA;) [TA;) -1 |TA;) !
—_ (\/TVT) . ( Z xtzt) ( Z tht) 2- BT ( Z xtzt) (\/TVT)
1 [TAj+1] -1
+ (Br(Aj+1) — Br())) (T > thzlf) (Br(Aj+1) — Br(A)))
t=|TA;|+1

1 [TXj+1] 1 [TAj+1] -t
—2. (\/TVT) (T Z mtzé) (T Z th]i) (BT()\j+1) —BT()\]'))

t=|TA;]+1 t=|TX\;]+1

1 Tl LY Tl ! )
+(\/TVT> (T Z astzé) (T Z ztz{f) (T Z xtzé) (\/TVT)

t=|TA;|+1 t=|TA;|+1 t=|TA;|+1
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which converges in distribution to

Ff = =0 X0 W) W) + A7 Qe Q! {%Qé WEN 1) = A1 -szA*}
+ oA WO TR () — A7 Qe Qs {20—@5 WEO) - A -QMA*}
+0” (N —A) (Wk()‘jJrl) - Wk(/\j))/ (Wk()‘jJrl) - Wk()\j))
-2 47QuQ: " (002 (W) - W)
(N1 =) A7 Qu QS Qe A

= = AL W) WE (A1) + 0207 W) WE(Y)

+02 (Agan = A (W) = W) (W () = R ())

02

= N O =) [ (N = A5) - RO W) + A (Vg — Ag) - WE(OG) TR ()
J J J J

gy (WG = W O)) (WF ) = WHOy))

2
g
= T A G R O) = 2 Ay RO R O) T RO TR )
J+1 ]( J+1 j)

- i "AJ"W"”(&'H) —/\j+1'Wk(>\j)‘2'
Aj+1Aj (Ajr1 = Aj)

618



The Convergence Properties of F7

Now we turn to the asymptotic properties of the term
Ffo=D"(1,1)— DY(1,1).
In this case, since
Yiin=Y1, Xi1=X1, Z11=21, and Uy ="U,
we can see that
. 2 N
Ffo=|Mz,, (U1 = X0, Vi)| = Mz, (U1 - X3 Vr))|

— / —
= (Ur = X1Vr) My, (Ur = X1Vi) = (Ur = X4V ) My, (Ur = X1 Vr)
= (Vo = Vp) XMz, X1 (Vp = V) + 2+ (Uy — X1 V) Mz, X1 (Ve — V)

~ VIV -] [I{ngl - @X;zl) <;Z{Zl>l <;X{Zl)/] VTV~ V)]

+9. {1U1 - (;Xl) (ﬁVT) /le {\/T(VT*VT)]

VT

<V (i) i (i) (i) (i)

T T T T
+2-‘\/1TU1— <;X1) (VIVr)|- VT (V= V).
Since
1, 1, Lo, N1, N\ » .
sXxi-(pxiz) (722) (7X2) Q- Q02
and
1 1 2 1, 14 2
‘ﬁU1—<TX1) (VTvr) §2-TU1U1+2-(T;xtxt)~’\/TVT ,
where

1 1 & 2
2 ZUUL +2- (T;x;xt) AVIVE[ B 2n - (02 4+ t0(Qu) 147P),

it follows that all the terms aside from \/T(VT — VT) are Op(1). Since \/T(VT - VT) = 0p(1),

we can see that

FI*“,O = op(1).
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The Weak Limit of Fp(Ay, -+, A k)

We have seen that
* d *
for any 1 < j <m and that I}, = 0,(1) under the null. Therefore,

- i (Df(1,j+1) = DF(1,5) = DY(j+1,5+1)) + D*(1,1) = DY (1,1)

Il
=

Ms

Fri+Fry
1

J
2

R
g Ajr1Aj(Aj1 = Aj)

Ms

J=1

under Hy. Putting this together with the asymptotic properties of SSR,,, we can see that, under
HO7
iy F;
km SSRy, /(T —(m+1)k—p)
o ‘/\j'Wk()‘jJrl)_/\j—s-l‘Wk()‘j)

k‘m ot Ajr1Aj(Aja1 = Ag)

FT()\la"' 7/\m7k):

2
d ‘
-

For any 1 < j < m, define

k ko |2
‘)\j'W Aj41) = Ajrr- W ()\j)‘
Ajr1Aj(Aj1 = Aj)

Fy=

Note that

A WE 1) = A WEOyG) = (Wk(Aj+1) = Wk(/\j)) + (A5 = A1) - WE )
~ N0, (A2 n = M) + (yr = 202N ) - I
= N[0, Aj1 A (A1 = Aj) - Ii]

since Wk(\j41) —W¥();) and W¥()\;) are independent Gaussian random vectors with mean zero

and covariance matrix (Ajy1—Aj)- I and A; - I. Therefore,
_ / _
e CRLUA(CYTEYED VIRRL 1 IO V)) WOVIEPVIOVIREED VORI /5 Il CVER O VIR EEP VIR el 1))

is a chi squared random variable with k£ degrees of freedom.
As such, the weak limit Z;"Zl % of k- Fp(A1,-++,Am; k) is the sum of m dependent chi squared

variables with k degrees of freedom, each divided by the number of breaks m.
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The Weak Limit of the Supremum Statistic

Now we are in a position to derive the limit of the test statistic under the null. For any
(M, ,Am) € Az, we saw that each Fp(Ai, -+, \n;k) can be expressed as a continuous func-
tion of Vi, Vi, A, By and the mapping
1 L]
/
T — WeWy,
T ,:Z e

=1

all of which converge uniformly in [0,1]. This indicates that

sup Fr(m;k) = sup  Fr(Ai,---,Am; k)
()\1,"',)\m)€Ag
k ko |
a4 1 & ’/\j'W (Nj+1) = Ajp-W (/\j)‘
su —
Cammen. | Fm o Ajr12j(Aj1 = Ag)

under Hj.

We only provide a heuristic reasoning for the consistency of the above test statistic.

If the alternative is true, that is, if there truly are m breaks in the model, then at the true break
fractions A1, -+, Ap, the sum of squared residuals SS Ry subject to the restriction that there are
no breaks will be much larger than SSR,,. Therefore, the supremum of the F' statistics over the
collection A, will also be much greater than 0, provided that the true fractions are contained in

A.. This means that the sup F statistic will then be large and thus more likely to reject the null.
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10.1.4 Double Maximum Tests

So far, we have studied the asymptotic distribution of the sup F test statistic under the null,
where the alternative is that there are m breaks. However, we may wish not to specify the
number of breaks under the alternative. In this case, we can choose a large enough M € N4 to

serve as the maximum possible number of breaks and test the null hypothesis
Hy: There are no breaks
against the alternative
Hy : There are at most M breaks
using the double maximum statistic
Dmax Fp(M,aq,---,ap; k) = | Inax, am - (sup Fr(m;k))

= max a,,- ( sup Fr(A,--- 7)\m;k)> ;

1<m=<M (A1, Am) €A
where ay,---,aps > 0 are exogenous weights assigned to each possible number of breaks. If
a1 =---=ap; = 1, then we call the above statistic the uniform double maximum test statistic.

Under Hp, the asymptotic distribution of the test statistic follows directly from the above deriva-

tion; since

k k
d 1 & ’AJ'W (A1) = Ajr1-WPH(A)
sup Fr( A1, Am3k) — sup —_— E
(A1 Am) €A (A1 Am)ede | B Aj1Aj (A1 = Aj)

‘ 2

for any 1 < m < M under the null of no breaks, and because the maximum over a finite set is a
continuous function, by the continuous mapping theorem

k k 2
13 PG Q) = Ay WEOY)|

d
Dmax Fr(M,aq, -+ ,ap; k) = max ap,- sup —
’ ’ 1Sm<M " aens | Fm e Ajr1Ai (Aj1 = A)

under Hj.
Heuristically, the consistency of the test follows because, if the true model has 1 <m < M breaks,
then the sup F statistic corresponding to the alternative of m breaks will be large, and as such

the maximum of the sup F statistics corresponding to each possible number of breaks will also

be large, making it likely that the null will be rejected.
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10.2 Sequentially Testing for Breaks

In the previous section, we studied testing the null of no breaks against the alternative of m
breaks, or at most M breaks. Here we study how to test sequentially for m breaks against m + 1
breaks for m > 0. To test for no breaks against the alternative of a single break, we can simply

use the test devised above, so we focus on the case where m > 1.

The intuition behind the test is to test for a break in each of the m + 1 regimes under the null
hypothesis, or the assumption that there are m breaks. Taking the maximum difference in sum
of squared residuals from putting an additional break in each of the m+ 1 regimes now becomes
our test statistic, since if the maximum is large, then it means that a huge reduction in SSR can

be achieved by placing an additional break in between two extant breaks.

Formally, the test statistic given the hypotheses
Hy: There are m breaks v.s. Hjp: There are m+1 breaks

is given by

FT(m+1 ‘ m) = ﬁ (SSR(Tlv 7Tm)_1§j121n1}b+1>\ér/{£mSSR(Tl7"‘ aT]_la LT)\J,CZ}, 7Tm)>

1 ~ N N ~ ~ ~
= glﬁrjné?"fﬂ-llejl\ﬁn (SSR(T17 7Tm) _SSR<T17 71}—17771}7"' 7Tm)) )

where

A=

Nin= {1 T
J J—

€1 -}

>

for some 1 > 0, so that the additional break 7= |TA| is not chosen too close to some existing
break, 62 is a consistent estimator of the error variance o2, and Tl, e ,Tm are the break dates

estimated via least squares.

To derive the asymptotic distribution of the above test statistic, we assume that the difference

between the estimated break dates and the true break dates do not diverge, that is,

for any 1 < j < m under Hy. This simply states that the estimated break fractions converge to
the true break fractions at rate 7'
We assume the above in addition to assumptions (1) to (3) above, and, for simplicity, that the

model is one of a pure structural break.
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10.2.1 The Asymptotic Distribution of the Test Statistic

The basic idea of the proof is the same as that of the test for no breaks against m breaks, that
is, to decompose the sum of squared residuals into the sum of SSRs in each regime.

The pure structural break model assumption above implies that the model is given by
yt:zéé?Jrut ifﬂo,1+1§t§T]Q

for the true parameter 60 = (6¥,--- §%) under the null hypothesis Hy.

We again proceed in steps.

The SSR under m breaks

Letting Tl,--- ,Tm be the break dates estimated via least squares, the estimated coefficients 5

are given by
R _oN-1 -
b=(2z) zv
and the estimator of each Sj by

0j = (Z;2;)" ' Z}Y;
~ -1

T} 1;
/
= E 22y E 2tYt,
tZTj,1+1 tZTj,1+1

where

Z = dia‘g(Zlv' o )Zm-i-l)

is the diagonal partition of Z according to the breaks 77,---,T},, and Y = (Y, - Yy 1) s a

similar partition for Y.

The sum of squared residuals under m breaks is then given by

SSR(T1, T) = (Y~ 25) (v - 23)
=Y'M,Y.

Because S\j EN )\2 for any 1 < j <m, we can assume that, under large T,

5\]‘—)\9}<%

with large probability for every 1 < j < m, so that each 5\j lies between )\2_1 and )\2 1 (the
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distance between each true break fraction is larger than ¢).

Letting Z° be the diagonal partition of Z according to the true break points TV, ---, T | we have

'y Lmo
Y =2%°40,
and as such

SSR(Ty,--,Tyn) —U'MzU =Y'MzY —U'MzU
=8VZ2"M,2°° +2-6V 2" MU
=" (2~ 2) M5 (2° - 2) 8 +2-8" (2°~ 2) MU,

Note that, for large T,

1 ~0 1P 1m+1 2 0 2
|7 (22 < S 1] (g o)

with large probability. For any 6 > 0, because Zf’] —T]Q =0p(1) for any 1 < j <m,

T~ 17| = 0p(1)

m—+1
j=1
and there exists a C' > 0 such that, for large T,
m—+1
7 0
Pl |G-T)]>C
j=1
is small for large T'. Additionally, by assumption
M = supE|z[* < +oc.

teZ

Then, we can see that

(s > &) <o (R > )
T1I£ta§XT “t c) o 7' C

T ~2

cs 1 4
Szgy-ﬁﬂzt\
t—

C?\ 1
<|M —=|=
_( 52)T,

and as such

1 o 2 m—+1 . 0 1 9 )
v HT(Z _Z)H >0 <P Z‘TJ'_TJ">C +P<T<1?t%XT|Zt‘>>C>

=1
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m+1 . 02 1
<P M |-1|>C +<M~52>T

j=1
is small for large T'. Thus, we can conclude that
2
> 5> 0

f e (722

This holds for any é > 0, so

L 20 P,
H - (2°-2)| %o
We saw previously that
! U=0,(1)
vT T

SO
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The SSR with an aditional break

Choose any 1 <i <m and A € A;;. Denote 7= [T\, ].

Because :\j 2 )\9» for any 1 < j < m, we can assume that, under large T,

‘S\j —)\?‘ <en

with large probability for any 1 < j <m. Since
Nic1+ (5\@ - 5\2‘71) <A <Ai— (5\2 - 5\i—1> 7,

this means that

A=Ay = (A=A n+ A =AY,

>en—en=0,

so that A ; < A, with large probability for large T'. Similarly, A, < A\? with large probability for
large T'.

Letting
Z* =diag(Zy,  Z{_1, ZA 25 +Zmt1)
be the diagonal partition of Z under the break points Tl, e ,Ti,l,T,Ti, e ,Tm and
Vo= (VYL YR YY)
a similar partition of Y according to the above break points, we can see that
Zj:Z; and Y]:Y]*

forany 1<j<i—1andi+1<j<m, while
ZA Y
Zi=|"2] and Y;=|_2|.
Zi Y
The sum of squared residuals under the above break points is given by

SSR(Ty,-- Ty 1,7, Ty, T) = Y M3.Y.

Letting Z% be the partition of Z under the “true” break points T, 12 |, 7,10, T?  and

y+mo
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defining

50* — 5OA 7

where 6% = &Y, we have
Y = 20*60* + U
and as such

SSR(Ty, -, Tj_1,7, T}, Tyn) —U' MU = 6% 2% M, 2% 6% + 2.6 2% M. U

— 50 (ZO* —Z*>/MZ* (ZO* —Z*) §50% 1 9. 50+ (ZO* —Z*)/MZ*U.

Since the squared norm of the difference Z% — Z* is, as before, a sum of

m
j=1

A 0
elements, *Tl (ZO* — Z*) = Op(l) and

SSR(Ty,-- Ty 1,7, T}, Ti) —U' M. U = 0,(1).
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Decomposing the Difference of Sum of Squared Residuals
Define

Fr = U’MZU— U’MZ*U.
We have

U'MU =Y UjZ;(Z;Z;)" Z;U;,
j=1
where

uTj71+l
U; = :
’LLTj
for 1 < j <m, and likewise,
i—1 m
UMzU=) UMzUj+ Y UjMzUj
j=1 j=i+1
where
Ti_1+1 Ur+1
Ur Uy
Seeing as how

U, = UA
Ur )’
we have

Fj =UMzU; —UXMziUx —U"Mz: U}
= UlU; — U Z0(Z,2;) " ZlU; — USUA + UX 74 (23 25) ™"

ZAUR"
—UPUr U 25 (27 2;) 7 2707

= —UIZ (Z/2)) " ZUi+ U 24 (28 Z1) " ZJUA
+UP 2 (220 2

=— (ST(S\i> - ST(j\i—l))/ (MT(j\i) - MT(S\i—l)>71 (ST(
+ (ST()\T) —Sr(\

i) _ST(Ai—l))
H))/ (MT()‘T) - MT(S\H))

(ST()\T) —ST(S\z‘A))
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Define

for any A € [0,1].
Note that
[$2(0) = 50| < |~ 70 (mae [2al).
' Vi= oyt i<t

For any 6 >0 and ¢ > 0, because T; — T? = O,(1), there exists a C' > 0 such that, for large T,

p(|fi-10|>0) <.

Additionally, by assumption
M = supE|z|* < +oo.

teZ

Then, we can see that

iz t) < (o)

Z : IE|Zt|

and as such

for large T'. Thus, we can conclude that

P (|sr(h) = Sr(\))

>6)<§
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for large T that depends only on § and ¢, so by definition

TIEEOP (‘ST(S\@) — ST(/\?)

> 6) =0.
This holds for any § > 0, so

Sr(%) = 5r(A)| 5 0

It follows then that

Sr(A) = Sr(him1) = (S7(3) = S () + (S (X)) = Sr(\-y) ) + (Sr (i

d
4 oQt- (Wk(AO) WHOLL))
by assumption (3). Similar arguments establish that
1

Sr(Ar) = Sr(him1) 5 0 Q% - (WhO) = WHA))

and

Similarly,

| (i) = Mz ()

0
— max |z

¢ (1<t<T| d > ’
and by the same line of reasoning as above, we have

“MT(;\i) — Mp(X))

‘&0.

It follows then that,

Mr(A) = Mr(Ai1) = (Mr(A) = Mr(\)) + (Mr(A) = Mr(A_)) + (
B0 =A)-Q

by assumption (1), which tells us that
(MT(/A\')—MT(S\- 1))71 LA
1 11— .
YOS
Similar arguments allow us to establish that

(Mr(\) = Mr(A,)) 5 m@—l
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and

% -1 p 1 -1
Therefore, F7: converges in distribution to
2 2
[ -, \W‘f — WO 1>| RO =R
A\, Ar =AU a A0 ’
which is identically distirbuted to
2
) ]Wk (A0 — ] ‘Wk (Ar — A0 ‘ ‘Wk(Ag—AQ,I)—Wk(AT—AZ?,l)]
F*(Ar) =0 M-\, Ar =AY B A=Y,

Noting that

and, defining

A=Ay
SR\ Y
that
1 _1
WHEO: = Ay ~ =2 - WH ()
A=,
and
1 k(10 k —1 k k
o (FOP =X =W A2 ) ~ (=) 72 (W) = W ()

the weak limit can be rewritten as

W) W[ W) )
F*(AT) N0'2 1 + Wk(l)
— r
? /
:M(lg—u) {”'(Wk(l)_wk(“)) (W) =W () 4+ (1= ) WH () W) = (1= )W (1Y WD)
0'2 )
= i [V W) = 2 W )+ a2 WEO' WD)
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L e —eewrf
a (1 —p)
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The Weak Limit of the Difference of SSRs

We have seen above that
[SSR(Ty, -+ 1) = SSR(Ty, - Ti1,7, Ty Ton) | = [U' Mz, U = U'M5.U] = 0,(1),
and that
Fp=U'MzU-UMz.U %S F*(),).

Therefore,

Fri(\s) = SSR(T1,--+ ,Tp) = SSR(Ty, -+ Ty, 7, Thy -+, Ton) -5 F*(Mr).

This holds uniformly for any A, € A;,, so

sup |Fr.(A)—F*(\)] 3 o.
)\GAZ‘,”

as T'— oo. Given any outcome, for any 7' € N, because A;, is a compact set and Fr; and F*

have finitely many discontinuities,

sup Fri(A)— sup F*(A)| < sup [Fri(A) —F*(A)],
AEA, AEA; . AEA;,

which implies that

sup Fr;(A)— sup F*(\) 40

/\EA»L‘,77 )\eAi,n
as well.
Because
< PO
Aj = A

for any 1 < j <m, we can see that
P(Aiy #AD,) =0

as T'— oo, where

A=A

0
Ay = {)‘ €[0,1] | N,

E[n,lfn]}-

For any outcome w € €, F* is a continuous function on the compact set [0,1] due to the fact
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that the Wiener process has continuous paths. If A;, = A?’n, then

sup F*(A\) = sup F*()\),

;M

which tells us that, for any § > 0,

{

The latter goes to 0 as T'— o0, so that

sup F*(A\)— sup F*(\)
AEA; AeA?,

> 5) <P(Aiy#AL,)-

>6):0.

sup F*(A\) 2 sup F*(\).

i,m

sup F*(\)— sup F*())
AEA; )\6/\?,77

lim P (
T—o0

This holds for any ¢ > 0, so

By implication,

sup Fri(A) % sup F*(\).
€Ay AEA?

Since

)2

) \W’“(u)—u-W’“(l)
sup F*(A\)~o°- sup

AEA? n<p<l-n (1 —p)

i,m

)

we finally have
K NE
PR ]W (1) —p- W (1)\
sup Fr;(A) — o sup

ACA; n<p<l-n p(l—p)

Finally, we can see that

Fr(m+1|m)= max sup [SSR(Tl,--~,Tm)—SSR(Tl,m,Ti_l,T,Ti,m,Tm)}

1<i<m+lrep,
2
W () — - WE(1)|
max sup

L<Sism+l <<ty p(l—p)

)

where the right hand side is the maximum of m + 1 independent supremums over chi-squared

random variables with k£ degrees of freedom.
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